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1. Introduction

Key words: Physics from U (Coulomb interactions)

•A possibility of superconductivity
       Superconductivity from U

•Competition of AF and SC

•Incommensurate state
      Stripes and SC
      Compete and Collaborate

•Stripes in the lightly-doped region

•Singular Spectral function
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1. Origin of the superconductivity

•Symmetry of Cooper pairs
•Mechanism of attractive interaction

Coulomb interaction U, Exchange interaction J

2.  Physics of Anomalous Metallic behavior

•Inhomogeneous electronic states: stripe
•Pseudogap phenomena
•Structural transition  LTO, LTT

Purpose of Theoretical study



2. Superconductivity
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H = H0 + H1 Ψ = cj
j

∑ Ψ j Ψ j ¡Ē²: Slater

Ψ0 �: Fermi

Ψ = c0Ψ + cj
j ≠0
∑ Ψ jòë�Ã Êë�¨ c0 ≈ 1

cj Ψ0H1Ψ j < 0

ΨHΨ = cj
2∑ Ψ j H0Ψ j + ci∑ cj ΨiH1Ψ jK_pN✫

<≠✩β8/5 ΨiH1Ψ j < 0 3@✩β8/5 c j > 0

Ψj cj>0
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Ψi = k1 ↑ −k1↓ ,k2 ↑ −k2 ↓ ,k3 ↑ −k3↓ ,L

  
Ψ j = k' 1 ↑ − k' 1 ↓ ,k2 ↑ −k2 ↓ ,k3 ↑ −k3↓ ,L

ΨiH1Ψ j = k' 1 −k' 1 |V |k1 − k1 < 0

¹÷Eÿ❅/<
û£6ÿD@3❂✪

:

  
Ψ = ck1k2 L∑ k1 ↑ −k1↓ ,k2 ↑ −k2 ↓ ,L

  
Ψ = ck1

ck2
L∑ k1 ↑ −k1↓ ,k2 ↑ −k2 ↓ ,L

Φ = uk + vk k ↑ −k ↓( )
k

∏ 5òë�ÃBCS

N − N( )2

N
∝ 1

N
ċ«Ã5>@#6½　❂
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H. Takagi et al. PRL (1992) T. Ito et al. PRL(1991)
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Loram et al., Phys. Rev. Lett. 71, 1740 (1993)

Loram et al., Physica C162-164, 498 (1989)

LSCO



Yasuoka et al., Physica B199 (1994)278
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 3. Hubbard Model
- Metal-Insulator Transition -

Itinerant Electrons

↑ ↑↓ ↓
Atoms

Electrons

Square
Lattice

Mott transition
MnO, FeO, CoO, Mn3O4, Fe3O4,
NiO, CuO

Insulator: Coulomb interaction is
                 Important !



Hubbard Model I

↑

Coulomb interaction

↑

ε0

ε0+U

U >> t       Insulator

↑

↑t

+U

↑ ↑



Hubbard Model II

t

t ’
U

n1

U

n1

M M

t’= 0

t’>0

Q     

t’ = 0

M M

AFI

I

0

0

Uc
M-I transition
Is controlled by
n.n. transfer t’.



Hubbard Model III
Hartree-Fock theory  (Half-filled)

AF Gap ∆ = Um D ~ t e-2πt/U        d = 1, 3
    ~ t e-2π(t/U)1/2   d = 2

1D Hubbard model
U << t                    U >>t

Hubbard gap         ∆ U(16 / π) tUe−π/ (2U )

Spin-wave velocity  2vs/π = J ( / )( / )4 1 4t U tπ π− 4t2/U

∆
ε

k
0

vsk
~U

~1/U

vs

∆



Mapping of the Hubbard Model

Cu-O2 model
(d-p model) 

t-J model Hubbard model

tpd << Ud-(εp−εd)
tpd << εp−εd
εp−εd << Ud

U >> t

εp−εd ~ 0(tpd)

Zhang-Rice singlet Mixed state of d and p

H = −t (ciσ
+

ij σ
∑ cjσ + h.c.) + J Si

ij
∑ ⋅ Sj
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H = −t (ciσ
+

ij σ
∑ cjσ + h.c.) +U n

i↑
i

∑ n
i↓
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d-p Model

Model for CuO2 plane

Non-doping (half-filling) case

εd

εd+Ud

Antiferromagnetic Insulator

εp

Charge transfer insulator
   (Mott insulator)  if   
     ε p − εd >> tpd



Superconductivity in the Hubbard model

Superconductivity in the 
Hubbard model is possible ?

YES
Perturbation
FLEX
VMC  some QMC

NO QMC, CPMC

Question



4. Variational
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 Monte Carlo method

関数Gutzwiller ψ ψG GP= 0

P g n nG j j
j

= − −( )↑ ↓∏ 1 1( )

ψ 0 ¬¡�Ã�bJpi�✩õ�°Å✩Ýåí: 

|¨«Gutzwiller

0 1≤ ≤g

`nj✫U❈4?ALsQH[5Ï�EÄ�βB

weight g weight 1

Coulomb +U



VMC
Normal state ψ 0 ¡Ē²

òÃ

Slater 
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VMC

Ψs = PN PGψBCS
ψBCS = (uk

k
∏ + vkck↑

+ c−k↓
+ ) 0

P ✛✔ç«ÃE��4�ßN

Ψs = PGPN exp
vk
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SC state in the correlated electron system: finite U

ψCdS = PG (uk
k

∏ + vkck↑
+ c−k↓

+ ) 0

Gutzwiller Projection PG

To control the on-site strong
correlation

Weight g Weight 1

Coulomb +U Parameter 0<g<1

Essentially Equivalent
               to
RVB state (Anderson)

Superconducting state



Relation to Gossamer superconductivity

Bogoliubov op. bk BCSσψ = 0

b̃ P b Pk G k Gσ σ= −1Projected op.

˜ ˜ ˜H E b bk
k

k k= ∑ +

σ
σ σ

˜ ˜bk SCσψ = 0

Gossamer SC state ψ̃ SC

Laughlin cond-mat/0209269

In fact
ψ̃ ψSC G BCSP=

Gossamer superconductivity
   = Projected BCS state

b̃ P P bk G SC G k BSCσ σψ ψ= = 0



SC Condensation energy

∆ESC = Ωn − Ωs = (Sn

0

Tc

∫ − Ss )dT

= (Cs0

Tc

∫ − Cn )dT

Loram et al. PRL 71, 1740 (‘93)

T

C/T

SC Condensation energy
        ~ 0.2 meV

optimally doped YBCO

Entropy
balance

Superconducting condensation energy



Evaluations in the superconducting state
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Condensation energy
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5. Superconductivity and Antiferromagnetism
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Gutzwiller-Jastrow function
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6. Stripes in high-Tc cuprates

M.Fujita et al. Phys. Rev.B65,064505(‘02) S.Wakimoto et al. PRB61, 3699(‘00)

• Vertical stripes   for x > 0.05
• Diagonal stripes for x < 0.05

SC+Stripes
 Coexist

Vertical

Diagonal

Neutron scattering

AF coexists with SC?



T.Y. et al., J.Phys.C14,21(‘02)

Vertical Stripes in the under-doped region
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Stripes and Superconductivity: nano SC

H
ij↑

+ Fij

Fji
* − H

ji↓











uj
λ

vj
λ









 = Eλ ui

λ

vi
λ








α λ = ui
λ a

i↑
+ vi

λ a
i↓
+

α λ = ui
λ
a

i↑
+ vi

λ
a

i↓
+

ψSC = PGPNe
α λ

λ
∏ α λ

+
|0 ∝ PG (U−1V )ij ai↑

+ a
j↓
+

ij
∑








Ne / 2

|0

Bogoliubov-de Gennes eq.

Wave function

Vλ j = vj
λ U( )λ j

= u j
λ

↑

↑↓

SC coexists with stripes (AF).Compete and Collaborate

Nano-scale SC



SC coexists with Stripes
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LaLa2-x2-xSrSrxxNiONiO44

LaLa2-x2-xSrSrxxCuOCuO44

LaLa2-x-y2-x-yNdNdyySrSrxxCuOCuO44

Diagonal stripes are observed for

in the lightly doped region.

7. Diagonal stripes in lightly doped region
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Site-center Vertical
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Total energy of striped states



δδδδ can be explained by 2D
Hubbard model.

 = x
 Vertical
stripes

 Diagonal stripes

Incommensurability: Comparison with Experiments

U=8.0  t’= -0.2

M.Miyazaki et al., JPSJ 73(2004)1643.



LTT,LTO,LTLO,HTT

M.Fujita et al. Phys. Rev.B65,064505(‘02)

Structural transitions:  Lattice distortions

Stripes: suggested by Incommensurability

N.Ichikawa et al. 
PRL85, 1738(‘00)

LTO

LTT

HTT

Hole density

T

LTLO

δ~x

8. Stripes and Structural transition



1. Anisotropy of the transfer integrals 
        Anisotropic electronic state
            vertical stripes
            Diagonal stripes x<0.05
      
2. Spin-Orbit Coupling induced from
        lattice distortions
      
3. Electron-phonon interaction

LTO

LTT

HTT

Hole density

T

LTLO

vertical

What happens under lattice distortions?
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Cf. A. P. Kampf et. al. PRB 64 (2001) 052509

LTT structural transitions stabilize stripes.

• = ty / tx

• X

• Y

One-band Hubbard model (Miyazaki)

Anisotropy of the transfer integrals in LTT phase



tx

LTLO LTTLTTLTLO

E. S. Bozin et. al. PRB 59 (1999) 4445
Lanzara et. al. J. Phys. Cond. Mat 11 (1999) 541

LTO

LTT

HTT

Hole density

T

M. K. Crawford et. al.

tx

ty

LTLO

Mixed phase ofMixed phase of
LTT and LTLOLTT and LTLO Stripes // tilt axisStripes // tilt axis

Hole rich
domain

Hole poor
domain

Stabilize stripes

Possible Stripe Structure 1



tx

LTT HTTHTTLTT

LTO

LTT

HTT

Hole density

T

M. K. Crawford et. al.

tx

ty

LTLO

Mixed phase of LTTMixed phase of LTT
and HTTand HTT

Stripes perpendicularStripes perpendicular
to tilt axisto tilt axis

 Stable
H. Oyanagi
A. Bianconi

Charge poor

Charge rich

-0.1

0

0.1

0.2

0 0.02 0.04 0.06 0.08 0.1

LTT-HTT
Parallel //stripes
Perpendicular

∆ E
/N

u

Oscillation of tilt angles

Possible Stripe Structure 2



HSO = ξ (r)L ⋅ S

dxz (r)↑ |HSO |dyz (r) ↑ = − i

2
ξ

dyz (r)↑ |HSO |dxz (r) ↑ = i

2
ξ

px (x − a / 2, y)↑ |Hdp |dxz (r) ↑ = −txze
−ikx / 2⋅a

py (x, y − a / 2)↑ |Hdp |dyz (r) ↑ = −tyze
−iky / 2⋅a

Effective iξ term for p-p transfer

Friedel et al., J.Phys.Chem.Solids 25, 781  (1964)
K. Yamaji, J. Phys. Soc. Jpn. 57, 2745 (1988)

Spin-Orbit Couling induced by the Lattice distortion

Five orbitals × (↑↓ ):

(dx2-y2, dxz, dyz, px, py)

d
x 2 −y2 (r)↑ |HSO |dyz (r) ↓ = i

2
ξ

d
x 2 −y2 (r)↑ |HSO |dxz (r) ↓ = 1

2
ξ txz, tyz  ~ tilt angle

1

Cu
Oxygen

Tilting

9. Spin-orbit coupling and Lattice distortion



Hkin = − (tij +
ijσ
∑ icσθij )diσ

+ djσ

(Bonesteal et al.,PRL68,2684(‘92))

One-band effective model

(π/2,π/2)

d-p model

Zone boundary

(K.Yamaji, JPSJ(1988))ξ = 0.4 -8

-6

-4

-2

0

2

4

6

8
φ = π/100
φ = 3π/100
E

k
=-2(cosk

x
+cosk

y
)

E
k

k
(0,0) (π,0) (π,π) (0,0)

Dispersion in the presence of spin-orbit coupling



φ

φ

φ

−φ

−φ

φ

φ

φ

Excitation:  Dirac fermion
Linear dispersion

Fermi point
 (half-filling)

Small Fermi surface
Insulating or
   Bad metal state

EkE(kx ,ky ) = ±eiφ/ 4eikx + e−iφ/ 4e
iky

+eiφ/ 4e−ikx + e−iφ/ 4e
−iky

φ

Stripe-density wave  (inhomogeneous d-density wave)

Flux state



Phenomena originating from spin-orbit
coupling

Density of states
        Pseudogap  d x2-y2 symmetry
        Doping dependence of Spectral function
               ARPES Fermi Arc

Nodal metal
        Modification of the dispersion relation  gap structure
        Flux state  d-density wave
               Time reversal symmetry breaking

Stripes and spin-orbit
        Stabilized diagonal stripes in the lightly-doped region
        Generalization of d-density wave

LTO

LTT

HTTT



Flux state
Pseudo-gap

Gσ (r,r' ,iω) = ϕσm (r)ϕσm
* (r' )

iω − Eσmm
∑

Hϕσm (r) = Eσmϕσm (r)

Nσ (k,ε) = − 1
π

ImGσ (k,ε + iδ)

Density of states

Eigenfunction ϕσm (r)

An origin of pseudo-gap

LTO

LTT

HTT

Hole density

T

LTLO

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

φ = 0
φ = π/100
φ = 3π/100

N
( ω

)
ω/ t

Pseudo-gap in the density of states

T. Y. et al., JPSJ 74(2005)835.



Diagonal stripes in Lightly doped region with Spin-orbit

φ

φ

φ

−φ

−φ

φ

φ

φ

φ

Φ = 4φ
Diagonal Stripe & d-density wave

Diagonal stripes with Spin-orbit coupling

-0.575

-0.57

-0.565

-0.56

-0.555

-0.55

0 0.02 0.04 0.06 0.08

E
/N

φ/π

Diagonal

Vertical

Uniform
X=0.03

Spin-orbit coupling stabilizes
the diagonal stripes. VMC

bond-center
site-center

Spin-orbit induces flux.



d-density wave

i∆QY(k) = ck +Qσ
+ ckσ Q = (π,π)

Y(k) = cos(kx ) − cos(ky )
φ

φ

φ

−φ

−φ

φ

φ

φ

φ

−φ

−φ

−φ

−φ

φ

φ

φ

−φ

−φ

φ

φ

φ

φ

−φ

−φ

−φ

−φ

Incomm. density wave
Inhomogeneous density wave

Stripe

i∆QY(k) = ck +Qσ
+ ckσ

∆ lQsσ
= ck +lQsσ

+ ckσ
k
∑

Qs =(π+2πδ,π)         vertical

Qs =(π+2πδ,π+2πδ) diagonal

Nayak, Phys. Rev. B62, 4880 (‘00)
Chakravarty et al., PRB63, 094503 (‘01)

d-symmetry

incommensurate

d-density wave, string-density wave



T.Yoshida et al. Phys. Rev. Lett. 91, 027001
                                          (2003)

Lightly doped region   x ~ 0.03

ARPES

10. Spectra in the hole-doped cuprates
 Fermi arc

Peak around (ππππ////2,ππππ/2) 
(Cold spot in normal state

“Fermi arc”

S.Wakimoto et al. PRB61, 3699(‘00) 

Coexistence

SC+stripes

x =0.03



A model for Arc-like Spectra
- Striped state and Tilted octahedron -

Diagonal stripes

x = 0.083

Vertical stripes

x = 0.125

x = 0.03



x= 0.028

x= 0.072

x= 0.13

ARPES

Fermi arc
(0,0) (π,0)

(0,π)

(π/2,π/2)

Flux state spectral function

T. Y. et al, JPSJ 74(2005)835.



Spectra in the electron-doped region

Nd2-xCexCuO4±  [ARPES]

N. P. Armitage et al., Phys. Rev. Lett. 88(2002)257001.



δ=x

x
~0.05

Vertical stripes
SC (Coexistence)

LTT

In
co

m
m

en
su

ra
bi

lit
y 

δ

Diagonal

LTO

δ=x/√2

spin-orbit
coupling

Flux state

SC condensation
energy

∆Esc ~ 0.2 meV

(optimally doped)

11. Summary
1. SC in correlated electron systems 
           = Gutzwiller-projected BCS 

LSCO t’ small  Bulk lmit of SC Condensation energy
       Bi2212 t’,t’’       AF correlation is weak due to FS.
                                SC Cond. Energy is also small.
2. Vertical  stripes : Compete and Coexist with SC
3. Diagonal stripes: Bond-center stripes for light doping
4. Spin-orbit and d-density wave   
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1 / N
a

ψCdS = PG (uk
k

∏ + vkck↑
+ c−k↓

+ ) 0

Numerical calculations for the SC wave function

Theoretical estimate of
SC condensation energy

Agreement with Exp.

Econd ~ 0.2meV

Incommensurability
Neutron scatterings

ARPES Measurements

Explanation of spectra

overdopeunderdope

Fermi arc spectra

YBCO

Summary of Theoretical study



LTO    (Q1=0,Q2LTO    (Q1=0,Q2≠≠≠≠0)0) LTLO    (Q1LTLO    (Q1≠≠≠≠Q2Q2≠≠≠≠0)0) LTT   (Q1= Q2 LTT   (Q1= Q2 ≠≠≠≠0)0)

1

Cu
Oxygen

Lanthanide (La, Nd, Eu)
Sr, Ba

Up

Down

Almost isotropic Anisotropic

Lattice
Distortion

Spare


