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We investigated kinetic properties of correlated pairing states in strongly correlated phase of
the Hubbard model in two space dimensions. We employ an optimization variational Monte Carlo
method, where we use the improved wave function ψλ = e−λKψG for the Gutzwiller wave function
ψG with K being the kinetic part of the Hamiltonian. The Gutzwiller-BCS state is stabilized as the
potential energy driven superconductivity because the Coulomb interaction energy is lowered while
the kinetic energy increases in this state. In contrast, we show that in the ψλ-BCS wave function
ψλ−BCS = e−λKPGψBCS , the Coulomb energy increases and instead the kinetic energy is lowered
in the strongly correlated phase where the Coulomb repulsive interaction U is large. The correlated
superconducting state is realized as a kinetic energy driven pairing state and this indicates the
enhancement of superconductivity due to kinetic-energy effect.

I. INTRODUCTION

The mechanism and various mysterious proper-
ties of cuprate superconductors have been intensively
studied[1]. It is significant to clarify the mechanism of su-
perconductivity and understand the ground state phase
diagram. The solution of mechanism of high-temperature
superconductivity will open a way to design new high-
temperature superconductors. The CuO2 plane plays an
essentially important role in cuprates[2–8]. The basic
model of the CuO2 plane is the d-p model (or called
the three-band Hubbard model)[9–22]. When we neglect
oxygen orbitals in the d-p model, we have the one-band
Hubbard model. We regard the Hubbard model as an
effective model of the d-p model where oxygen degrees
of freedom are effectively taken into account in the one-
band model. The Hubbard model[23–25] has been stud-
ied since it certainly contains essential physics of cuprate
high-temperature superconductors[26–44]. The Hubbard
model was introduced by Hubbard to understand the
metal-insulator transition[45]. The Hubbard model con-
tains fruitful physics although it is very simple. It
exhibits interesting physics regarding high-temperature
cuprates. For example, we can understand antiferromag-
netic insulator, superconductivity, stripes[46–55] and in-
homogeneous states[56–61] based on the Hubbard model.

A quantum variational Monte Carlo method is use-
ful in the investigation of the ground state property in
a strongly correlated system. We use the optimization
variational Monte Carlo method where we use the wave
functions with e−λK operator where K stands for the
kinetic part of the Hamiltonian[42, 43, 62, 63].

There is a possibility that the kinetic energy plays an
important role in realizing high-temperature supercon-
ductivity. This issue, kinetic energy driven mechanism,
has been addressed for the Hubbard model[64–67] and
the t-J model[68–70]. Although this mechanism is re-
ferred to as the kinetic energy driven mechanism, the
origin of superconductivity in the Hubbard model is the
on-site Coulomb repulsive interaction. We discuss the

kinetic energy enhancement of superconductivity in this
paper. In the BCS theory, the superconducting (SC) con-
densation energy comes from the attractive potential en-
ergy. In the Gutzwiller-BCS wave function, the SC con-
densation energy also mainly comes from the Coulomb
potential energy. The Coulomb interaction energy is re-
duced in the SC state compared to that in the normal
state, and thus the SC state becomes stabilized. In con-
trast, the kinetic energy gain stabilizes the SC state for
the improved wave function. This results in the enhance-
ment of superconductivity as a kinetic-energy effect.
The paper is organized as follows. In section II we

show the model Hamiltonian. In section III we discuss
the improved wave functions that we use in this paper.
We show the correlated SC wave function in section IV.
In section V we show results for the kinetic energy in SC
states and discuss the kinetic energy enhanced supercon-
ductivity. A summary is given in the last section.

II. OPTIMIZATION VARIATIONAL MONTE

CARLO METHOD

A. Hamiltonian and optimized wave functions

The Hubbard Hamiltonian is given by

H =
∑

ijσ

tijc
†
iσcjσ + U

∑

i

ni↑ni↓. (1)

The parameters in this model are given as follows. tij
indicates the transfer integral where tij = −t when i and
j are nearest-neighbor pairs 〈ij〉 and tij = −t′ when i and
j are next-nearest neighbor pairs. U indicates the on-site
Coulomb energy. N denotes the number of lattice sites
and Ne shows that of electrons. The energy is measured
in units of t throughout this paper.
We evaluate the expectation values of physical prop-

erties by using a Monte Carlo procedure. We start from
the Gutzwiller function which is written as

ψG = PGψ0, (2)
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where PG represents the Gutzwiller operatora. PG is
given by PG =

∏

j(1− (1−g)nj↑nj↓) with the parameter
g in the range of 0 ≤ g ≤ 1. ψ0 indicates a one-particle
state for which we take, for example, the Fermi sea, the
BCS state and atiferromagnetically ordered state.
The Gutzwiller function is improved by correlation op-

erators to take into account electron correlations. We
employ the wave function given by[42, 62, 71–75]

ψλ = e−λKψG, (3)

where K is the noninteracting part of the Hamiltonian
given by

K =
∑

ijσ

tijc
†
iσcjσ. (4)

λ is a real parameter. We use the auxiliary field method
to calculate expectation values.

B. Superconducting state with correlation

The BCS wave function is

ψBCS =
∏

k

(uk + vkc
†
k↑c

†
−k↓)|0〉, (5)

with coefficients uk and vk appearing in the ratio uk/vk =

∆k/(ξk +
√

ξ2k +∆2
k), where ∆k is the gap function

and ξk = ǫk − µ is the dispersion relation. We adopt
the d-wave symmetry ∆k = ∆sc(cos kx − cos ky). The
Gutzwiller-BCS state is

ψG−BCS = PNe
PGψBCS , (6)

where PNe
indicates the operator that extracts the

state with Ne electrons. This wave function is referred
to as the resonating-valence bond (RVB) state in the
literature[77]: ψRV B = ψG−BCS .
The improved correlated superconducting wave func-

tion is

ψλ−BCS = e−λKPGψBCS . (7)

This wave function is called the λ-BCS state in this
paper. In the formulation of ψλ, we use the electron-

hole transformation for down-spin electrons: dk = c†−k↓,

d†k = c−k↓, and the operator for up-spin electrons remains
the same: ck = ck↑. In the real space we have ci = ci↑
and di = c†i↓. The pair operator c

†
k↑c

†
−k↓ is transformed to

c†kdk. We can use the auxiliary field method in a Monte
Carlo simulation[76].

III. e−λK AND THE RENORMALIZATION

GROUP METHOD

Let us discuss on the role of K in the wave function.
We write ψ0 in the form

ψ0 =
∑

j

a0jϕ
0
j . (8)

{ϕ0
j} denotes a set of basis functions where j represents

the label for the electron configuration. ψλ is given as

ψλ =
∑

j

a0je
−λKPGϕ

0
j . (9)

ψλ is written as

ψλ =
∑

j

aλjϕj , (10)

where {ϕj} is a set of basis states. The set {ϕj} may
include {ϕ0

j} because some coefficients a0ℓs may vanish
accidentally in the non-interacting state.
We now show the ground state energy E/N as well as

the kinetic energy Ekin = 〈K〉 and the Coulomb energy
EU as functions of U in Fig. 1. The kinetic energy part
gives a large contribution to the ground-state energy E
when U is large. When U > 10t, EU for ψλ almost agrees
with that for ψG. The difference of Ekin for ψλ and ψG

increases when U > 10t.
Let us investigate the role of K from the viewpoint of

excitations in the momentum space. The operator e−λK

controls the weights of excitation modes in the Gutzwiller
function PGψ0. It is seen that e−λK suppresses high-
energy excitations since the eigenvalues of K are large
and then e−λK becomes small. This tells us that e−λK

plays a role of the projection operator that projects out
low lying excitation modes. We point out that the role
of e−λK is similar to that of the renormalization group
procedure. When the cutoff Λ (∼ the bandwidth) reduces
to Λ−dΛ, the states near the Fermi surface are magnified
and their contribution increases[78]. The increase of the
parameter λ corresponds to reducing contributions from
high-energy modes excited by the Gutzwiller operator.
The effect of e−λK is clearly reflected in the momentum

distribution function nk = 〈c†
kσckσ〉. We show nk in Fig.

2 where we put U = 10t and Ne = 88 on a 10 × 10
lattice. nk evaluated by using the Gutzwiller function
presents an unphysical behavior where nk near the Fermi
surface is greater than that at other wave numbers. This
shortcoming of the Gutzwiller function is remedied by
e−λK in the improved wave function.

IV. KINETIC ENERGY ENHANCEMENT OF

SUPERCONDUCTIVITY

A. Why does the Gutzwiller-BCS state become

stable?

In the original BCS theory, the superconducting con-
densation energy comes from the attractive potential in-
teraction. Let us examine the reason why the Gutzwiller-
BCS state PGψBCS becomes stable in the presence of the
on-site Coulomb repulsive interaction. We show the ki-
netic energy Ekin and the Coulomb energy EU in Fig.
3 and Fig. 4 for PGψBCS , respectively. The Coulomb
energy decreases as ∆sc increases and at the same time
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FIG. 1: Ground-state energy E/N , kinetic energy Ekin/N
and the Coulomb energy EU/N for ψλ as a function of U on
a 10×10 lattice. We use Ne = 88 and t′ = 0 with the periodic
boundary condition in one direction and antiperiodic one in
the other direction. The expectation values for the Gutzwiller
function are also shown by open circles. The results E/N ,
Ekin/N and EU/N for Ne = 80 evaluated by ψλ are also
shown by dashed lines.
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FIG. 2: Momentum distribution function nk for Ne = 88 and
U = 10t on a 10× 10 lattice. The results for ψλ (circles) and
ψG (squares) are shown.

the kinetic energy increases. The total ground energy E
has a minimum as shown in Fig. 5. We can say that
the Gutzwiller-BCS state belongs to the same class of
superconductivity in the sense that superconductivity is
induced by the potential energy. This shows that the
Gutzwiller-BCS state ψG−BCS = PGψBCS is stabilized
due to the reduction of the Coulomb potential energy
in a similar way to the BCS state, indicating that the
Gutzwiller-BCS superconductivity is a potential energy
driven superconductivity.
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FIG. 3: Kinetic energy Ekin/N for the Gutzwiller function as
a function of the gap function ∆sc for U = 18 and Ne = 88
on a 10 × 10 lattice. The extrapolated value for ∆sc → 0 is
shown on the y-axis.

0.11

0.115

0.12

0.125

0.13

0.135

0.14

0 0.02 0.04 0.06 0.08 0.1 0.12

E
U
/N

∆
sc

FIG. 4: Coulomb energy EU/N for the Gutzwiller function
as a function of the gap function ∆sc for U = 18 and Ne = 88
on a 10 × 10 lattice. The extrapolated value for ∆sc → 0 is
shown on the y-axis.

B. Why is the SC condensation energy so small?

The U -part of the condensation energy ∆EU−sc is
clearly proportional to U . Then ∆EU−sc ca be large
when U is large and we can expect high-temperature su-
perconductivity. The SC condensation energy ∆Esc is,
however, very small compared to the transfer t. ∆Esc

becomes very small due to the offset of ∆Ekin−sc and
∆EU−sc. As a result the SC transition temperature Tc
is very much lower than we expect. We can say that
∆Esc is determined by the competition between kinetic
energy effect and interaction effect. Two competitions
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FIG. 5: Ground-state energy E/N for the Gutzwiller function
as a function of the gap function ∆sc for U = 18 and Ne = 88
on a 10×10 lattice. The circle on the y-axis denotes the value
extrapolated from Ekin and EU for ∆sc → 0.

occur where one is the competition between supercon-
ductivity and antiferromagnetism and then the other oc-
curs between kinetic energy and interaction energy. The
superconducting transition occurs as a result of two com-
petitions.

C. How does the ψλ−BCS state become stable?

We turn to the improved off-diagonal function ψλ.
We estimate the kinetic energy in the superconducting
state ψλ−BCS [79]. We define the SC condensation en-
ergy ∆Esc as a sum of two contributions ∆Ekin−sc and
∆EU−sc:

∆Esc = E(∆ = 0)− E(∆ = ∆opt), (11)

∆Ekin−sc = Ekin(∆ = 0)− Ekin(∆ = ∆opt), (12)

∆EU−sc = EU (∆ = 0)− EU (∆ = ∆opt), (13)

where ∆ = ∆sc is the SC order parameter and ∆opt is
the optimized value which gives the energy minimum.
We have

∆Esc = ∆Ekin−sc +∆EU−sc. (14)

The kinetic energy in ψλ−BCS is lower than the kinetic
energy in the normal state ψλ, which is shown in Fig. 6.
The Coulomb energy expectation value increases as ∆sc

increases as shown in Fig. 7. The results show

∆Ekin−sc > 0, ∆EU−sc < 0, (15)

for ψλ−BCS with U = 18t and the hole density x =
0.12. Then the ground state becomes superconducting
as shown in Fig. 8 where the ground state energy E is

TABLE I: Variations of the kinetic and potential energies in
the superconducting state compared to the normal state. T
and V denote the kinetic energy and potential energy, respec-
tively.

State T V
BCS ∆T > 0 ∆V < 0 weak coupling SC

Gutzwiller-BCS ∆T > 0 ∆V < 0 weakly correlated SC
λ-BCS ∆T < 0 ∆V > 0 strongly correlated SC

shown as a function of ∆sc. This is in contrast to the
Gutzwiller-BCS state and original BCS state for which
∆Ekin−sc < 0 and ∆EU−sc > 0. We summarize this in
Table. 1.

D. Kinetic energy enhancement of

superconductivity

We define the difference of the kinetic energy as

∆Ekin = Ekin(ψG)− Ekin(ψλ), (16)

where Ekin(ψG) and Ekin(ψλ) indicate the kinetic energy
for ψG and ψλ, We can write ∆Ekin = Ekin(λ = 0) −
Ekin(λ) for the optimized value of λ. ∆Ekin has the close
relation with the SC condensation energy ∆Esc and its
kinetic part ∆Ekin−sc.
We show ∆Ekin/N in Fig. 9 for x = 0.12 where x is

the hole doping rate. The Coulomb energy EU/N and
the superconducting condensation energy ∆Esc/N are
also shown in Fig. 9. ∆Ekin begins to increase after
the Coulomb energy EU reaches the peak when U ≈ 8t.
The y axis on the right shows ∆Ekin−sc/N in Fig. 9.
∆Ekin−sc shows a similar behavior to ∆Ekin. ∆Ekin−sc

may change sign as a function of U , which is consistent
with the analysis for Bi2Sr2CaCu2O8+δ[80]. This shows
the kinetic energy enhancement of superconductivity.
We compare the kinetic energy difference ∆Ekin/N for

x = 0.12 (the electron density n = 0.88) and x = 0.20
(n = 0.80) in Fig. 10. ∆Ekin/N decreases when the hole
density increases.

V. SUMMARY

We have investigated the electronic properties of the
two-dimensional Hubbard model by using the wave func-
tion with e−λK correlation operator. The operator e−λK

plays a role that is similar to the renormalization group
method. e−λK suppresses high-energy modes and would
project out low lying modes near the Fermi surface. This
is typically shown in the behavior of momentum distri-
bution function nk.
We examined the kinetic energy effect in SC states.

The Gutzwiller-BCS state is the potential energy driven
SC state, because the SC condensation energy comes
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FIG. 6: Kinetic energy Ekin/N for ψλ−BCS as a function of
the gap function ∆sc for U = 18 and Ne = 88 on a 10 × 10
lattice. The circle for ∆sc = 0 denotes the extrapolated value.
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FIG. 7: Coulomb energy EU/N for ψλ−BCS as a function of
the gap function ∆sc for U = 18 and Ne = 88 on a 10 × 10
lattice. The circle for ∆sc = 0 denotes the extrapolated value.

from the Coulomb interaction energy. This is the same
as the original BCS state where the superconductivity
appears due to the attractive interaction. We evaluated
the kinetic energy in the improved SC state (ψλ−BCS)
to find that the kinetic energy gain stabilizes SC state
while the expectation value of Coulomb interaction en-
ergy increases. This indicates that superconductivity is
enhanced due to the kinetic energy effect.
The kinetic energy difference ∆Ekin = Ekin(ψG) −

Ekin(ψλ) changes sign at U/t ∼ 9 and increases for
U > 10t. ∆Ekin−sc in the SC state behaves like ∆Ekin

for U > 10t, showing a correlation between ∆Ekin−sc and
∆Ekin. This indicates the kinetic energy enhancement of
superconductivity in the strongly correlated phase. The
kinetic energy enhanced mechanism of superconductiv-
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FIG. 8: Ground-state energy E/N for ψλ−BCS as a function
of the gap function ∆sc for U = 18 and Ne = 88 on a 10× 10
lattice. The circle for ∆sc = 0 denotes the extrapolated value
which agrees with the value obtained by evaluations for the
normal state wave function within statistical error.
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FIG. 9: Kinetic-energy difference ∆Ekin/N and the kinetic-
energy gain ∆Ekin−sc/N in the superconducting state
ψλ−BCS as a function of U on a 10×10 lattice where Ne = 88
and t′ = 0. The Coulomb energy EU/N for ψλ and the con-
densation energy ∆ESC are also shown. We use the same peri-
odic and antiperiodic boundary conditions as in Fig. 1. The y
axis on the right shows the superconducting condensation en-
ergy ∆Esc and the kinetic condensation energy ∆Ekin−sc/N
for ψλ.

ity may be different from the conventional mechanism of
weak coupling superconductivity.

We here give a discussion on recent results by quan-
tum Monte Carlo method[81], where the ground state of
the 2D Hubbard model is investigated for U = 8 and the
hole density x = 1/8. An antiferromagnetic correlation is
large and the uniform SC state is not stable for this set of
parameters. We should examine the large-U case where
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FIG. 10: The Coulomb energy EU/N , Kinetic-energy differ-
ence ∆Ekin/N and the kinetic-energy gain ∆Ekin−sc/N as a
function of U on a 10× 10 lattice where Ne = 80 (n = 0.80).
∆Ekin/N and EU/N for n = 0.88 are also shown for compar-
ison. We use the same boundary conditions as in Fig. 1.

U is greater than the bandwidth so that an antiferromag-

netic correlation is suppressed. The striped state may be
realized just at x = 1/8. In the striped state the paired
holes mainly exist along stripes. An inhomogeneous SC
state will be realized and a pair correlation function may
be anisotropic.

We lastly discuss on the improvement of the wave
function. The importance of the exponential factor
e−λK is clear it is of course necessary to improve the
wave function further by multiplying PG and e−λK

again. The improved wave function is written as ψm =
e−λmKPG · · · e−λ1KPGψ0. ψm approaches the exact
ground-state wave function as m increases. We believe
that we obtain qualitatively the same result for further
improved functions because we obtained the finite SC
condensation energy in the limit m→ ∞[72].
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