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Restoration of Superconductivity in High Parallel Magnetic Fields in Layered Superconductors
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We derive an equation determining the upper critical fieldH
k
c2sT d parallel to conducting planes

of a layered superconductor from the BCS theory. It extends the descriptions ofH
k
c2sT d within the

Ginzburg-Landau-Abrikosov-Gor’kov theory and the Lawrence-Doniach model to the case of strong
magnetic fields. From this equation, it follows that orbital effects of an electron motion along an open
Fermi surface in a magnetic field start to restore superconductivity at magnetic fields higher than the
quasiclassical upper critical field and result in the appearance of a reentrant phase withTcsHd . Tcs0d.
A stability of the reentrant phase against fluctuations is discussed. [S0031-9007(98)05633-6]

PACS numbers: 74.60.Ec, 74.70.Kn
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Quasiclassical approach of the Ginzburg-Landa
Abrikosov-Gor’kov (GLAG) theory to the upper critical
field Hc2sT d [1,2], developed by Werthameret al. [3] and
Maki [4], describes well most of the traditional type II
superconductors with large Fermi surfaces (FS’s) (s
Gor’kov [2]). Small oscillatory corrections to the results
[1,2] due to Landau quantization of energy levels we
investigated by Rajagopalet al. [5] and by Gruenberg
et al. [6] at low temperatures,T ø Tcs0d, and moderate
magnetic fields,H . Hc2s0d, whereHc2s0d is the quasi-
classical upper critical field atT ­ 0 [2,3]. The case
of strong magnetic fields when only one Landau level
filled (i.e., “quantum limit”) was considered by Abrikosov
[7], Brazovskii [8], and Yakovenko [9]. It was found
that, in a 3D isotropic case, superconductivity is unstab
in the quantum limit due to formation of excitonic phase
[7–9] or non-Fermi-liquid metal [9]. Recent statement
about the stability of superconductivity in the quantum
limit in a 3D case (see Ref. [10] and references there
for a review) seem to be controversial in view of th
results [7–9] (see discussion in Ref. [9]).

On the other hand, most of the new type II supe
conductors are highly anisotropic quasi-two-dimension
(Q2D) [quasi-one-dimensional (Q1D)] conductors wit
narrow electron bands in the direction perpendicular to t
planes (chains). In such compounds, quantum effects
sulting from Bragg reflections of electrons moving alon
open FS’s in a magnetic field can be large (as shown in t
case of a spin-density-wave formation in Q1D conducto
[11]). One of us [12] showed that the same effects lea
to the survival of superconductivity atH . Hc2s0d and
to the appearance of a reentrant superconducting ph
with dTcydH . 0 and TcsHd . Tcs0d in high magnetic
fields perpendicular to the chains of a Q1D conductor (s
also Burlachkovet al. [13], Dupuis, Montambaux, and Sa
de Melo [14], Hasegawa and Miyazaki [15]). Differen
physical mechanisms of the survival of a supercondu
tivity in high magnetic fields were proposed by Klemm
et al. [16] and by Baranovet al. [17]. Recent remark-
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able experiments by Leeet al. and Naughtonet al. [18]
provide strong support of the existence of supercondu
tivity at H . Hc2s0d in Q1D conductorssTMTSFd2X
sX ­ PF6, ClO4d and seem to be in accordance with the
prediction [12] (see discussion in Ref. [19]).

The aim of our Letter is to extend the results on the
reentrant superconductivity in a Q1D case [12] to a Q2D
case important for applications. We point out that, in
Sr2RuO4, high-Tc, and organic Q2D compounds, feasi-
bly high parallel magnetic fields of 10–200 T lead to the
quantum limit of superconductivity in a magnetic field
due to Q2D! 2D crossover of an electron motion. As
shown below, in superconductors with moderate couplin
of the layers, the quantum limit corresponds to the cas
when “effective thickness”l'sHd of electron wave func-
tions in the direction perpendicular to the planes is o
the order of the interlayer distanced. In superconduc-
tors with Josephson coupling of the layers, the quantu
limit occurs whenl'sHd . j's0d, where j's0d is the
coherence length perpendicular to the layers. The critic
field H

k
c5 corresponding to the quantum limit is shown in

Fig. 1 and Table I. In the quantum limit, electron wave
functions are localized on the layers. Therefore, diamag
netic currents cannot destroy “two-dimensionalized” BCS
pairs, and superconductivity withTcsHd . Tcs0d is re-
stored atH . H

k
c5 within mean field theory in the case

of p-wave pairing. In fact, mean field critical temperature
TcsHd begins to increase with an increasing magneti
field at lower magnetic fieldsH . H

k
c4, where H

k
c4 #

H
k
c5 (see Fig. 1). This provides a method to determin

superconductivity type in Sr2RuO4, which is known to
be a candidate forp-wave pairing (see Ref. [20] by Rice
et al.). In s(d)-wave superconductors, the orbital effects
start to increaseTcsHd at H . H

k
c4 if H

k
c4 # Hp , and the

reentrant phase withTcsHd . Tcs0d occurs ifH
k
c5 # Hp ,

where Hp is the Pauli limiting field. We also find that
superconductivity survives ins(d)-wave superconductors
at low temperatures when the magnetic field is in th
© 1998 The American Physical Society 2697
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FIG. 1. Solid curves: sketches of possible magnetic fie
dependences ofTcsHd based on qualitative analysis of Eq. (6)
Curve A stands for the case ofp-wave pairing. CurvesB
and C correspond tos(d)-wave pairing in the case where
H

k
c2s0d, H

k
c5 # Hp and in the case whereHk

c2s0d # Hp # H
k
c5,

respectively. Dotted curveD stands for the results of the
Lawrence-Doniach model, whereas dotted curveE stands for
the GLAG theory results.

range H
k
c2s0d , H # Hp (see Fig. 1). We stress tha

the above-mentioned phenomena are beyond the desc
tions of H

k
c2sT d within both the GLAG theory [1–4] and

Lawrence-Doniach (LD) model [21] which are the lim
iting cases [22] of the suggested gap equation. At t
end of the Letter, we argue that the reentrant phase
expected to survive in the presence of fluctuations in s
q
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perconductors with moderate coupling of the layers [i.
when j's0d $ d]. Possible applications of the obtaine
results to real layered compounds are discussed (see
Table I).

Let us consider a Q2D conductor with electron spe
trum

espd ­
1

2m
sp2

x 1 p2
yd 2 2t' cossp'dd,

t' ø eF , (1)

in a parallel magnetic fieldH ­ s0, H, 0d. In the gauge
A ­ s0, 0, 2Hxd, electron wave functions have a form

Cesx, y, zd ­ expsipyyd expsip'zdcesx, py , p'd , (2)

and the Schrödinger equation forcesx, py , p'd can be
obtained by means of the Peierls substitutionp' !

p' 2 seycdHx:∑
1

2m

µ
2

d2

dx2 1 p2
y

∂
2 2t' cos

µ
p'd 2

vcx
yF

∂∏
3

cesx, py, p'd ­ ecsx, py , p'd , (3)

wherevc ­ eyFdHyc, yF is the Fermi velocity,eF ­
my

2
Fy2, and h̄ ­ 1.

Taking account oft' ø eF , we can ignore the exis-
tence of small closed orbits and can represent the so
tions of Eq. (3) in a simple form:
c6
e sx, py , p'd ­

exph6ip0
xx 6 imdexyp0

x 7 islpFy2p0
x d fsinsp'd 2 vcxyyF d 2 sinsp'ddgjp

p0
x

, (4)
d
-

wherede ­ e 2 eF , pF ­ myF , p0
x ­ p2

F 2 p2
y , and

l ­ 4t'yvc; sign 1s2d stands forpx . 0 spx , 0d.
[Note that Bloch-like wave functions (4) correspon
to continuous energy spectrumde6spd ­ 6p0

xspx 7
p0
xdym 1 Nvcsp0

x ypFd, where px is a quasimomentum
limited to the “magnetic Brillouin zone,”jpx j , vcy2yF ,
andN is an integer].

Green’s functions for wave functions (4) can be con
structed by means of a standard procedure [23]:
G66
ivn

spy , p'; x, x1d ­
2isgnsvndm

p0
x

expf7vnsx 2 x1dmyp0
x g expf6ip0

x sx 2 x1dg

3 exp

Ω
6il

µ
pF

p0
x

∂
sin

∑
vcsx 2 x1d

2yF

∏
cos

∑
p'd 2

vcsx 1 x1d
2yF

∏æ
, 6vnsx 2 x1d . 0 , (5)

wherevn ­ 2pT sn 1
1
2 d.

A linearized gap equation determining the mean field transition temperatureTcsHd can be derived using Gor’kov
equations for nonuniform superconductivity [24]. As a result, we have

Dsf, xd ­
Z 2p

0

df1

2p
Usf, f1d

Z `

jx2x1j.apj sinf1j
dx1

2pT
yF sinf1 sinhfs2pT jx 2 x1jyyF sinf1dg

3 J0

Ω
2l

sinf1
sin

∑
vcsx 2 x1d

2yF

∏
sin

∑
vcsx 1 x1d

2yF

∏æ
cos

∑
2kmBHsx 2 x1d

yF sinf1

∏
Dsf1, x1d . (6)
The superconducting gapDsf, xd in Eq. (6) depends on
the coordinate of the center of mass of BCS pairx as well as
on the position on the Fermi surface, wheref is the polar
angle betweenH and two-component vectorp ­ sp0

x , pyd.
Here, k ­ 1 for s(d) pairing andk ­ 0 for p pairing,
respectively;ap is a cutoff distance; the matrix element of
the interaction of two BCS pairs,Usf, f1d, depends only
on in-plane momenta (e.g.,Usf, f1d ­ U for s pairing,
Usf, f1d ­ U cossfd cossf1d for equal spinp pairing,
andUsf, f1d ­ U coss2fd coss2f1d for dx22y2 pairing).
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TABLE I. Estimated values of the parametersH
k
c4, H

k
c5, H

k
c2s0d, Hp , andT p.

Q2D compound H
k
c4 sTd H

k
c5 sTd H

k
c2s0d sTd Hp sTd T p sKd

Sr2RuO4 5 10 35 55 0.8 ? 0.05
TlBa2CaCu2Ox 100 150 120 170 100 150 205 · · ·

Tl2Sr2Ca3Cu4Ox 50 100 50 100 50 100 170 · · ·
b-sETd2AuI2 40 50 40 50 6.5 7.5 0.3

k-sETd2I3 10 15 10 15 7 6.5 0.5
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Quantum effects coming from a periodic electro
motion along open orbits in a magnetic field are see
in a periodicity of the Bessel functionJ0s. . .d in Eq. (6)
in variables x and x1. The choice of the periodic
solution D0sf, x 1 pyFyvcd ­ D0sf, xd in the case of
p pairing leads to a logarithmic divergence in Eq. (6
as T ! 0. Therefore, a superconducting phase is stab
in an arbitrary magnetic field. Note thatJ0s. . .d ! 1
in high fields and, thus, superconductivity is restore
with TcsHd . Tcs0d. Possible temperature dependence
of H

k
c2sT d are sketched in Fig. 1. Detailed analysis o

the solutions of Eq. (6) will be published elsewhere [22
Below, we summarize some main analytical results whic
are derived in the limiting cases of strongfj's0d ¿ dg
and Josephsonfj's0d ø dg couplings of the layers.

The “fourth critical field” corresponding to the appear
ance of the reentrant phase withdTcydH . 0 can be ex-
pressed as

H
k
c4 .

8<: 7.7H
k
c2s0d, j's0d ¿ d ,

2.5 j
3y2
' s0d
d3y2 H

k
c2s0d, j's0d ø d .

(7)

The “fifth critical field,” above which the destructive
influence of orbital effects on superconductivity is com
pletely suppressed, is given by

H
k
c5 .

8<: 8.0 j
2
's0d
d2 H

k
c2s0d, j's0d ¿ d ,

3.2 j's0d
d H

k
c2s0d, j's0d ø d ,

(8)

where f0 is the flux quantum, jTcs0d 3

fdH
k
c2sTdydT gTcs0dj ­ f0yf2pj's0djks0dg, and j's0d

andjks0d are out-of-plane and in-plane coherence length
[Note that we defineH

k
c5 in the casesj's0d ¿ d and

j's0d ø d by the equations lnfTcs0dyTcsHk
c5dg . 1 and

fTcs0d 2 TcsHk
c5dg . 1

2 fTcs0d 2 TcsHk
c4dg, respectively].

Revival of superconductivity atH . H
k
c2s0d and T #

T p as well as the appearance of the reentrant phase
H . H

k
c4 in p-wave ands(d )-wave [if H

k
c2s0d # Hp ]

superconductors withj's0d ¿ d can be described as
follows:

TcsHd . Tp

∑
H

k
c2s0d
H

∏A
p

t'yvcsHd
,

Tp . 0.1

∑
d

j's0d

∏
Tcs0d, A . 1 .

(9)

In such superconductors,TcsHd in the reentrant phase can
also be estimated atH $ H

k
c5 if H

k
c5 # Hp:
n
n

)
le

d
s
f
].
h

-

-

s.

at

TcsHd 2 Tcs0d
Tcs0d

. 22

∑
t'

vcsHd

∏
ln

∑
j's0d

d

∏
. (10)

In the casej's0d ø d, TcsHd can be found atH
k
c4 ø

H ø H
k
c5:

TcsHd 2 Tcs0d
Tcs0d

. 22

∑
j's0d

d

∏2

1 0.25

∑
j's0d

d

∏2

3

∑
vcsHd
pTcs0d

∏2

22.1

∑
kmBH
pTcs0d

∏2

. (11)

Equation (11), with k ­ 0, describes the reentran
phase in p-wave superconductors. It describe
the reentrant phase ins(d)-wave superconductors if
vcsHd $ 2.8fdyj's0dgmBH.

Note that the existence of Fermi liquid is expecte
at temperatures aboveTcs0d in Sr2RuO4 as well as in
most organic superconductors and optimally doped a
overdoped high-Tc ones [25]. Therefore, Eq. (6) should
well describe mean field transitions in these clean Q2
superconductors. The existing studies of supercondu
ing fluctuations (see, for example, [26,27]) ignore th
quantum effects in a parallel magnetic field. Below, w
limit our discussion to a qualitative analysis of a physic
meaning of a mean field phase in superconductors w
moderate coupling of the layers [i.e., whenj's0d $ d].
By transforming Eq. (4) into coordinate space, one c
find that the effective thicknessl'sHd of electron wave
functions is bigger than the interlayer distanced, if
H

k
c2s0d , H # H

k
c5. In this range of magnetic fields

the mean field superconducting phase described in
Letter is expected to have a direct physical meanin
At H ¿ H

k
c5, electrons are localized on the layers an

fluctuations possess 2D properties. To our knowled
of 2D fluctuations, the superconducting state surviv
in their presence either as a 3D phase [26] or as a
(i.e., Berezinskii-Kosterlitz-Thouless) phase [26,27] wi
transition temperaturesT3D, T2D . Tcs0d. Therefore, it is
natural to suppose that the reentrant superconduc
state survives atH ¿ H

k
c5 and T # Tcs0d. Estimations

of mean field parameters for several superconduct
with j's0d $ d are presented in Table I. It is see
that Sr2RuO4, TlBa2CaCu2Ox, and Tl2Sr2Ca3Cu4Ox

are candidates for observation of the reentrant pha
whereas b-sETd2AuI2 and k-sETd2I3 are expected to
preserve superconductivity atH . H

k
c2s0d . 5 10 T and

T # 0.3 0.5 K.
In Q2D superconductors, a so-called “melting line

TmeltsHd usually separates a vortex state with a ze
2699
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,

.

,

-

i

resistivity from a melted vortex state with a finite resis
tivity. In highly anisotropic compounds,TmeltsHd signifi-
cantly differs from the mean field transition lineTcsHd
[28]. In Sr2RuO4, however, TcsHd . TmeltsHd [29].
This has allowed determination ofTcsHd at H , H

k
c2s0d

and seems to be a common property of supercondu
tors with j's0d $ d [29]. According to Refs. [28,30],
it is quite likely that thermodynamic fluctuations in a
parallel magnetic field are much weaker than in a pe
pendicular one. Therefore, in-plane torque [31] an
magnetization [28,30] measurements may prove use
to determineTcsHd in more anisotropic superconductors
with j's0d , d. Very recently, it has been shown [32]
that TcsHd determined by analyzing the Raman spectr
in the melted vortex state of Tl2Ba2CuO61d is in a good
agreement with the GLAG theory [1–3]. We believe tha
this method will be extended to the case of high parall
magnetic fields. The most common methods to detect t
reentrant superconducting state in high parallel magne
fields seem to be studies of critical currents and nonline
I-V characteristics. If the reentrant state survives as a 2
phase, it can also be detected by measuringI-V character-
istics (see, for example, [33]).
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Brusse, S. B. Brusse, L. P. Gor’kov, I. J. Lee, K. Maki
M. J. Naughton, T. M. Rice, M. Sigrist, and N. Toyota for
fruitful discussions. One of us (A. G. L.) is thankful to
N. Toyota for his kind hospitality.
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