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Abstract. We introduce a hybrid spatiotemporal logic for automotive
safety applications (HSTL), focused on highway driving. Spatiotemporal
logic features specifications about vehicles throughout space and time,
while hybrid logic enables precise references to individual vehicles and
their historical positions. We define the semantics of HSTL and provide
a baseline model-checking algorithm for it. We propose two optimized
model-checking algorithms, which reduce the search space based on the
reachable states and possible transitions from one state to another. All
three model-checking algorithms are evaluated on a series of common
driving scenarios such as safe following, safe crossings, overtaking, and
platooning. An exponential performance improvement is observed for the
optimized algorithms.

Keywords: Spatiotemporal logic · Hybrid logic · Autonomous vehicles.

1 Introduction

Modern automotives are safety-critical cyber-physical systems (CPSs). From
consumer cars to autonomous vehicles, software is a core component, responsible
for protecting the safety of human passengers. For this reason, the formal verifi-
cation of these systems’ correctness has evolved into a mature field with diverse
approaches such as monitoring [30], test generation [43], model-checking [15],
and theorem-proving [33,44,20]. This diversity of approaches represents several
fundamental tradeoffs: highly rigorous approaches are often less flexible, while
highly expressive approaches are often require extensive user expertise. More
subtly, different approaches are optimized for different components of an au-
tomotive software system. High-precision models such as hybrid-dynamical sys-
tems4 are tuned to the precise low-level decision-making needed to safely control
a vehicle’s physical actuators. However, this precision can become a burden for
high-level motion planning, which is more combinatorial in nature and values
4 Hybrid-dynamical systems, which combine discrete and continuous system dynamics,

should not be confused with hybrid logic, which introduces names to modal logic.
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efficient search among possible paths. As automotive CPS increasingly enter
real highways, it is essential to identify formal methods that can balance these
tradeoffs, both to ensure that rigorous models can transfer into practice and
to guarantee comprehensive safety from planning to control. Discrete model-
checking approaches hold promise to achieve this balance: they combine a firm
foundation in formal logic with high automation.

We introduce Hybrid Spatiotemporal Logic for Automotive Safety (HSTL),
a new logic designed to balance rigor and expressiveness with ease of model-
checking. Though the logic is quite general, its current emphasis is on highway
driving. In planning for highway driving, a discrete grid-based model of space
is natural: planning is more concerned with navigating between discrete lanes
and comprehending finite relationships between vehicles (such as one vehicle
being in front of another). Discrete grids enable efficient search among the many
combinations of relationships between vehicles, long before precise coordinates
in continuous space are ever considered.

As the name suggests, HSTL combines temporal, spatial, and hybrid logic fea-
tures. Temporal operators are widespread in CPS formal methods because they
allow us to specify safety properties that hold always, goals which are achieved
eventually, and combinations thereof. Spatial operators allow specifying proper-
ties that hold at neighboring positions on a grid. Hybrid logic operators allow
assigning and using names for positions on the grid. The resulting combination is
greater than the sum of its parts, allowing complex specifications of vehicle mo-
tion over time, while maintaining a discrete model of motion that is amenable to
search. We advocate that this makes HSTL an ideal interface between planning
and control: HSTL model-checking effectively produces high-level motion plans,
which can be consumed by following waypoint-based planning and eventually
control stages.

We support this position by developing three increasingly sophisticated model-
checking algorithms for HSTL and evaluating them on driving case studies such
as following, intersection-crossing, overtaking, and platooning. In modeling the
case studies, we show HSTL is flexible enough to model a diverse range of con-
crete scenarios. In evaluating algorithm performance, we show that fusing hy-
brid logic, spatial, and temporal operators does not increase the complexity of
model-checking; on the contrary, it creates critical opportunities for optimiza-
tion. When hybrid logic operators are used to precisely specify trajectories, the
model-checker can identify these trajectories and commit to them, drastically
reducing its search space and improving its scalability. We propose that the re-
sulting algorithms are suitable for typical offline applications such as test case
generation.

2 Related Work

We discuss related works in environment modeling, logic, and CPS verification.

Environment modeling. The predominant model of driving environments is the
scene graph (SG), which models objects’ semantic relationships, including high-
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level spatial relationships [46,9] (SGs are not limited to driving applications).
Machine learning plays a significant role both in generating SGs from raw visual
data [28] and in processing existing SGs, e.g., to assess risk [47] or predict be-
havior [29]. Tool support for SGs is growing: the driving simulator CARLA [13]
recently gained the SG generator CARLASGG [46] and the language Scenic [19]
supports end-user SG and scenario generation. More closely related to this work,
temporal correctness specifications on SGs have begun to receive attention as
well [42]. We focus on enriching specifications to combine temporal, spatial, and
hybrid reasoning, but conversely, we do not attempt to support the full SG data
structures of modern SG tools like CARLASGG or Scenic. In reasoning about
scene graphs, manipulating discrete spatial relationships between objects is an
important challenge; the grid-graph structure in this paper is essentially a simpli-
fication of SGs that focuses on cardinal-direction spatial relationships amongst
vehicles, lanes, and objects.

Hybrid and Spatiotemporal Logics. Hybrid logics extend modal logics with nom-
inal formulas. In the simplest case, nominals give names to possible worlds. The
origins of hybrid logic are generally attributed to Prior’s hybrid tense logic [34]
and the name attributed to Blackburn’s work [6], though our work is inspired
more directly by Braüner’s presentation [8]. Though it is distinct from hybrid-
dynamical systems, their combination has been explored, both to provide proof
goal management [32] and to study information-flow security [7]. Our main de-
viation from traditional hybrid logic is that nominals do not name states, but
positions. This approach is inspired by and refines that of Multi-Lane Spatial
Logic [21] and its extensions [36,37], a hybrid spatial logic with more limited
temporal features.

Spatiotemporal logics (e.g., [16,17,5,22,10]) combine both spatial and tempo-
ral reasoning, each of which come in many varieties, leading to many potential
combinations. Topological approaches to space in applications, such as RCC8
reasoning [35], are common but computationally complex [5]. Advanced tempo-
ral logics like Signal Temporal Logic have been extended with spatial reasoning
to provide practical formal methods like falsification [25,26]. We take inspira-
tion from spatiotemporal logic on closure spaces [11,12] which, like us, explores
practical model-checking algorithms, but differs in its operators because we are
interested in grid-based vehicle motion, while it is interested in connectivity
reasoning.

Verification of CPS. Verification of CPS is pursued both with logic and au-
tomata models such as hybrid automata [2,15]. In the automotive domain, au-
tomata have been successfully applied to runtime verification through model-
checking [1,30]. For planning, temporal logics are widely-used [23,24,40,31]. The
uncertainty of autonomous vehicles makes robustness [48,38,41,27,3,45] an im-
portant topic for control especially but planning as well; discretization often
induces conservative over-approximation, which indirectly promotes robustness.
Verification of control algorithms has seen success through program logics for hy-
brid systems, such as differential dynamic logic [33] and Hybrid Hoare Logic[44].
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The more recent differential Floyd-Hoare logic [20,14] is a descendant of differen-
tial dynamic logic optimized for automotive safety in the responsibility-sensitive
safety framework [39]. These program logics could potentially be combined with
HSTL to verify that controllers safely implement the resulting plans.

3 Hybrid Spatiotemporal Logic for Automotive Safety

We introduce the syntax and semantics of Hybrid Spatiotemporal Logic for Au-
tomotive Safety (HSTL) and present non-trivial validities and non-validities.

3.1 Syntax

The language of HSTL contains temporal operations (which control the flow of
time), spatial operations (which locally move the viewpoint in space), and hybrid
operations (which allow us to name and jump between different points in space).

Definition 1 (Syntax). Given a set AP of atomic propositions and a set NP
of nominals, the formulas of the logic are defined as follows:

φ ::= ⊤ | prop | v | ¬φ | φ1 ∧ φ2 | ⃝φ | φ1 U φ2 |
Frontφ | Backφ | Leftφ | Rightφ | @vφ | ↓v φ

with prop ∈ AP atomic proposition and v ∈ NP a nominal.

The temporal operators ⃝ and U for ‘next’ and ‘until’, as usual, representing
moving along a (finite) trace. The spatial modalities Front, Back, Left, Right
represent spatial movement in our representation of physical space (a grid-graph,
which is defined in Section 3.2). The hybrid operators manipulate nominals v. In
contrast to traditional hybrid logics (cf. [8]), our nominals v name the locations of
vehicles within grid-graph G, rather than possible worlds. This leads to different
design decisions: for example, the semantics of nominals v vary as a function of
time. We use the binder ↓v to store the current position in a fresh v for future
use. By convention, the nominal SV means subject vehicle (“our vehicle”) and
the nominal POV means some point-of-view vehicle (“other vehicle”).

3.2 Semantics

The semantics of HSTL give a formal specification of the meaning of each for-
mula, which model-checking algorithms must faithfully implement. The HSTL
semantics extend traditional trace-based semantics for temporal logic with an
argument that tracks our viewpoint within some mathematical structure (cf.
tracking the current world in traditional hybrid logic). Changing the viewpoint
does not move any vehicle. The mathematical structures in which movement
occurs are called grid-graphs. These are directed graphs in which each vertex
corresponds to a cell of a grid, and each vertex has a directed edge to its four
horizontal and vertical neighbors.
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Definition 2 (Grid-graph). A grid-graph is a pair (Pos,E) where Pos =
{pi,j | 1 ≤ i ≤ m, 1 ≤ j ≤ n} is a set of elements indexed by coordinates on an
m× n grid, and E is a binary relation on Pos such that, for all 1 ≤ i ≤ m and
1 ≤ j ≤ n, the pairs (pi,j , pi,j+1), (pi,j , pi,j−1), (pi,j , pi+1,j), and (pi,j , pi−1,j),
whenever defined, are elements of E.

• • • •

• • • •

• • • •

Fig. 1. A 3× 4 grid-graph

The definition of a grid graph makes the underlying structure and adjacency
relations entirely explicit. The formulation is intended to suggest a natural gen-
eralization to scene graphs [9]. In scene graphs, vertices and edges capture objects
in the environment and relationships which hold between them.

We support temporal reasoning via traces: sequences in which each element
is associated with a point in time. Each element of the sequence is a pair of
functions assigning, at that time point, propositional variables and nominals to
cells in the grid-graph.

Definition 3 (States & traces). Given a grid-graph G = (Pos, E), a set AP
of atomic propositions, a set NP of nominals, and a natural number n ∈ N, a
state t = (x, y) is a pair of valuation maps, where x : AP → 2Pos maps each
proposition to a subset of points in G and y : NP → Pos maps each nominal to
a unique point in G. A trace t =

(
t0, . . . , tn

)
of length n+ 1 consists of a finite

sequence of states.

Let tk
def
=
(
(xk, yk), (xk+1, yk+1), . . . , (xn, yn)

)
denote the suffix of t starting at

the k-th coordinate; and let t[v 7→ p] be the element-wise substitution operation
on the nominal component of the states, i.e.

t[v 7→ p]
def
=
(
(x0, y0[v 7→ p]), . . . , (xn, yn[v 7→ p])

)
.

Putting together grid-graphs and traces, we obtain our semantics for HSTL.

Definition 4 (Semantics). Given a grid-graph G = (Pos, E), a trace t =(
(x0, y0), . . . , (xn, yn)

)
of length n + 1 and a point pi,j ∈ Pos, the satisfaction

relation |= is defined as follows:

– G, t, pi,j |= ⊤
– G, t, pi,j |= a iff pi,j ∈ x0(a), for a ∈ AP
– G, t, pi,j |= v iff pi,j = y0(v), for v ∈ NP
– G, t, pi,j |= ¬φ iff G, t, pi,j ̸|= φ
– G, t, pi,j |= φ1 ∧ φ2 iff G, t, pi,j |= φ1 and G, t, pi,j |= φ2
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Temporal modalities

– G, t, pi,j |= ⃝φ iff t1 is well-defined and G, t1, pi,j |= φ
– G, t, pi,j |= φ1 U φ2 iff ∃k ∈ {0, . . . , n} s.t.

tk is well-defined, G, tk, pi,j |= φ2, and G, tl, pi,j |= φ1, for all l < k.

Spatial modalities

– G, t, pi,j |= Frontφ iff pi+1,j ∈ Pos and G, t, pi+1,j |= φ
– G, t, pi,j |= Backφ iff pi−1,j ∈ Pos and G, t, pi−1,j |= φ
– G, t, pi,j |= Leftφ iff pi,j−1 ∈ Pos and G, t, pi,j−1 |= φ
– G, t, pi,j |= Rightφ iff pi,j+1 ∈ Pos and G, t, pi,j+1 |= φ

Hybrid modalities

– G, t, pi,j |= @vφ iff G, t, y0(v) |= φ
– G, t, pi,j |= ↓v φ iff G, t[v 7→ pi,j ], pi,j |= φ

We write |= φ to denote the validity of a formula φ, i.e. G, t, pi,j |= φ for all
grid-graphs G, traces t and points pi,j . We write ̸|= φ for φ that is not valid.

Derived operators. Let D ∈ {Left,Right,Front,Back} be any direction. We define
⟨D⟩nψ def

=
∨n

i=1D
i(ψ) and [D]nψ

def
=
∧n

i=1(D
i(⊤) → Di(ψ)), where Di denotes

i copies of nested D modalities. These respectively express that ψ is satisfied
in some or every of the (extant) cells in direction D within distance n. When
discussing a fixed grid-graph, we write ⟨D⟩ and [D] to mean that the omitted
superscript n is the number of rows in the grid-graph when D ∈ {Front,Back}
or the number of columns when D ∈ {Left,Right}.

Global and future modalities □φ and ♢φ respectively mean φ is true at all
or some future (or current) times. Definitions ♢φ

def
= ⊤ U φ and □φ

def
= ¬♢¬φ

are standard. We define a “weak next” modality w○φ
def
= (⃝⊤) → (⃝φ), which

is like ⃝ but is true during the last timestep. Note, w○ is the dual of ⃝.

Example 1 (Temporal modalities). Let safe ∈ AP , POV ∈ NP and consider
(safe)U (POV ). Evaluated at t, pi,j , it expresses that the point pi,j is safe, until
at some point in time POV occupies pi,j .

Example 2 (Hybrid modalities). Let SV , v ∈ NP and consider @SV ↓v⃝@SV v.
Evaluated at t, pi,j it expresses that the next time step exists, and that SV
remains in the same position at the next time step.

3.3 Nontrivial validities

We explore the following valid formulas of HSTL to validate that HSTL se-
mantics align with intuition as desired. Since our frames are rectangular m× n
grids with temporal traces, the interaction between spatial modalities, temporal
operators, and hybrid operators yields a number of nontrivial validities.

From a logical perspective, these validities serve as a sanity check that the
operators behave according to the intended intuitions. Establishing validities
ensures that the formal semantics aligns with the conceptual reading of the
operators.
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1. Commutation of orthogonal moves: horizontal and vertical moves commute
on every grid point. Thus, for all formulas φ,

Front Rightφ↔ Right Frontφ, Front Leftφ↔ Left Frontφ,

BackRightφ↔ Right Backφ, Back Leftφ↔ Left Backφ.

These express that moving “up and then right” reaches the same point as
“right and then up”, and similarly for all orthogonal pairs.

2. Loops on the grid: traversing the four sides of a unit square and returning
to the start yields the original truth value, whenever the entire cycle exists:

Front Right Back Leftφ→ φ, Right Front Left Backφ→ φ,

Front Left BackRightφ→ φ, BackRight Front Leftφ→ φ.

3. Space and time interaction: spatial modalities modify the grid coordinate
while temporal modalities modify the trace index. Hence they commute.
(a) Commutation of temporal with spatial moves: for all φ,

⃝Dφ↔ D⃝φ, ♢Dφ↔ D♢φ, □Dφ↔ D□φ.

(b) Distribution of spatial moves along until: for all φ and ψ,

D(φ U ψ) ↔ (Dφ) U (Dψ).

4. Hybrid validities: The semantics of the hybrid modalities interacts nontriv-
ially with space and time. The following standard [8] hybrid validities hold
for a, b, c ∈ NP :

↓a a, @aa, @ab→ @ba, @ab ∧@aφ→ @bφ

As for binders, we have the following list of validities for all v, φ, ψ:

↓v φ↔ ↓v@vφ, ↓v⃝φ↔ ⃝↓v φ, ↓v ♢φ↔ ♢ ↓v φ,

↓v□φ↔ □ ↓v φ, ↓v(φ U ψ) ↔ (↓v φ) U (↓v ψ).

3.4 Nontrivial non-validities

In contrast to the validities above, the following formulas fail on some model
in the class of HSTL models. Each failure witnesses a different characteristic
of the interaction between spatial, temporal and hybrid operations. Exploring
these non-validities provides an awareness of where formal semantics may differ
from intuition and helps establish the limits of HSTL expressiveness.

1. The hybrid operator @ is time sensitive, i.e. ̸|= @vφ→ ⃝@vφ.
2. The hybrid operator @ and ♢ do not commute, i.e. ̸|= @v♢φ↔ ♢@vφ.
3. Hybrid operators and D modalities do not commute, i.e. ̸|= @vDφ↔ D@vφ

and ̸|= ↓v Dφ↔ D ↓v φ.
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4 Modeling

The simple operators of HSTL combine to express rich specifications of how ve-
hicle motion evolves over time in a dynamic road environment. We demonstrate
how the HSTL operators work together to model an automotive scenario. In-
teractions are complex, but most practical models build on a few fixed idioms:

Definition 5 (Modeling idioms).

1. A global state assumption assumes a formula at all times for all initial view-
points pi,j . Specifically we support □@vφ where φ contains no temporal
modalities other than □. Clearly □ captures all times, but @v capturing
all initial viewpoints is more subtle: @v overwrites the viewpoint with v′s
position, so its truth value is viewpoint-independent. This detail simplifies
model-checker soundness in certain edge cases.

2. A static car assumption consists of a single nominal. The assumption v ∈ NP
specifies that v is stationary for the whole trace, i.e., yk(v) = pi,j for fixed
values of i, j and any time k in the trace. It is expressed by the formula
@v ↓v′ □@vv

′. We say that v is static.
3. A relative motion assumption consists of a pair of nominals v1, v2, and a

sequence of spatial modalities D. The assumption (v1, v2,D) specifies that
relative to v1, v2 is always in the position obtained by moving according to
D. It is expressed by the formula □@v1 D v2. We say that v1 is a dependee
and that v2 is dependent on v1.

4. A fixed motion assumption consists of a nominal v and a set of sequences of
spatial modalities M . The assumption (v,M) specifies that after one time
step, v’s original position relates to its new position by one of the directions
in M . It is expressed by □@v ↓v′ w○@v

∨
D∈M D v′. We say that v has fixed

motion from M .

The following examples, which use a grid-graph of size 5× 3, build upon the
idioms. Not all idioms appear directly in these examples, but all are supported
in our model-checker (Section 5). In Figures 2 and 3, the red car denotes SV ,
the blue car denotes POV , and the proposition h (road hazard) is illustrated by
barricades. The yellow arrows are not part of the model; they merely indicate,
for convenience, how the location of a nominal changes at the next time step.

Example 3 (Safe at all times). The global state formula φ1 = □@SV¬POV
expresses that, at all points in time (i.e. at every state in t), SV always occupies
a different cell from POV , and is therefore safe.

Example 4 (Safe follow). The formula

φ2 := @SV¬Back⊤ ∧□
(
@POV ↓v′ w○@POV (v′ ∨ Back(v′))

)
∧□

(
@SV ↓v w○@SV

(
(¬POV ∧ Back(v)) ∨ (v ∧ Front(POV ))

))
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expresses that SV follows POV safely. The first conjunct specifies that SV starts
in the bottom row of the grid-graph, while the second conjunct, a fixed motion
assumption, requires that at each time step POV either moves one cell forward
or remains in place. To match this behavior, the third conjunct enforces that
SV advances whenever the cell directly ahead is not occupied by POV , and
otherwise stays in place. A model satisfying φ2 is illustrated in Figure 2.

Fig. 2. A model satisfying the formula φ2

Example 5 (Evading static hazard on an active road). The formula

φ3 := @SV

((
Right(POV ) ∧ ⟨Front⟩□h

)
∧(

@SV ↓v⃝@SV (Back(v) ∧□¬h)
)
U(

@SV ↓v⃝@SV (Left(v) ∧ ⟨Front⟩(POV ) ∧ [Front]□¬h)
))

expresses the following behavior: POV is initially to the right of SV and there
is a road hazard ahead whose position does not change over time. In addition,
SV must eventually move to a position in the neighboring right-hand lane such
that POV is in front of it and no road hazard lies ahead. Until that moment,
SV remains in the lane of its initial position while avoiding collisions with road
hazards. A model satisfying φ3 is illustrated in Figure 3.

Fig. 3. A model satisfying the formula φ3
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Note that Figure 3 is not the only model of φ3. Line 2 allows POV to be
anywhere, and the value of h is arbitrary everywhere except the current position
and its front region. This under-specification reduces realism and makes the
search space intractably large. Thus φ3 showcases our motivations for nominals
and motion assumptions: increased realism and reduced search space.

5 Model-Checking

Model-checking is a broad set of verification techniques that systematically ex-
plore system states to verify correctness in each state. We develop model-checking
algorithms for HSTL, which systematically explore possible traces and identify
those which satisfy a specification. This algorithm is appropriate for offline usage,
e.g., for test case generation. Additionally, we give correctness and complexity
guarantees (Theorems 1 and 2).

5.1 Formula evaluation

The formula evaluation algorithm takes as input a grid-graph G, a trace t, a
point pi,j in the grid-graph, and an HSTL formula φ, and outputs whether or
not G, t, pi,j |= φ. Its pseudocode is given in Algorithm 1. It adapts a mod-
ern dynamic programming algorithm from LTL [18] to avoid an exponential
dependence on the length of the formula that can arise from a naïve recursive
evaluation of the Until operator.

Remark. In the implementation of the lookup table memo, distinct instances of
a subformula φ′ of φ result in distinct keys for the lookup table. That is, in
the execution of Eval_memo, if φ′ and φ′′ are syntactically identical formulas
that arise separately in the parse tree of φ, the keys (t, pi,j , φ

′) and (t, pi,j , φ
′′)

are considered distinct. This is necessary to ensure correctness of the spatial
operators and the bind operator, since they alter the current position and the
trace, respectively, on which the formula is evaluated.

Theorem 1 (Correctness and runtime of formula evaluator). For ev-
ery grid-graph G, trace t, point pi,j in the grid-graph, and HSTL formula φ,
Eval(G, t, pi,j , φ) (as defined in Algorithm 1) returns True if and only if
G, t, pi,j |= φ. Furthermore, Eval terminates within O(|t|2 · |φ|) steps.

5.2 Model-checkers

The model-checkers take as input a grid-graph G, a formula φ, a max trace
length n, and optionally a list of assumptions A, in the form of the modeling
idioms (Definition 5). They output traces t of length up to n which satisfy the
assumptions A, for which there are points pi,j such that G, t, pi,j |= φ. Three
different model-checking algorithms are implemented:
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Algorithm 1 Formula evaluator
1: Function Eval(G, t, pi,j , φ)
2: Input: Grid-graph G = (Pos, E), trace t = ((x0, y0), . . . , (xn, yn)),
3: point pi,j , HSTL formula φ
4: Output: Bool
5: initialize lookup table memo
6: return Eval_memo(G, t, 0, pi,j , φ)
7:
8: Function Eval_memo(G, t, k, pi,j , φ)
9: Input: Grid-graph G = (Pos, E), trace t = ((x0, y0), . . . , (xn, yn)),

10: time step k ≤ n, point pi,j , HSTL formula φ
11: Output: Bool
12: if memo[(k, φ)] exists then return memo[(k, φ)]
13: else
14: match φ
15: case ⊤: result ← True
16: case a ∈ AP : result ← pi,j ∈ x0(a)

17: case v ∈ NP : result ← pi,j = y0(v)

18: case ¬φ1: result ← not Eval_memo(G, t, k, pi,j , φ1)

19: case φ1 ∧ φ2:
20: result← Eval_memo(G, t, k, pi,j , φ1) and Eval_memo(G, t, k, pi,j , φ2)

21: case ⃝φ1:
22: result ← k < n and Eval_memo(G, t, k + 1, pi,j , φ1)

23: case φ1 U φ2:
24: if Eval_memo(G, t, k, pi,j , φ2) then result ← True
25: else if k < n then
26: result ← Eval_memo(G, t, k, pi,j , φ1) and
27: Eval_memo(G, t, k + 1, pi,j , φ)
28: else result ← False
29: end if
30: case Frontφ1/Backφ1/Rightφ1/ Leftφ1:
31: if pi+1,j/pi−1,j/pi,j+1/pi,j−1 ∈ Pos then
32: p′ ← pi+1,j/pi−1,j/pi,j+1/pi,j−1

33: result ← Eval_memo(G, t, k, p′, φ1)
34: else result ← False
35: end if
36: case @vφ1: result ← Eval_memo(G, t, k, x0(v), φ1)

37: case ↓v φ1:
38: t′ = ((x′

0, y
′
0), . . . , (x

′
n, y

′
n))← copy(t)

39: for l = k, . . . , n do
40: y′

l(v)← pi,j
41: end for
42: result ← Eval_memo(G, t′, k, pi,j , φ1)

43: end match
44: memo[(k, φ)]← result
45: return result
46: end if
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1. The baseline algorithm generates all possible states on G (i.e., arbitrary
assignments of atomic propositions and nominals), then generates all possible
traces by arbitrarily assigning a state to each time step. Once generated, the
specification is evaluated on each trace.

2. The optimized algorithm allows for global state assumptions, as formalized
in Definition 5. The algorithm begins by identifying the set of states S that
satisfy the given set of assumptions A. More precisely, it selects all states
t = (x, y) such that G, t, p |= α for every p ∈ Pos and α ∈ A. It then
generates, similarly to the baseline algorithm, all possible traces composed
exclusively of states in S. Once generated, the specification is evaluated on
each trace.

3. The motion algorithm additionally allows motion assumptions. Traces are
generated one step at a time, utilizing the motion assumptions to limit the
number of assignments of nominals that need to be considered. For example,
for a fixed motion assumption of the form (v,M), only states in which v
has moved from its previous position according to M need to be considered.
Once a candidate state for the next timestep is generated, it is evaluated
against the global state assumptions, and kept iff it satisfies them. Traces
generated this way are finally checked against the entire specification.

The pseudocode for the motion algorithm is given in Algorithm 2. See Def-
inition 5 for the motion assumption templates, which are central to its design.
Furthermore, we make these assumptions about the inputs:

Preconditions 1 (motion algorithm). We assume that the assumptions A given
as input to the motion algorithm satisfy the following:

1. A is partitioned as A = Astatic ∪Arel ∪Afixed ∪Aglobal into static car, relative
motion, fixed motion, and global state assumptions, respectively.

2. Astatic , Arel , and Afixed are consistent, that is, contain no contradictions.
3. No nominal is both a dependee and dependent.
4. Any dependent nominal appears in exactly one relative motion assumption.

The last two conditions ensure that the positions of all dependent nominals
can be determined precisely by (independently) choosing the positions of all de-
pendee nominals. We also describe several helper functions at high level, omitting
implementation details:

– generate_initial_states(G,Arel , Aglobal) outputs the states which satisfy
Arel and Aglobal . That is, all dependent cars must be in the correct locations
relative to their dependees, and every global assumption is satisfied.

– valid_dependee_positions(G,Arel , v) outputs positions where dependee
nominal v can be placed so all nominals dependent on v stay in G.

– valid_prop_assignments(G,Aglobal) outputs the collection of assignments
of atomic propositions in a single state which satisfy Aglobal .

– complete_state(G,Arel , x, ỹ) takes as input an assignment of atomic propo-
sitions x : AP → 2Pos and an assignment of all non-dependent nominals
ỹ : NP ⇀ Pos, and outputs the state extending (x, ỹ) in which all depen-
dent nominals are assigned positions according to Arel .
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– check_global_assumptions(G, t, Aglobal) checks that all global state as-
sumptions are satisfied by t.

The main bottleneck in model-checking lies in generating the large number
of traces required to test against the specification. For simplicity of the analysis,
suppose that the assignments of atomic propositions are empty at all times. If
the grid has size w × h, where n is the maximum trace length and m = |NP |,
then naively generating all traces (as the baseline model-checker does) yields∑n

k=1(w × h)mk traces: for each length k up to n, all m nominals must be
assigned k times, from w×h possibilities. The optimized and motion algorithms
improve on the baseline by limiting the number of traces that are generated based
on the assumptions; therefore, it is necessary to show that these algorithms yield
exactly those traces satisfying the assumptions and also give an upper bound on
the number of traces generated.

Theorem 2 (Correctness and complexity of the motion algorithm). Let
G be a grid graph of size w × h, and let A = Astatic ∪ Arel ∪ Afixed ∪ Aglobal be
a set of assumptions satisfying preconditions 1. Additionally suppose that the
assignments of atomic propositions are empty at all times. Let s be the number
of initial states which satisfy Aglobal . The branching factor bv of each v is:

– bv = 1 if v is static or dependent,
– bv = |M | if v has fixed motion from M ,
– bv = |Pos| = w × h otherwise.

Then Generate_traces(G,A, n) (defined in Algorithm 2) yields exactly the
traces which satisfy the assumptions A, and the number of traces checked is
at most

O

s · n−1∑
k=0

( ∏
v∈NP

bv

)k
 .

The worst case for Algorithm 2 occurs when s = (w × h)m, i.e., there are
no global state assumptions, and bv = w × h for every v ∈ NP , i.e., there are
no motion assumptions. This aligns with the number of traces generated by
the baseline checker. The addition of static and relative position assumptions
improves performance as much as elimination of a nominal. For k-direction fixed
motion, the speedup factor vs. baseline is (w×h)/k. Such motion is fundamental
to vehicle dynamics and appears in every test scenario, and therefore we expect
the motion algorithm to provide significant improvements over the baseline.

6 Evaluation

To demonstrate the effectiveness of our model-checking algorithms, we evaluate
the implementations on a variety of test cases.
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Algorithm 2 Model-checker: motion algorithm
1: Function Sat_traces(G,A,φ, n)
2: Input: Grid-graph G = (Pos,E), assumptions A satisfying preconditions 1,
3: specification φ, max trace length n
4: Output: Stream of pairs (t, sat_pointst), where t is a trace and
5: sat_pointst is a subset of Pos
6: for t ∈ Generate_traces(G,A, n) do
7: sat_points ← {p ∈ Pos | Eval(G, t, p, φ) = True}
8: if sat_points is not empty then yield (t, sat_points)
9: end if

10: end for
11:
12: Function Generate_traces(G,A, n)
13: Input: Grid-graph G = (Pos,E), assumptions A, max trace length n
14: Output: Stream of traces satisfying A
15: for initial_state ∈ generate_initial_states(G,Arel , Aglobal) do
16: yield from Extend_trace(G,A, 1, n, initial_state, [initial_state])
17: end for
18:
19: Function Extend_trace(G,A, k, n, t, t)
20: Input: Grid-graph G = (Pos,E), assumptions A, current length k,
21: max trace length n, previous state t = (x, y), current trace t

(Note the font difference between t and t)
22: Output: Stream of traces extending t and satisfying A
23: yield t
24: if k = n then return
25: else
26: for v ∈ NP do
27: if v is static then
28: C(v)← {y(v)}
29: else if v has fixed motion from M then
30: C(v)← {D y(v) ∈ Pos |D ∈M}
31: else if v is a dependee then
32: C(v)← valid_dependee_positions(G,Arel , v)
33: else if v is not dependent then
34: C(v)← Pos
35: end if
36: end for
37: for ỹ ∈

∏
v C(v) do

38: for x′ ∈ valid_prop_assignments(G,Aglobal) do
39: y′ ← complete_trace(G,Arel , x

′, ỹ)
40: t′ ← (x′, y′)
41: if check_global_assumptions(G, [t′], Aglobal) then
42: yield from Extend_trace(G,A, k + 1, n, t′, t.append(t′))
43: end if
44: end for
45: end for
46: end if
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Test Scenarios We evaluate the model-checking algorithms on seven test cases:
two basic formulas and five test scenarios. The first two are basic formulas of
spatiotemporal and hybrid logics. The next five, in order, are: safe following
(Figure 2); hazard avoidance (Figure 3); safe intersection crossing where one
road has priority; safe overtaking, in which a vehicle accelerates in a separate
lane before merging back; and safe joining a platoon of vehicles in a neighboring
lane. These five scenarios are chosen because they are all fundamental and well-
studied driving tasks; all except intersection crossing are focused on highway
driving. In modeling these scenarios, we support the claim that HSTL is flexible
enough to model a wide range of concrete driving scenarios. The test scenarios
are designed for scalability: the grid size and trace duration can be increased
to assess how well each algorithm handles increasing complexity. Platooning
supports an arbitrary number of vehicles, allowing us to test scalability with
respect to the number of nominals in a formula.

Test Results Experimental results are given in Table 1. Tests were run on a
workstation with 32 GB of RAM and a i7-14700 processor at 2.1 GHz. A 10-
minute timeout is used; timeouts are indicated with a horizontal line −. This
timeout is appropriate because our algorithms are intended for offline use and a
10-minute timeout allows the test suite to complete within a day. For online use,
in contrast, 10 Hertz control loops are common, and planning timeouts would
need to be consistent with such rates. All reported times are wall-clock times
measured in a multitasking environment, so variance is expected.

The first two tests are simple and thus run only once. The test scenario
parameters vary to explore scalability. Safe following is single-lane, enabling
longer lanes. Safe crossing’s grid size and crossing time are related, so we scale
them in unison. Safe overtaking increases duration while keeping grid size fixed.
Platooning’s nominal count increases for fixed size and duration.

We assess the scaling behavior by observing the trends in running time as
parameters increase. Since the optimized algorithms have higher cost per trace,
they can be slower when little speedup is achievable, e.g., in tests 1,2,9,10,11.
This is expected for 1,2 because they are not driving scenarios. Likewise, the haz-
ard scenario (9,10,11) is designed to provide no optimization opportunity and
to use an atomic proposition. By demonstrating the poor scalability of atomic
propositions, it motivates the use of nominals. In the other test scenarios, the
baseline algorithm times out on larger input sizes, while the optimized and es-
pecially motion algorithms continue to perform better. The motion algorithm
performs particularly well for long durations, where its branching factor reduc-
tions relative to the optimized algorithm have the opportunity to compound,
and in the platooning scenario where there is extensive fixed movement.

7 Conclusions

We developed Hybrid Spatiotemporal Logic (HSTL) for automotive safety, fo-
cused on highways. We modeled scenarios like following, passing, intersection-
crossing, and platooning. We developed model-checking algorithms which exploit
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Table 1. Experimental results

Test Noms. Grid Len #Sat #Trace1 #Trace2 #Trace3 Time1 Time2 Time3
1 1 (3,3) 3 819 819 819 819 0.0283 0.00417 0.0292
2 2 (3,3) 3 819 538083 819 538083 2.41 0.0118 3.42
3 2 (3,1) 3 9 819 258 270 0.0118 0.0151 0.00663
4 2 (6,1) 3 30 47988 27930 4752 0.923 2.16 0.0977
5 2 (9,1) 3 51 538083 378504 24786 14.7 11.9 0.686
6 2 (12, 1) 3 72 3006864 2317524 79488 184 88.5 2.79
7 2 (15, 1) 3 93 - - 195750 - - 8.38
8 2 (18, 1) 3 114 - - 408240 - - 20.5
9 2 (2,2) 2 32 65792 65792 65792 0.284 0.280 0.799
10 2 (2,2) 3 2080 16843008 16843008 16843008 65.4 96.1 109
11 2 (2,2) 4 - - - - - - -
12 2 (2,2) 2 6 272 156 48 0.0216 0.00663 0.00420
13 2 (3,3) 3 24 538083 378504 2754 15.9 18.4 0.121
14 2 (4,4) 4 60 - - 298240 - - 25.0
15 2 (4,2) 2 5 4160 812 480 0.203 0.0352 0.0206
16 2 (4,2) 3 17 266304 22764 6624 11.1 1.58 0.266
17 2 (4,2) 4 21 17043520 637420 88544 449 46.8 3.63
18 2 (4,2) 5 21 - - 1137120 - - 48.2
19 3 (5,2) 3 260 - - 10850 - - 1.75
20 4 (5,2) 3 1122 - - 34650 - - 6.66
21 5 (5,2) 3 4952 - - 112850 - - 25.5
22 6 (5,2) 3 22410 - - 376650 - - 101.45

vehicle dynamics to minimize search space, proved them correct, and evaluated
them on the scenarios.

Future work will explore using HSTL as a glue layer between planning and
control. Motion plans can be expressed as traces. Likewise, a controller’s resulting
trajectory can be abstracted to a grid and monitored for plan compliance.
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A Proofs

Note that the main paper and appendices may vary, for example, in their choice
of variable names.

A.1 Proofs for validities

In this section, we show the proofs for the validities presented in Section 3.3.
Horizontal and vertical moves commute on every grid point:

Proposition 1 (Commutation of orthogonal moves). For any formula φ,

1. |= Front Rightφ↔ Right Frontφ
2. |= Front Leftφ↔ Left Frontφ
3. |= BackRightφ↔ Right Backφ
4. |= Back Leftφ↔ Left Backφ.

Proof. We show the proof for the first claim as follows. Let G be a grid-graph,
t be a trace, and pi,j ∈ Pos. To show the direction from left to right, assume
that G, t, pi,j |= Front Rightφ. By the definition of the semantics, pi+1,j ∈ Pos
and G, t, pi+1,j |= Rightφ, hence pi+1,j+1 ∈ Pos and G, t, pi+1,j+1 |= φ. Then,
pi,j+1 ∈ Pos and G, t, pi,j+1 |= Frontφ. Therefore, G, t, pi,j |= Right Frontφ. The
other direction can be derived analogously.

The other three claims can be proven in an analogous way. ⊓⊔

Traversing the four sides of a unit square and returning to the start yields
the original truth value, whenever the entire cycle exists:

Proposition 2 (Loops on the grid). For any formula φ,

1. |= Front Right Back Leftφ→ φ
2. |= Right Front Left Backφ→ φ
3. |= Front Left BackRightφ→ φ
4. |= BackRight Front Leftφ→ φ.

Proof. We show the proof for the first claim as follows. Let G be a grid-graph,
t be a trace, and pi,j ∈ Pos. Assume that G, t, pi,j |= Front Right Back Leftφ. By
the definition of the semantics, pi+1,j ∈ Pos and G, t, pi+1,j |= Right Back Leftφ,
hence pi+1,j+1 ∈ Pos and G, t, pi+1,j+1 |= Back Leftφ. Then pi,j+1 ∈ Pos and
G, t, pi,j+1 |= Leftφ. Therefore, pi,j ∈ Pos and G, t, pi,j |= φ.

The other three claims can be proven in an analogous way. ⊓⊔

Spatial modalities modify the grid coordinate while temporal modalities mod-
ify the trace index. We obtain the commutation of temporal with spatial moves,
and the distribution of spatial moves along the until operator.

Proposition 3 (Space and time interaction). For any formulas φ and ψ,

1. |= ⃝Dφ↔ D⃝φ



Hybrid Spatiotemporal Logic for Automotive Applications 21

2. |= ♢Dφ↔ D♢φ
3. |= □Dφ↔ D□φ
4. |= D(φ U ψ) ↔ (Dφ) U (Dψ).

Proof. We show the proofs when D is Front. The proofs for the other spatial
modalities are analogous. Let G be a grid-graph, t be a trace, and pi,j ∈ Pos.

We prove the first claim by the definition of the semantics as follows:

G, t, pi,j |= ⃝Frontφ

iff t1 is well-defined and G, t1, pi,j |= Frontφ

iff t1 is well-defined, pi+1,j ∈ Pos, and G, t1, pi+1,j |= φ

iff pi+1,j ∈ Pos and G, t, pi+1,j |= ⃝φ

iff G, t, pi,j |= Front⃝φ

The second and the third claims can be proven analogously.
Next, we prove the last claim as follows. By the definition of the semantics,

G, t, pi,j |= Front(φ U ψ)

iff pi+1,j ∈ Pos, and G, t, pi+1,j |= φ U ψ

iff pi+1,j ∈ Pos, and there is a k s.t. tk is well-defined, G, tk, pi+1,j |= ψ,

and G, tl, pi+1,j |= φ for all l < k

iff there is a k s.t. tk is well-defined, G, tk, pi,j |= Frontψ,

and G, tl, pi,j |= Frontφ for all l < k

iff G, t, pi,j |= (Frontφ) U (Frontψ).

⊓⊔

Several basic validities for standard hybrid logic [8] are also validities in our
class of models:

Proposition 4 (Validity with hybrid modality). For any formula φ and
any nominals a, b, v ∈ NP ,

1. |= ↓v v
2. |= @aa
3. |= @ab→ @ba
4. |= @ab ∧@aφ→ @bφ.

Proof. Let G be any grid-graph, t = ((x0, y0), . . . , (xn, yn)) be any trace, and
pi,j ∈ Pos.

1. Notice that that pi,j = y0[z 7→ pi,j ](z). Then G, t[z 7→ pi,j ], pi,j |= z, and
hence G, t, pi,j |= ↓z z. Therefore, |= ↓z z.

2. By the definition of the semantics, G, t, y0(a) |= a, and hence G, t, pi,j |=
@aa. Therefore, |= @aa.
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3. Assume that G, t, pi,j |= @ab. By definition, G, t, y0(a) |= b. Then y0(a) =
y0(b). Hence G, t, y0(b) |= a, which then implies that G, t, pi,j |= @ba. There-
fore, |= @ab→ @ba.

4. Assume that G, t, pi,j |= @ab ∧ @aφ. Since G, t, pi,j |= @ab, we obtain
y0(a) = y0(b). Since G, t, pi,j |= @aφ, we obtain G, t, y0(a) |= φ. Substituting
y0(b) for y0(a), we obtain that G, t, y0(b) |= φ, and hence G, t, pi,j |= @bφ.
Therefore, |= @ab ∧@aφ→ @bφ.

⊓⊔

The semantics of the hybrid modalities interacts nontrivially with spatial and
temporal structure:

Proposition 5 (Validity with binders). For any formulas φ and ψ and any
nominal v ∈ NP ,

1. |= ↓v φ↔ ↓v@vφ

2. |= ↓v⃝φ↔ ⃝↓v φ
3. |= ↓v ♢φ↔ ♢ ↓v φ
4. |= ↓v□φ↔ □ ↓v φ
5. |= ↓v(φ U ψ) ↔ (↓v φ) U (↓v ψ)

Proof. Let G be any grid-graph, t be any trace, and pi,j ∈ Pos.

1. By the definition of semantics, we have:

G, t, pi,j |= ↓v φ
iff G, t[v 7→ pi,j ], pi,j |= φ

iff G, t[v 7→ pi,j ], y0[v 7→ pi,j ](v) |= φ

iff G, t[v 7→ pi,j ], pi,j |= @vφ

iff G, t, pi,j |= ↓v@vφ

Therefore, |= ↓v φ↔ ↓v@vφ.
2. By the definition of the semantics, we have:

G, t, pi,j , |= ↓v⃝φ

iff G, t[v 7→ pi,j ], pi,j |= ⃝φ

iff t1[v 7→ pi,j ] is well-defined and G, t1[v 7→ pi,j ], pi,j |= φ

iff t1[v 7→ pi,j ] is well-defined and G, t1, pi,j |= ↓v φ
iff G, t, pi,j |= ⃝↓v φ

Therefore, |= ↓v⃝φ↔ ⃝↓v φ.
3. The proof for Claim 3 is analogous to that for Claim 2.
4. The proof for Claim 4 is analogous to that for Claim 2.
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5. By the definition of semantics, we have:

G, t, pi,j |= ↓v(φ U ψ)

iff G, t[v 7→ pi,j ], pi,j |= φ U ψ

iff ∃k ∈ {0, . . . , n} such that

tk[v 7→ pi,j ] is well-defined,

G, tk[v 7→ pi,j ], pi,j |= ψ, and

∀l < k, G, tl[v 7→ pi,j ], pi,j |= φ

iff ∃k ∈ {0, . . . , n} such that

tk[v 7→ pi,j ] is well-defined,

G, tk, pi,j |= ↓v ψ, and

∀l < k, G, tl, pi,j |= ↓v φ
iff G, t, pi,j |= (↓v ψ) U (↓v φ)

Therefore, |= ↓v(φ U ψ) ↔ (↓v ψ) U (↓v φ).

A.2 Proofs for Non-validities

In this section, we show the proofs for the non-validities presented in Section 3.4.
In contrast to the validities above, the following formulas fail on some model

in the class of HSTL models. Each failure witnesses a different characteristic
of the interaction between spatial, temporal and hybrid operations. These non-
validities are particularly useful in separating models and for general expressivity
arguments.

Proposition 6 (Time-sensitivity of @). For any formula φ and any nomi-
nal v,

̸|= @vφ→ ⃝@vφ.

Proof. Consider q ∈ AP , a point p1 ∈ Pos such that G, t, p1 |= v ∧ q and
G, t1, p1 |= v ∧ ¬q. Then G, t, p1 |= @vq but G, t, p1 ̸|= ⃝@vq ⊓⊔
Proposition 7 (Non-commutation of @ and ♢). For any formula φ and
any nominal v,

̸|= @v♢φ↔ ♢@vφ.

Proof. Consider arbitrary points p1, p2 ∈ Pos, the formula φ := h ∈ AP , and
a trace t =

(
(x1, y1), (x2, y2)

)
, where x1(h) = x2(h) = {p2}, y1(v) = p1 and

y2(v) = p2. Then G, t, p1 |= ♢@vφ, but G, t, p1 ̸|= @v♢φ since h never holds
at p1. ⊓⊔
Proposition 8 (Non-commutation of D). For any formula φ and any nom-
inal v,

̸|= @vDφ↔ D@vφ, ̸|= ↓v Dφ↔ D ↓v φ.
Proof. For the first claim, consider q ∈ AP and a point p1 ∈ Pos such that
G, t, p1 |= v ∧ ¬q ∧Dq. Then G, t, p1 |= @vDq but G, t, p1 ̸|= D@vq.

For the second claim, consider φ := v, resulting in a contradiction. ⊓⊔
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A.3 Proof of Theorem 1

Proof. First, we prove correctness.
Given a formula φ, construct the parse tree of φ, in which each node corre-

sponds to an occurrence of a subformula of φ. Then, given a grid-graph G, trace
t = ((x0, y0), . . . , (xn, yn)), and position pi,j , for each node φ′ in the parse tree,
there is an associated position pφ′ and updated trace tφ′ given by following the
behavior of the spatial and hybrid operators.

To be precise, define the positions pφ′ and trace tφ′ traversing down the parse
tree in the following way:

– At the root φ, pφ = pi,j and tφ = t.
– At a node φ′ = Dφ1, the node φ1 gets assigned position pφ1

obtained by
moving pφ′ in the direction D. The trace tφ1

is the same as tφ′ .
– At a node φ′ = ↓v φ1, the node φ1 gets assigned trace tφ1

= tφ′ [v 7→ pφ′ ].
The position pφ1

is the same as pφ′ .
– At any other node, its children inherit its position and trace.

Now, we prove a stronger claim, from which correctness follows, since Eval
returns the value of memo[(0, φ)].

Claim. Fix a grid-graph G, a trace t = ((x0, y0), . . . , (xn, yn)), a time step k ∈
[0, n], and a position pi,j . Fix a formula φ, and a subformula φ′ in the parse tree
of φ. At the end of the execution of Eval_memo(G, t, k, pi,j , φ), if memo[(k′, φ′)]
is defined, then

G, (tφ′)k
′
, pφ′ |= φ′ ⇐⇒ memo[(k′, φ′)] = True,

Moreover, at the end of execution, memo[(k, φ)] is defined.

The proof of the claim is by induction on the structure of φ and the length
of tk (i.e., the value of n− k).

First, notice that the execution of Eval_memo(G, t, k, pi,j , φ) will only ever
update the value of memo[(k, pi,j , φ)], so it suffices to show that this value is cor-
rect; other values will be correct by the induction hypothesis. If memo[(k, pi,j , φ)]
is not already defined, then line 44 is executed and stores the value of result to
memo[(k, pi,j , φ)], and hence this value is defined by the end of execution. Also,
the value of memo[(k, pi,j , φ)] is always returned, so it is enough to check the
value stored to result.

The base cases ⊤, a ∈ AP , and v ∈ NP follow directly from the definition of
the semantics.

The Boolean operations ¬ and ∧, the next operator ⃝, and the hybrid at
operator @v follow in a straightforward manner from the induction hypothesis
and the definition of the semantics. For ⃝, we point out that it reflects the
semantics that ⃝φ1 is False when evaluated at the end of a trace.

The case φ1Uφ2 mirrors the typical expansion law for U in LTL (see e.g. [4]);
however, for completeness, we give the full argument. First, suppose that result
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gets value True. Then either Eval_memo(G, t, k, pi,j , φ2) is true, or k < n, and
both Eval_memo(G, t, k, pi,j , φ1) and Eval_memo(G, t, k+1, pi,j , φ1Uφ2) evaluate
to True. In the case that Eval_memo(G, t, k, pi,j , φ2) is true, then G, tk, pi,j |= φ2

by induction hypothesis, and thus G, tk, pi,j |= φ1 U φ2. Otherwise, k < n,
and both Eval_memo(G, t, k, pi,j , φ1) and Eval_memo(G, t, k + 1, pi,j , φ1 U φ2)
evaluate to True. By induction hypothesis, we have that G, tk, pi,j |= φ1 and
G, tk+1, pi,j |= φ1 U φ2. A standard analysis of the semantics of U yields that
G, tk, pi,j |= φ1 U φ2.

Conversely, suppose that result gets value False. This means that
Eval_memo(G, t, k, pi,j , φ2) evaluates to False, and if k < n, then at least one
of Eval_memo(G, t, k, pi,j , φ1) and Eval_memo(G, t, k + 1, pi,j , φ1 U φ2) evalu-
ates to False. In the case that Eval_memo(G, t, k, pi,j , φ1) is False, then by in-
duction hypothesis, G, tk, pi,j ̸|= φ1, and hence G, tk, pi,j ̸|= φ1 U φ2. Other-
wise, Eval_memo(G, t, k + 1, pi,j , φ1 U φ2) is False, so by induction hypothesis,
G, tk+1, pi,j ̸|= φ1 U φ2, and hence G, tk, pi,j ̸|= φ1 U φ2.

For the spatial operators Dφ1, with D ∈ {Front,Back, Left,Right}, first note
that the position pφ1

(as defined earlier) is simply pi,j moved one position in
the direction D. This is exactly the same position as p′ from line 32, and hence
result is true if and only if Eval_memo(G, t, k, p′, φ1) is true, which by induction
hypothesis holds if and only ifG, tk, p′ |= φ1. This holds if and only ifG, tk, pi,j |=
Dφ1, as desired.

For the bind operator ↓v φ1, first note that the trace associated with φ1 is
tφ1 = t[v 7→ pi,j ], which is the same as the resulting value of t′ after completing
the for loop in line 41. Thus result is true if and only if Eval_memo(G, t[v 7→
pi,j ], pi,j) is true, which by induction hypothesis holds if and only if G, t[v 7→
pi,j ], pi,j |= φ1. This holds if and only if G, t, pi,j |= ↓v φ1, as desired.

This completes the proof of correctness. It remains to show the proof of the
bound on the runtime. Since Eval_memo utilizes memoization, it is necessary
to find the number of distinct subproblems and multiply by the complexity of
solving each subproblem. For the number of subproblems, notice that the keys
to the memoization table are of the form (k, φ′), with 0 ≤ k ≤ |t|, and φ′ a
subformula of φ. Therefore, the number of subproblems is O(|t| · |φ|).

As for the complexity of each subproblem, it is easy to check that in a single
recursive call of Eval_memo, all cases except for the bind operator ↓v φ1 only
perform a constant number of operations. In the case of the bind operator,
Eval_memo will make a copy of t and edit |t| − k of the copy’s positions, so this
requires O(|t|) steps.

Thus in total, Eval_memo runs in O(|t|2 · |φ|) time. ⊓⊔
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B Proof of Theorem 2

Proof. First, since we assume that the assignments of atomic propositions are
empty at all times, we will abuse notation slightly and write t(v) to denote the
position of nominal v in state t instead of y(v).

Now, note that a trace is yielded exactly when Extend_trace is called (line
23). In particular, the trace that is generated is the fifth coordinate of the input
to Extend_trace. We prove that the following statements are true during the
execution of Generate_traces for all values k = 1, . . . , n, by induction on k:

1. Whenever Extend_trace(G,A, k, n, t, t) is called, t has length k, and t is the
last state of t.

2. The trace generated when Extend_trace(G,A, k, n, t, t) is called satisfies A.
3. Every trace of length k satisfying A is generated.
4. There are at most O(s ·

(∏
v∈NP bv

)k−1
) such traces.

The theorem follows from items 2-4.

Base case: k = 1.
For item 1, the only invocations of Extend_trace(G,A, 1, n, t, t) occur when

line 16 is executed for each initial state, in which t has length 1, and the argument
for t is exactly the only element of t.

For item 2, when Extend_trace(G,A, 1, n, t, t) is called, the value of t is of
the form [initial_state], where inital_state is given by
generate_initial_states(G,Arel , Aglobal), which outputs those states which
satisfy Arel and Aglobal . For traces of length 1, static car and fixed motion as-
sumptions do not impose any restrictions, so it is enough to just check relative
motion and global state assumptions. This also proves item 3, since every such
trace will be generated.

Item 4 is satisfied since O(s ·
(∏

v∈NP bv
)1−1

) = O(s), and s is precisely the
number of valid initial states.

Step case: Suppose that all four items are true for 1 ≤ k < n. We want to
show they are true for k + 1.

For item 1, we see that Extend_traces is called with current length input
k+1 in line 42 when executing Extend_traces(G,A, k, n, t, t). By the induction
hypothesis, the trace t has length k, so the argument t.append(t′) has length
k + 1, as desired, and also has t′ as its last state.

For item 2, we must check that in line 42, the trace t.append(t′) satisfies A.
The line 41 ensures that t′ satisfies Aglobal . By the induction hypothesis, t also
satisfies Aglobal , and therefore t.append(t′) must as well. To analyze the motion
assumptions, we see that the loop in line 26 assigns a set of choices C(v) to all
non-dependent nominals. Once this is done, the loop in line 37 checks over all
possible assignments of nominals, chosen from these sets C(v). Finally, line 39
fixes the position of dependent nominals according to the positions of dependee
nominals and Arel . Astatic is satisfied since a static nominal v is given only one
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choice for its position (line 28), which is its location in the previous timestep
y(v). Arel is satisfied since complete_trace in line 39 respects Arel . Afixed is
satisfied since a fixed motion nominal v is given exactly the (valid) choices from
its motion set M (line 30).

For item 3, let t′ = t.append(t′) be a trace of length k + 1 satisfying A. Let
t denote the last state of t. By the induction hypothesis, t must have been gen-
erated at some point during execution, and thus Extend_trace(G,A, k, n, t, t)
must have been executed. Therefore, it suffices to check whether or not t′ is
generated as a valid extension for which line 42 is executed.

Since t′ satisfies Astatic , for every static nominal v, t′(v) = t(v). This is an
allowed choice (in particular, the only allowed choice) in line 28. For fixed mo-
tion nominals, since t′ satisfies Afixed , the position t′(v) must be within the set
{D t(v) ∈ Pos | D ∈M}, which is exactly the allowed choices in line 30. For de-
pendee nominals, since t′ satisfies Arel , t′(v) must be so that all dependents will
fit into G; these choices are allowed in line 32. For dependent nominals, their po-
sitions are determined by Arel and the positions of their respective dependees—
this is handled in line 39. For all other nominals, their positions are allowed to
be chosen arbitrarily (line 34), and so the position t′(v) is included as an allowed
choice. Finally, t′ passes line 41 since t′ satisfies Aglobal . Hence t′ is generated.

For item 4, we must count the number of traces for which line 42 is called. For
each generated trace of length k, this occurs as many times as possible values for
t′ are generated. By induction hypothesis, there are at most O(s·

(∏
v∈NP bv

)k−1
)

traces of length k generated, so it remains to count the number of values of t′
which are generated. Notice that the number of such t′ is at most the size of∏

v C(v) as in line 37. By definition, |C(v)| ≤ bv (except on dependent nominals,
where C(v) is not defined, but in that case bv = 1). Thus the number of such t′
is at most

∏
v∈NP bv. Hence the total number of traces of length k+1 generated

is at most

O

s ·( ∏
v∈NP

bv

)k−1
 ·

∏
v∈NP

bv = O

s ·( ∏
v∈NP

bv

)k
 ,

which is as desired for item 4. ⊓⊔

C Test Cases

This appendix documents the test cases used in the evaluation section, as imple-
mented in our Python code. Each test case is structured as a Python function
which passes an HSTL specification to the run_evaluator helper function, which
has the following arguments:

"""
Returns for a given formula all (trace, points) tuples where
the formula holds.
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:param run_id: the id of the run
:param propositions: the list of propositions used in the formula
:param nominals: the list of nominals used in the formula
:param assumptions: the list of formulas used as assumptions
:param conclusions: the list of formulas used as conclusions
:param grid_size: the grid size used for building the traces
:param trace_max_length: the maximal length of traces to consider
:param show_traces: whether the (trace, point) tuples should be

displayed in the console for debugging
:param evaluator_function: model checker evaluation function,

which can be any of the 3 checkers
"""

Do not be misled by the names assumptions and conclusions. All these for-
mulas are treated the same in a logical sense. It is only a style convention
that conclusions contains the final system safety properties such as collision-
avoidance, while assumptions contains conditions meant to configure the sce-
nario, such as specifications of vehicle trajectories. The six test case functions
also have arguments. For example, test_index is simply the corresponding row
number in the evaluation table from the paper. We present the code for each
test function.

def left_right_test(test_index: int,evaluator_function: Callable):
"""
Tests a spatial validity.

:param test_index: test index
:param evaluator_function: function of the checker for

evaluating the formula
"""
run_evaluator(test_index, [], [’z’], [],

["G(Left(Right(z)) <-> Right(Left(z)))"], (3, 3), 3, False,
evaluator_function)

def same_name_test(test_index: int, evaluator_function: Callable):
"""
Tests a hybrid formula.

:param test_index: test index
:param evaluator_function: function of the checker for

evaluating the formula
:return:
"""
run_evaluator(test_index, [], [’z’, ’z1’], [], ["G (@z z1)"],

(3, 3), 3, False, evaluator_function)

def one_lane_follow_test(test_index: int, duration: int,
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road_length: int, evaluator_function: Callable):
"""
Test whether vehicle can safely follow another in the same
lane. A detailed description can be found in
README.md/Experiments/One Lane Follow.

:param test_index: test index
:param duration: maximal length of the traces
:param road_length: length of the one-lane road
:param evaluator_function: function of the checker for

evaluating the formula
"""
run_evaluator(test_index, [], [’z0’, ’z1’],

[# SV is initially at the start of the lane
"@z0 !(Back 1)",
# POV always moves forward or stays put
"G (@z1 ↓z2 ((! X 1) | X @z1 (z2 | Back z2)))",
"G (@z0 ↓z2 ((! X 1) | X (@z0 ((!z1 & Back z2 ) " +
"| (z2 & Front z1) ))))"],
# SV Always moves forward if safe, stays put if POV ahead
["G(!(@z0 z1))"], (road_length, 1), duration, False,

evaluator_function)

def hazard_test(test_index: int, duration: int,
evaluator_function: Callable):
"""
Tests whether vehicle can avoid static hazard in presence
of another vehicle.Figure 3 in paper

:param test_index: test index
:param duration: maximal length of traces
:param evaluator_function: function of the checker for

evaluating the formula
"""
width = 2
length = 2
def fronts(i: int, p: str):

if i == 0:
return "({})".format(p)

else:
return "(Front {})".format(fronts(i-1, p))

def bfront(p: str):
each = ["(({})->({}))".format(fronts(i+1,"1"),

fronts(i+1,p)) for i in range(0,length)]
return "({})".format(reduce((lambda x, acc: x+"&"+acc),

each))
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def dfront(p: str):
each = [fronts(i+1,p) for i in range(0,length)]
return "({})".format(reduce((lambda x, acc: x+"|"+acc),

each))
p1="(Right z1) & {}".format(dfront("G h"))
p2="(@z0 ↓z2 X @z0 ((Back z2) & (G ! h)))"
p3="(@z0 ↓z2 X @z0((Left z2) & {} & {}))"

.format(dfront("z1"),bfront("G ! h"))
full="@z0 (({}) & (({}) U ({})))".format(p1,p2,p3)
run_evaluator(test_index, ["h"], ["z0", "z1"], [], [full],

(length,width), duration, False, evaluator_function)

def safe_intersection_priority(test_index: int, duration: int,
grid_size: int, evaluator_function: Callable):
"""
Test whether vehicle can go through an intersection safely.
A detailed description can be found in
README.md/Experiments/Safe Intersection with Priority.

:param test_index: test index
:param duration: maximal length of the traces
:param road_length: width and length of the road
:param evaluator_function: function of the checker for

evaluating the formula
"""
run_evaluator(test_index, [], [’z0’, ’z1’],

[# z1 starts somewhere on the left border
"@z1 !(Left 1)",
# z0 starts somewhere on the bottom border
"@z0 !(Back 1)",
# Moves left-to-right always
"G (@z1 ↓z2 ((! X 1)| X @z1 (Left z2)))",
"G (@z0 ↓z2 ((! X 1)| X @z0 ((!z1 & Back z2)"+
" | (z2 & Front z1) )))"],

# Moves bottom-to-top but stop to avoid others
["G(!(@z0 z1))"], (grid_size, grid_size),
duration, False, evaluator_function)

def safe_passing(test_index: int, duration: int,
road_length: int, evaluator_function: Callable):
"""
Tests maneuvers of vehicles: speed-up, swerve left and right
A detailed description can be found
in README.md/Experiments/Safe Passing.

:param test_index: test index
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:param duration: maximal length of the traces
:param road_length: width and length of the road
:param evaluator_function: function of the checker for

evaluating the formula
"""
# z0 initially moves forward
first_forward = "(@z0 ↓z2 ((! X 1) | X @z0 (Back z2)))"
# then swerves left to avoid z1
dodge_left = ("(@z0 ↓z2 ((Front z1) & "+

"((! X 1)| X (@z0 (Back (Right z2))))))")
# then drives twice as fast
fast_forward = "(@z0 ↓z2 ((! X 1)| X @z0 (Back (Back z2))))"
# then dodges back when safe
dodge_right = "(@z0 ↓z2 ((! X 1)| X @z0 (Back (Left z2))))"
# then drives normally
last_forward = "(@z0 ↓z2 ((! X 1) | X @z0 (Back z2)))"
run_evaluator(test_index, [], [’z0’, ’z1’],

[# POV starts anywhere in right lane, stays in right lane
"G(@z1 !(Right 1))",
# SV starts in back of right lane
"@z0 !(Right 1)",
"@z0 !(Back 1)",
# z1 moves forward or stays in place
"G (@z1 ↓z2 ((! X 1) | X @z1 (z2 | Back z2)))",
"({} U ({} & ((! X 1) | X ({} & ((! X 1) | X ({} U ({} & "+
"((! X 1) | X G ({})))))))))".format(

first_forward, dodge_left, fast_forward, fast_forward,
dodge_right, last_forward)],

["G(!(@z0 z1))"], (road_length, 2), duration, False,
evaluator_function)

def join_platoon(test_index: int, duration: int,
platoon_size: int, road_length: int,
evaluator_function: Callable):
"""
Tests safe joining of a vehicle to a platoon of vehicles.

:param test_index: test index
:param duration: maximal length of the traces
:param platoon_size: size of vehicle platoon
:param road_length: width and length of the road
:param evaluator_function: function of the checker for

evaluating the formula
"""
pov_noms = ["z" + str(i + 1) for i in range(platoon_size)]
noms = ["z0"] + pov_noms # and z is a temporary
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no_collide = "!({})".format(reduce((lambda x, acc: x+"|"+acc),
pov_noms))

each_front = ["Front " + n for n in pov_noms]
some_front = reduce((lambda x, acc: x + "|" + acc),

each_front)
sv_mov_assump = (

"G(@z0 ↓z ((! X 1) | (X @z0((Back z)|(({0})&"+
"(Right z)&({1}))))))".format(some_front, no_collide))

sv_start_assump = "@z0 !(Right 1)"
pov_start_assumps = ([format("G(@z{0} !(Left 1))".

format(str(i + 1))) for i in range(platoon_size)])
pov_mov_assumps = (

[format("G(@z{0}↓z ((! X 1)|X(@z{0} (Back z))))"
.format(str(i + 1))) for i in range(platoon_size)])

assumps = ([sv_start_assump, sv_mov_assump] +
pov_mov_assumps + pov_start_assumps)

postcond = "G(@z0 ({}))".format(no_collide)
run_evaluator(test_index, [], noms, assumps, [postcond],
(road_length, 2), duration, False, evaluator_function)

The evaluation table was prepared by running the following main function
and extracting the output of run_evaluator. In the code, the motion algorithm
is evaluate_optimized2.

if __name__ == ’__main__’:
for funct in [evaluate_baseline,

evaluate_optimized1,
evaluate_optimized2]:

# Test 1
left_right_test(1, funct)
# Test 2
same_name_test(2, funct)
# Test 3
one_lane_follow_test(3, 3, 3, funct)
one_lane_follow_test(4, 3, 6, funct)
one_lane_follow_test(5, 3, 9, funct)
one_lane_follow_test(6, 3, 12, funct)
one_lane_follow_test(7, 3, 15, funct)
one_lane_follow_test(8, 3, 18, funct)
# Test 4
hazard_test(9, 2, funct)
hazard_test(10, 3, funct)
# Test 5
safe_intersection_priority(11, 2, 2, funct)
safe_intersection_priority(12, 3, 3, funct)
safe_intersection_priority(13, 4, 4, funct)
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# Test 6
safe_passing(14, 2, 4, funct)
safe_passing(15, 3, 4, funct)
safe_passing(16, 4, 4, funct)
safe_passing(17, 5, 4, funct)
# Test 7
join_platoon(18, 3, 2, 5, funct)
join_platoon(19, 3, 3, 5, funct)
join_platoon(20, 3, 4, 5, funct)
join_platoon(21, 3, 5, 5, funct)
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