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We investigate the renormalization group theory of the generalized multi-vertex sine-Gordon
model by employing the dimensional regularization method and also the Wilson renormalization
group method. The vertex interaction is given by cos(k; - ¢), where k; (j = 1,2,...,M) are
momentum vectors and ¢ is an N-component scalar field. The beta functions are calculated for
the sine-Gordon model with multiple cosine interactions. The second-order correction in the
renormalization procedure is given by the two-point scattering amplitude for tachyon scattering.
We show that new vertex interaction with the momentum vector k; is generated from two vertex
interactions with vectors k; and k; when k; and k; meet the condition k, = k;£k;, called the triangle
condition. A further condition k; - k; = £1/2 is required within the dimensional regularization
method. The renormalization group equations form a set of closed equations when {4;} form an
equilateral triangle for N = 2 or a regular tetrahedron for N = 3. The Wilsonian renormalization
group method gives qualitatively the same result for beta functions.

Subject Index A40, B32, B34, 163

1. Introduction

The sine-Gordon model is an interesting universal model that appears as an effective model in
various fields of physics [1-17]. The two-dimensional (2D) sine-Gordon model can be mapped to
the Coulomb gas model that has logarithmic Coulomb interaction [18,19]. The 2D sine-Gordon
model has been investigated using several methods, in particular the renormalization group method.
The physics of the sine-Gordon model is closely related to that of the Kosterlitz—Thouless transition
of the 2D XY model [20,21].

The sine-Gordon model is a model of a scalar field under periodic potential, and can be generalized
in several ways. The massive chiral model is regarded as a generalization of the sine-Gordon model
where the potential term Tr(g +g ') is considered for g in a gauge group (Lie group) G (g € G) [22—
24]. The chiral model was generalized to include the Wess—Zumino term as the Wess—Zumino—Witten
model [25-28]. The other way of generalizing is to include the potential terms of high-frequency
modes [29,30]. A generalized potential term is given as

L
V = ;;an cos(ng), (1)

where ¢ is a one-component scalar field and L is an integer. In the Wilson renormalization group
method, the cosine potential cos((rn — m)¢) is generated from cos(n¢) and cos(me) in the second-
order perturbation. Thus there will be a correction to the beta function of o, in the form «yw;;,, with
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n = |£ — m|. For the hyperbolic sine-Gordon model, «;, has a correction from o and «,, satisfying
n=4{¢+m[31].

This kind of model can be generalized to a multi-component scalar field. In this paper we investigate
a multi-vertex sine-Gordon model with multiple cosine potentials. The cosine vertex interaction is
given by cos (Y, kje¢e), where ¢ = (¢1,...,¢y) is a scalar field and & = (kj1,.... ki) (G =
1,...,M) are momentum vectors of real numbers; k; represents the direction of oscillation of the
field ¢. The model for M = 3 was considered in Ref. [32]. The condition to generate a new vertex
interaction shown above is generalized to k,, = k¢ &£ k. This is called the triangle condition in this
paper. We further consider a generalized multi-vertex sine-Gordon model.

It has been pointed out that there is a close relation between the sine-Gordon model and string
propagation in a tachyon background [33]. In fact, two-vertex correction in the renormalization
procedure is given by the two-point scattering amplitude for tachyon scattering in second-order
perturbation theory. The multi-vertex correction will be given by the multi-point tachyon scattering
amplitude.

This paper is organized as follows. In Sect. 3 we present the multi-vertex sine-Gordon model.
We show the renormalization procedure based on the dimensional regularization method in Sect. 4.
We apply the Wilsonian renormalization group method to our model in Sect. 5. We consider the
generalized multi-vertex sine-Gordon model and calculate the beta functions in Sect. 6, and provide
a summary in the last section.

2. Multi-vertex sine-Gordon model

We consider an N-component real scalar field ¢ = (¢1,...,¢n). The model is a d-dimensional
generalized multi-vertex sine-Gordon model given by

1

1 M
L=5- (3.9)° + E;aoj cos (k; - ¢), )

where 7o(> 0) and ag; (j = 1,..., M) are bare coupling constants, and k; (j = 1,..., M) are N-
component constant vectors. We use the notation (8M¢)2 = Zj(aﬂqu)z and k; - ¢ = Ze kiepe for
ki = (kj1,...,kjn). We use the Euclidean notation in this paper. The second term is the potential
energy with multiple cosine interactions. The dimensions of #y and «; are given as [#o] = w?~4 and
[ogj] = w? for the energy scale parameter y. The analysis is performed near two dimensions, d = 2.
We introduce the renormalized coupling constants 7 and «;, where the renormalization constants are
defined as

fo = t/JLz_dZt, O[Oj = aj/'LZZOI]', (3)

where we set that  and «; are dimensionless constants. The renormalized field ¢ is introduced with
the renormalization constant Z, as

¢ = /Zppr. (4)
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In the following, ¢ denotes the renormalized field ¢g for simplicity. Then, the Lagrangian density is
given as

lLd_ZZ¢

(0.0)° Zzajaj cos(kj - p). (5)

We examine the renormalization group procedure for this model in Sects. 3 and 4. We also investigate
the component dependence of renormalization in Sect. 5 by generalizing the model as follows:

L= Z 2 20 (000 +Z cos(/_k ¢> 6)

We need some conditions so that we have one fixed point for ¢. For this purpose we normalize k&
vectors as

N
K=Y ky=1, G=1,....M). (7)

From two vertices with momentum vectors k; and k;, a new vertex with momentum k,, is generated
when the triangle condition is satisfied:

km = ki £ k. (8)

We assume that the set {;} includes all vertices that will be generated from multi-vertex interactions
with each other. For a triangle or a regular polyhedron which is composed of equilateral triangles,
M becomes finite since {k;} form a finite set. For example, we will consider an equilateral triangle or
a regular tetrahedron. For an equilateral triangle (N = 2, M = 3) or a regular tetrahedron (N = 3,
M = 6), we further have

M
Y ky=CM) fort=1,...N, )
j=1

where C (M) is a constant depending on M. For an equilateral triangle for a three-component scalar
field (N = 3 and M = 3), this relation does not hold. These conditions will be explained in the
following sections.

3. Renormalization by dimensional regularization

We evaluate the beta functions for the multi-vertex sine-Gordon model by using the dimensional
regularization method [34-36].

3.1. Tadpole renormalization of o;

The lowest-order contributions to the renormalization of «; are given by tadpole diagrams. Using
the expansion cos¢ = 1 — %gbz + 4%(;54 — - -+, the cosine potential is renormalized as

cos (vZyki - ¢) — <1—12¢<(k - $)?) )cos(\/_k ®). (10)
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(¢?) is regularized as

(@}) =

mHz,/ d%k 1 1 an

Zy ey i2+md Zy e@m)
for d = 2 4 €, where a mass my is introduced to avoid the infrared divergence. We set Z; = 1

in the lowest order of . We adopt that (¢;¢¢) = Jie ((151-2) and (qb%) is independent of £. Then the
renormalization of the potential term is given as

1
Ly <1 - §Z¢ka<¢f> + - ) cos (/Z_¢lcj : </>>

= %% (1 okt S ) eos (Vaky ). (12)
The renormalization constant Zaj is determined as
L »
=1 g (3

Since the bare coupling constant ctg; = aj,uzZo,j is independent of ., we have

,B(Olj) = M,M = —20{j + Ek] taj. (14)
The beta function of «; has a zero at
t =ty =87/kl =8, (15)

since kj2 =1.

3.2. Vertex—vertex interaction

We investigate the corrections to ¢ and o; from vertex—vertex interactions. The second-order
contribution 7® to the action is given by

d 2
?= —% (%) f dxd"x' ) aioZu Zog 005 (/Zghs - ) cos (VZoki - (X))
! ij

1 d ? / /
= (%) / dxd’x Zaiajzo,,.zaj[cos (\/Z_q;(ki () — k- px )))

ij
+cos (VZs (ki ¢ ) +k,--¢<x/>>)}. (16)

We first examine the first term, denoted as / 1(2):

2
1 d / /
1? = - (%) f dxd’x %:a,-ajzaizaj cos <\/Z_¢(k,- () — ki - plx ))). (17)

We evaluate the renormalization of the cosine term by calculating ((k; - ¢ — &; - $)%). We adopt
that (p¢ ()P (")) = Sem(dPe(X)Pe(x)), and (¢¢(x)p¢(x")) is independent of £: (¢ (x)p(x")) =
{($1(x)¢1(x")). Then

(ki ¢ —ki-p)*) =) [k,%<¢z<x)2> + ki (e (X)) — 2kickie (e () pe (x/))] (18)

14
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2) . .
I 1( ) is renormalized as

1\’
@ = - (%) / ddxddx’[;aiszli exp (—Zpk (91(0)) + Zpk? (1 (1)1 (X))
x c0s (VZp (ki - (@) — ()

Z
Y ey Zu Zog oxp | = ZEURHB10%) + I (160 + Zgh - Ky (61 (01 ()

i)
x cos (VZp (ki - (6) — k- $&))) } (19)
The two-point function is written as
l‘,uz_dZt/ ddp eip-(x—y)
X =
e === |
2=z, Qu
= K -y, 20
Zo Qny o(molx — y) (20)

where we introduced mg to avoid the infrared divergence and Ky is the zeroth modified Bessel
function.

3.3.  Renormalization of t

The first term of / 1(2) gives a contribution to the renormalization of the coupling constant ¢. Since
Ko(mgr) increases as r — 0, we can expand in terms of 7. By using cos (1 [Zpki- (¢ (x) —P(x+ r))) ~
1 — (1/2)Z (ryu 8, (ki - p (x)))2, where 8, = 3/0x,,, the first term I{> of 1) is written as

2
1 [ ud 1 - Q
@ ~ K d. gd 2,2 2.2 2,42 2_Sed
hg =~ (E) / dxd rXi:ai Zai 7% @udi)'r exp (—Z¢ki (B3) + tZ,k; WKO(mor)>,
(1)

where ¢ = 3, kiege. If (ki) € SON) (with M = N), we have Y ;(3,¢)* = > ;3,61 In
general, we have

D @0ub)? = ky@uh0* + D Kiekinyubedbm. (22)
i il

il#m

As mentioned in Sect. 2, we consider the case where {k;} form an equilateral triangle (M = 3) or
a regular tetrahedron (M = 6), and we obtain ) _, kize = constant = C depending on M, such as
C=3/2forM =3and N =2,and C =2 for M = 6 and N = 3. In this case,

Y @0ud)* =CY 0’ + Y kitkimdu$edubm. (23)

i,l#m

In order to recover the kinetic term in the original action, we use the approximation

~ 1
D @iZ0ud)’ > 1D et C0u9) = (@) C0u); (24)
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otherwise, the renormalization of the kinetic term becomes complicated since we must introduce {#;}

that depend on components of ¢. This may not be essential for the renormalization group flow. We

discuss this point later.
(¢7) is evaluated as

Zy (2w )d

(p]) = Ko(moa),

where a is a small cutoff. The r-integration is calculated as

Jj: /ddrr exp <tk2 2n )dKo(mo\/r +a )>

&4
1 T

~ Q i@t | ———— ,
¢ / em3(r? + a?)

where ¢ = (e” /2)%. We put

d=2+c¢,
and

! 1+

—_— = v’

8

since we normalize ka = 1. Then we have

0 1
J =0 2 —2/ G
/i 4(cmyp) A rr Iy

1
= —Qd(cmg)—zE +0W).

This indicates that

d 2
2= (“—) (@) exp (=25 %) uten) 2 [ alx3 2k @,00° + 009
8 \ 1z € 2
C /,Ld 2
=3 (E) (@?) (cmda®) A/ Qy(emd) =2 = / et Z¢(8M¢) +0(v)
t

C o2y a2l

I'Ld 2
= Sy e / a2 (5,00 + OW).

Then we choose
C 1
7, =1— d+2 4~
t 32 (Ol )/L € )

where we set Z,, = 1 to the lowest order of «;.
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Since the bare coupling constant o = t1*>~?Z; is independent of the energy scale u, we have
uotg/du = 0. This results in

ot 0lnZ
BO) 1= = (d =Dt — tp—-—
“w
C
= (d =2t + t(af), (32)
32
where we used pdo;/opn = —2(o; — t/8m), neglecting terms of the order of tzozl.z, and we put

a:,u_l.

3.4. Vertex—vertex correction to «;

We consider the second term in / 1(12)) that contains multi-vertex interaction:

2

1 u? Z

19 ==y () [ty ez exo [ - 2 (Bi01607) + Bion )
4\ tZ; Py ‘ 2

+ Zoki - k{19061 )] cos (VZo (ki - ) — ki - 4. (33)

Let us examine the integral given by

Jij = /ddVeXp (Zgki - ki(p ()11 (x 4 1))

Q
= /ddrexp (ki~lcth2dZ, d Ko(mor))

Qm)?
o thi-kj 4
~ Q [ g (L
0 cm(z)(rz—i-az)
thi-kj
1 " gdl? 1 d t d

=Q (=)0 (—& k—=), 34
"<cmga2> 2 T(th; - kj/4m) (2) (471 / 2) 34

where the cutoff a is introduced. We put ¢+ = 8z (1 + v), then we have a divergence near two
dimensions when

ki ki =1/2. (35)

This means that the two vectors k; and k; form an equilateral triangle. When 4; and &; satisfy this
condition, we have

Jij = —Qd(cm(z))_lé +0®). (36)

Then we obtain

2
1 4 1 _
Iy = <5> 3 i Zu,0jZeg (emia?)" ~Quemt)”! / d'x cos (\/Zs (ki = k) - () )
t v
7]

1"’"% 1 2a 4 d
~ T3 E aiajt—Ztu a d“x cos (‘/Zq;(k,‘ — k) - ¢(x)>. (37)
i
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Fig. 1. Triangles formed by wave vectors k;, k;, and k, for (a) k; - k; = 1/2 and (b) k; - k; = —1/2.

Let k¢ be a vector such that k;, k;, and k, form an equilateral triangle:
ki — ki = ky. (38)

Then the potential term with coefficient oy has the correction as
d

® ! Va4 54 (
Koz, (1+ -1+ %% JZk-) 39
z‘Z,O[Z . ( + dre + 16€ ay pemoa | €os vke -9 (39)

We choose the renormalization constant Z,, as

! Loy 4 o4
Zyy=1———— . 40
e 4re  16e ay Hocmod (40)

This leads to the beta function B(a) with correction as

t 1
Blay) = —2ay (1 — g) + gcm%azaiaj. (41)
Since the coefficient of the correction term is dependent on the cutoff parameters, we choose cm%a2 =
1 to have
t 1
Bay) = 2a¢ (1 — ™ + Eaiaj' (42)
There is also a contribution from the second term in /) where k; is replaced by —£;. In this case,
vertices with k; - k; = —1/2 generate a new vertex with k; satisfying
ki + ki = ke. (43)

In the dimensional regularization method, two vertices satisfying k; - k; = £1/2 generate a new
vertex with k; F k; (see Fig. 1). As a result, the beta function for oy reads

t 1 <
Blog) = —2ay (1 - g) + T6 Zaiocj, (44)
ij

where the summation should take for those satisfying ky = k; = k; (i,7j,£ = 1,...,N).

When k1, k>, and k3 form an equilateral triangle (M = 3), the renormalization group equations
for a1, a0y, and 3 are closed within three equations. When k1, k2, . . ., ks form a regular tetrahedron
(M = 6), we again have a closed set of equations fora; ( = 1,2, ..., 6). In the Wilsonian method, the
same beta equation for «y is obtained, as discussed in the next section. In the Wilson renormalization
method, however, a new vertex k; F k; is generated from any two vectors k; and k; except in the case
ki -k = 0.
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3.5. Relation to the tachyon scattering amplitude in a bosonic string theory

The two-vertex correction Jj; is related to the tachyon scattering amplitude in a bosonic string theory.
The n-point scattering amplitude for tachyon scattering is given as [37,38]

Ay = /dM/DXexp[ /(aX 8X“)d22+sz,MX“}

i=1

/du |z; — zjlzo‘/k"'kf, (45)

1<i<j<n
where the integration with the measure du is an integral over the various z;. If we assume the
correspondence

2na =1, (46)

the z; dependence of the amplitude 4, agrees with J;; where J;; ~ f dq rA,-j(r)*1 with 4;;(r) =

po'kiki = ptkiki/2T The vertex—vertex renormalization is given by the amplitude for tachyon

scattering.

3.6. Renormalization group flow

For an equilateral triangle configuration of {k;} with M = 3 and N = 2, the equations read

doy t 1
p— =201 (1— S ) T e

ol 16
dan ) t
— =2« - — —a o,
MBM 2 87 301
0 t
/Lai/j = —20a3 ( - 8—) Te¥1%2 (47)
and
3
81 C
d—2)t+—t 48
aﬂ = ( )+ 39 of (48)

i=1

We consider the simplified case where o; = o (i = 1,2, 3). In this case, the equations read

do t 1
— =2a(l—— )+ —a?
Maﬂ a( )-l—loz

8 6
al‘ C
d—2Dt+ —t 49
3M = ( )+3205 (49)

In two dimensions d = 2, the equations become

Ja 2w+ I,
— =2av+ —a”,
Ko 16
0 C
Ma—v = 3—2052 (50)
N
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\%

Fig.2. Renormalization group flow as . — oo in the plane of @ and v.

for t = 87 (1 + v). The renormalization group flow is shown in Fig. 2 for « > 0. The dotted line

indicates « = —32v, where oo /0 vanishes. The asymptotic line as u — oo is givenby o ~ by v,
with
1
b+=6<1+¢1+64c), (51)

and o ~ b_v, with

b= (1-vT+64C). (52)

It is apparent from Fig. 2 that there is an asymmetry between positive v and negative v. This is due
to the two-vertex contribution. There is also an asymmetry between « > 0 and @ < 0. The flow for
a < 0 is obtained just by extending straight lines into the negative « region.

4. Wilsonian renormalization group method

We investigate the renormalization of the multi-vertex sine-Gordon model by using the Wilsonian
renormalization group method. We obtain the same set of equations as that in the dimensional
regularization method. The only difference is that two vertices satisfying k; - k; # 0 generate a new
vertex, while &; and k; should satisfy &; - k; = +1/2 in the dimensional regularization method.

4.1. Wilsonian renormalization procedure

We write the action in the form

1
S = / dzx[z(am)z + D8 cos(Bly ¢>], (53)
J
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where g; = o/t and 8 = /1. The field ¢ was scaled to B¢. We reduce the cutoff A in the following
way:

A—> A—dA=A—Adt =A% (54)

The scalar field ¢ = (¢1, . .., $y) is divided into two parts as ¢ (x) = ¢1(x) + ¢2(x) with ¢g(x) =
(Pe15- .., Pen) (£ =1,2), where

d*p .
$1j(x) = /0 EP i (x),

<Ipl<A—dn (27)?
o d2p ip-x
¢oj(x) = /A—dA5|p|§A We ¢;(x). (55)

The action is written as

2
1
S = f dzx[ ; 5 Ou0)® + JZg,- cos(Bk; - (¢1 + ¢2))]

= So(¢1) + So(¢2) + S1(¢1,$2), (56)

where S indicates the potential term. Then the partition function is given by

Z = / Dgpe™ = f Depy exp <—So(¢1) +y rn(qsl)), (57)

where

o 0¢} 1
Y Tulgn) = (Z ;(—U”Si’) , (58)
n=1 conn

n=0 "

with
1
o =5 / DreS062 0, (59)

({))conn means keeping only connected diagrams in ((-)). [, (n = 1,2,...) represent contributions
to the effective action.

4.2.  Lowest-order renormalization of g

The lowest-order contribution I'j = —((S7)) reads

1
Mi=-2.g / d’x cos(Bk; - ¢1) exp (—5ﬁ2<<(k,- : ¢2)2))>
J

1
=—) gexp (_ElngjdA(o)) /dzx cos(Bkj - $1), (60)
J
where the Green’s function Gjg 4 1s defined as
dA 1
Gian (X1 — X2) = ((¢h2j(X1)92;(x2))) = TZJO(MX] —x2|), (61)
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where Jj is the zeroth Bessel function. Up to this order, the action is renormalized to

Sa—dn =So(¢1) —TI't
2 1 2 ﬂz
= | &@x| 5@ud0* + g (1= 5 Gian(0) ) cos(Bly - ) |- (62)
J
We perform the following scale transformation:
x —> x = e 9,
p—p =ep,

¢1(p) — d1(p) = d1(P)C ", (63)

where ¢ is the scaling parameter for the field ¢;. In the real space we have

P1(x) = ce 2 (x). (64)

Then the effective action reads

(I 2dA -
Sa-dn = f dzx’[ﬁe““"i(awl(x/))z + JZgjez‘” (1 - %T) cos (Bre "% - 1 (x) ]
(65)

Here we put
;2874df — 1, (66)

so that we obtain
/ 1 [ dA ,32 dA ~
Sy = fdzx [E(aﬂdn(x )2+ ;gj (1 +2= - GT) cos (ﬁk, i (x )) } (67)

This leads to the renormalized gg; and Bg as

B>\ dA
grRi =g + (2 “ar )N (68)

Br = B. (69)
Then we have
dg; B*
A== =(2—-—"—)g
dA ( 4 )&
0

a2

A (70)

Since B2 = t, these results agree with those obtained by the dimensional regularization method in
two dimensions.
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4.3.  Multi-vertex contributions
The second-order contribution to the effective action is

1

I = E <<S12>>conn

1
=3 8 f dzxdzx’[«cos(ﬂki - ¢ (x)) cos(Bk; - ¢(x))))
-

— ((cos(Bki - ¢ (x)))){(cos(Bk; - ¢(X'))))]- (71)
We integrate out contributions with respect to ¢;. For example, we use
(<ei,3(sk,-.¢2(X)Jrs/kj"‘f’z(x/))) _ %’32 [(kiz + ka)GdA(O) + 2s5'k; - ki Gan(x — X/)], (72)
where s and s’ take &=1. The second-order effective action I' is given as
I = %Z gigj exp (—B>Gaa(0)) / d%edzx/[
i
(e7HHbGan ) — 1) cos (Blki - 6100 + Ky - 41 (X))
+ (eﬂzk”"‘?GdA("_"/) — l) cos(B(ki - p1(x) — kj - ¢1(X/)))]- (73)

When k; - k; > 0, the second term grows large for [x — x| — 0, while the first term becomes small.
When k; - k; < 0, the first term instead becomes large. Hence, we have

1 2 212
I = ZZgigjexp (—/3 GdA(O))/d xd r[
y

(P hb1Gan® — 1) cos (Blki - 10 F b 61 (x + 1)) } (74)

where F takes — when k; - k; > 0 and + for k; - k; < 0. Since the integrand is large when r is small,
I’y is written as

1 2 2

r = Yl bl [ drGane)
y

,82

. /d2x cos(B (ki F k)1 (x)) <1 — 7(r -V (ki - ¢1)2)>

1
~ > gigiB’ ki - k| / d*rGap(r) / d*x cos(B (ki F k)1 (x))

1 1
- s X g8 [ @36 [ w07, (75)
J

where in the second term with the derivative of ¢; we keep only the k; = k; term since this term
otherwise becomes small due to the oscillation of the cosine function. As discussed before, we use

the approximation Zj gjz((’)u(kj CP))? > (g})C(a,qul)z.
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Then the effective action reads

Sa—an = So(¢1) —T'1 =1z

dA
- [ [(am)z(u 2pitg >A5)

+ Zgj ( - _GdA(O)> cos(Bkj - ¢1)

dA
= ZB > gigiB’lki - kil o5 cos(B(k F k) <x))], (76)

i

where A and B are constants defined by

1 1
A4=C / dr’Jo(r), B= / drrJo(r). (77)
0 0

We perform the scale transformation in Egs. (63) and (64), where the parameter ¢ is chosen as

_ A dA
et (1 + gﬁ“(gﬁF) =1 (78)

Then the renormalized action is given by

1 .
Sp = / dzx[zw,m)z

24
+ Zgj (1 + 2d—A — 'B—n—) cos(ﬂ{e‘wekj . d;l (x))
7
B dA -
— 3B D giglhi k5 cos(Bre ™ (ki F ky) - 6 (x))}. (79)
i

This results in the following renormalization group equations:

dp A s 5

A—:— .

dA 16A4ﬂ 8-

dg; B B

AL =(2- ki -k 80
IA ( el K- 4A2ﬁ E gigelki - kel, (80)

where the summation is taken for k; and kg satisfying k; = k; F ky.

The resulting equations are consistent with those obtained using dimensional regularization. Note
that the sign is different because the derivative is calculated in the descending direction A — A —dA
in the Wilsonian method. In the dimensional regularization method, the summation for g; and gy is
restricted to k; and &, that satisfy &; - k; = £=1/2. In the Wilsonian method, this condition is relaxed
and a new vertex is generated unless k; and k; are orthogonal.
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5. Generalized multi-vertex model
5.1.  Renormalization of a;

As shown in the evaluation of 8(z), the corrections to 7 are dependent on the momentum parameters
{k;:}. We examine this in this section. We consider the generalized Lagrangian, given as

_Z cos(\/_k ¢>). (81)

The potential term is renormalized to

®jZq; €Xp (——Z¢ Z ) cos (\/Z_qbkj . ¢>, (82)
¢

2W2 77 o0’ +Z

where

>z, [ dp 1 >, 1 Qq

=" eipim T 7 el ®

Then the correction is written as
2—d Q
o Zs, § e Zu Gy | €0 (,/ Zok; - ¢> (84)

This results in

1
Zy=1——Y k. (85)
TT € 7

Then we obtain

“a_,f = —20; (1 - 8; ;kztg> (86)
The fixed point of {z,} is obtained as a zero of this equation. For an equilateral triangle where N = 2
and M = 3, we can choose {k;} as
k=10,  hk=01/2v3/2, k=(-1/2,v3/2) (87)
The critical value of ¢, is obtained as
He = e = t3c = 8. (88)
For N = 3 we can consider a regular tetrahedron with M = 6, and {k;} are set as

ki = (1,0,0), k» = (1/2,+/3/2,0), ks = (—1/2,~/3/2,0),
ko = (1/2,1/23/3,/2/3), ks = (1/2,—1/2/3,/2/3),

ke = (0,—1/+/3,/2/3). (89)
In this case, the fixed point of {#,} is also given by t1, = tpe = -+ - = t6. = 8.
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5.2, Renormalization of t,

From the second-order perturbation appears the term that renormalizes the kinetic term, as shown in
Sect. 3. We use the following approximation here:

cos (\/Z_¢kJ (Pp(x) — (X + r))) = cos (\/Z_Nuau(kj CH(X)) — - )

1
= 1= 52 (udully - $00)" +

1
=1 = 2 Zyrury > kiekindudedum + -+ (90)
Im
We keep the diagonal terms (Budng)z, and then [ 1(‘21) in Sect. 3 becomes
1@ ~ _LZ ! Z¢Md+2 4 Zk (Du¢0)2 o1)
a7 32e £ 247, e

Jt

where we put ¢, = 87 (1 4 v¢) and neglect terms of order v,. Then, the kinetic term is renormalized

into
XE: m;j—fdzn[l — g Zazkz](aﬂm)z. (92)
This leads to
Zy=1- i,ﬂﬁa“ ;afkfe. (93)
Then we obtain
gZ (d — 2)&—%——@20( . (94)

For N = 2 and M = 3 we use {k;} for an equilateral triangle; the equations for 7, and 7, read

an 1 1 1,
M@ = (d 2)11 + ﬁtl (Oll + 4062 + 4063) (95)
L 1 (3, 3,
d—2)tr + —t 96
3,lL = ( )2+322<052+4053) (96)

This is the result for the generalized multi-vertex sine-Gordon model. The qualitative property is the
same as that obtained in Sect. 3. When o = o1 ~ a» ~ a3, we have

8t1

C
d—2)t —t 97
3M = ( )1+3210£ 7)

with C = 3/2. This agrees with the previous result.

16/19

1202 1udy 90 uo Jesn | S|V Aq 88¥6119/L0VEE0/E/LZ0Z/810ne/de1d/woo dno-olwepede)/:sdiy wolj pspeojumoq



PTEP 2021, 033A01 T. Yanagisawa

5.3.  Multi-vertex contribution to o;

For the generalized model, / 1(12)) in Sect. 3 becomes

(2) ___Z“ % Z0; 1190 Z, X

4y b

Zy g1
f d?xdr exp [ =5 DUk + ki (g7) + z@: bekicton® 7,5 Ko(mor)]

14
005 (VVZ - () = ki - e +1) ). (98)

The integral with respect to » becomes

_ 1
Jij = /ddV exp (Z kickieten* =, EKo(mol’)>
¢

o 1 > ¢ kjckigte /AT
~ Q a7 | ———— 99
a /o emi(r2 + a?) ©9)
We consider the region near the fixed point #y = 87 (1 + v¢), where Jj; is estimated as
1
Jij = —Qu(emd)™ = + 0) (100)
€
when k; - k; = 1/2. This indicates that
@) 1 emg 2d 4 d
13 =~ o g ey a’ [ dxcos <‘/Z¢(kl~—kj)-¢(x)>. (101)

i)

The potential term with two-vertex correction is obtained as

d
weaeZy, 1 ) 1 o)
o 2 "Em””ﬁzﬁé oy lemiat | cos (VZpke - 9), (102)

¢ tZZtg

where Z; £ indicates summation under the condition that k; £ k; = k,. Then we choose Z,, as

/
i g 2 4
Zy :1——2 emm_ﬁ; ae,ucmoa (103)
1

The beta function up to the second order of « is given as
darg 1 5 1 o
B = —20 (1 = Xm:kgmtm) + 1 >y, (104)

where we set cm%a2 =1.

6. Summary

We have investigated the multi-vertex sine-Gordon model on the basis of renormalization group
theory. We employed the dimensional regularization method and the Wilsonian renormalization
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group method; the two results are consistent with each other. The generalized sine-Gordon model
contains multiple cosine (vertex) potentials labelled by momentum parameters {k;};—1,. . The
vertex—vertex scattering amplitude is given by the tachyon scattering amplitude. A new vertex k; is
generated from two vertex interactions k; and 4;, and they are closed when momentum parameters
{k;} satisfy the triangle condition that k; 4= k; = k,. When k; and k; are orthogonal, a new vertex is
not generated. The condition k; - k; = £1/2 is required in the dimensional regularization method.

For a two-component scalar field (N = 2), {k;} should form a triangle (Wilson method) or an
equilateral triangle (dimensional regularization) for M = 3. For a three-component scalar field
(N = 3), a regular tetrahedron forms a closed system for M = 6. For these structures, the fixed
point of {#;} is given by #; = #, = --- = fjy. A regular octahedron is also possible where there
are six independent k; and thus M = 6. For an equilateral triangle, regular tetrahedron, and regular
octahedron, we have > j klzz = C(M)fort =1,...,N,where we impose the normalization ) _, k]%Z =
1. We expect that there exist crystal structures in higher dimensions N > 3 satisfying Zj kag = const.
for any £.

The beta function of oy is generalized to include the product o;a; for which k; &= k; = ky is satisfied.
This term is a non-trivial contribution compared to the conventional sine-Gordon model. The beta
function of #; also has contributions proportional to ozjz. These terms are positive and thus do not
change the renormalization group flow of 7¢. The additional terms to B(ct¢) change the flow of (ay, 7))
qualitatively.
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