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Green’s functions of Nambu-Goldstone modes and Higgs modes in superconductors
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We examine fundamental properties of Green’s functions of Nambu-Goldstone and Higgs modes
in superconductors with multiple order parameters. Nambu-Goldstone and Higgs modes are deter-
mined once the symmetry of the system and that of the order parameters are specified. Multiple
Nambu-Goldstone modes and Higgs modes exist when we have multiple order parameters. The
Nambu-Coldstone Green function D(w,q) has the form 1/(gN(0))? - (24)?/(w? — c2q?) with the
coupling constant g and ¢; = vr/+/3 for small w and q, with a pole at w = 0 and q = 0 indicating the
existence of a massless mode. It is shown, based on the Ward-Takahashi identity, that the massless
mode remains massless in the presence of intraband scattering due to nonmagnetic and magnetic
impurities. The pole of D(w, q), however, disappears as w increases as large as 2A: w ~ 2A. The
Green function H(w,q) of the Higgs mode is given by H(w,q) o« (2A4)%/((2A)* — 1w? + 2c2q°)
for small w and q. H(w,q) is proportional to 1/(gN(0))* - A/y/(2A)2 + c2q2 — w? for w ~ 2A
and w < w(q) where w(q) = 1/(2A)2 + c2q2. This behavior is similar to that of the o-particle
Green function in the Gross-Neveu model. That is, the Higgs Green function H(w,q) has the same
singularity as the Green function of the o boson of the Gross-Neveu model. The constant part of
the action for the Higgs modes is important since it determines the coherence length of a supercon-
ductor. There is the case that it has a large eigenvalue, indicating that the large upper critical field

H:2 may be realized in a superconductor with multiple order parameters.

I. INTRODUCTION

When global and continuous symmetries are spon-
taneously broken, gapless excitation modes, called the
Nambu-Goldstone (NG) bosons, exist and govern the
long-distance behaviors of the system. The spontaneous
symmetry breaking indicates that the state is not in-
variant under a symmetry transformation although the
Lagrangian is invariant under this transformation. The
spontaneous symmetry breaking occurs when an asym-
metric state is realized in a symmetric system. When a
continuous symmetry is spontaneously broken, a massless
boson appears, called the Nambu-Goldstone boson (NG
boson)[1-4]. The spontaneous symmetry breaking has
been studied intensively in condensed matter physics|5-
10] and in field theory|11-21].

A superconducting transition is a typical example
of the spontaneous symmetry breaking. The Nambu-
Goldstone boson and also the Higgs boson appear as-
sociated with this transition. The second-order phase
transition that occurs as a spontaneous symmetry break-
ing is characterized by the order parameter. A multi-
component (multi-band) superconductor has been stud-
ied as a generalization of the Bardeen-Cooper-Schrieffer
(BCS) theory[22]. The study of multi-band supercon-
ductivity started from works by Moskalenko|23], Suhl
et al.[24], Peretti[25] and Kondo[26]. There appear
many interesting properties in multi-band superconduc-
tors such as time-reversal symmetry breaking[27-40)],
the existence of massless modes[41-46], unusual isotope
effect[47-49] and the existence of fractionally quantized-
flux vortices|50-55]. We have multiple order parameters,
and thus there appear multiple Nambu-Goldstone bosons
and Higgs bosons|41, 56-64]. This will result in signif-
icant excitation modes that are unique in multi-band

superconductors. The phase-difference mode between
two order parameters is sometimes called the Leggett
mode[65]. An effective model for the dynamics of the
phase-difference mode, that is, the sine-Gordon model
has also been examined|21), 131, 141, [66].

The purpose of this paper is to investigate properties of
Green’s functions of Nambu-Goldstone bosons (modes)
and Higgs bosons in superconductors. The Nambu-
Goldstone mode is a phase mode of the order parameter
and the Higgs mode is a fluctuation mode of the ampli-
tude of the order parameter. We have interband cou-
plings g as well as intraband attractive couplings g,
in a multi-band superconductor, where m and n stand
for band indices. The matrix ¢ = (gmn) determines the
property of superconductors. The Green functions also
show dependence on the matrix g. We investigate the
dispersion relation of excitation gaps.

In an N-band superconductor, there are N Nambu-
Goldstone modes. We have one gapless mode (Nambu-
Goldstone mode) and the other N — 1 modes are mas-
sive (called the Nambu-Goldstone-Leggett or Leggett
modes) in general when there are non-zero interband
couplings gnm. The Nambu-Goldstone mode is a mode
described by the quasiparticle excitation mode, namely
the Green function D(w,q) is proportional to D(w,q)
(2A)?/(w? — 2q?) with finite residue for small (w,q)
(where ¢, = vp/+/3 for the Fermi velocity vr). D(w,q)
has, however, no singularity when w ~ 2A (where A is
the gap function).

When the time reversal symmetry is broken, which de-
pends on the matrix g, some of Leggett modes become
gapless when N is greater than 2. We can incorporate
the effects of interaction in Green’s function, using the
Ward-Takahashi identity. The Nambu-Goldstone mode
remains gapless even with electron scattering due to im-
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purities.

We also examine the property of Green’s function
of the Higgs mode. The kinetic term of the action
of Higgs modes is dependent upon temperature. The
Higgs action reduces to the time-dependent Ginzburg-
Landau model (TDGL) with dissipation when the tem-
perature is close to the critical temperature T.. At
low temperatures, instead, the action is given by the
quadratic form without dissipation. We have H(w,q) «
(w? — (2v3A)? — 2q?)~! for small w and q, based on
the BCS theory. This has no pole when w is small as
far as 0 < w < 2A. When w ~ 2A, H(w,q) is given by
H(w,q) < A/y/(2A)2 + 22 — w?.

We also mention that the constant term of the action of
Higgs modes is important since it is related with the up-
per critical field H.o. The eigenvalue y% of the constant
term of the action of Higgs bosons is enhanced extremely
or is softened, depending on the coupling constant matrix
g. Because yp is proportional to the inverse of the coher-
ence length £, the upper critical field H.o scales linearly
with the square of yg: He o< y%. The large eigenvalue
yg indicates a possibility of the large critical field Ho.

The paper is organized as follows. In Section II, we
briefly show formulas for spontaneous symmetry break-
ing that are necessary in later Sections. In Section III, we
examine the properties of Green’s functions of Nambu-
Goldstone modes in superconductors. In Section IV, the
plasma mode is investigated in the presence of electro-
magnetic scalar potential. We discuss Green’s functions
of the Higgs modes in Section V. We give a summary in
last Section.

II. FORMULAS FOR SPONTANEOUS
SYMMETRY BREAKING

In this section, we give a brief formal theory on sponta-
neous symmetry breaking. This can be applied to multi-
band superconductivity. Let us assume that the system
is invariant under the continuous transformation given
by a compact Lie group G. g denotes the Lie algebra of
G. The elements of the basis set of g are denoted as T,
(a =1,---,Ng) where N¢ is the dimension of G. The
transformation of the fermion field v is represented as

P — e Togp = o) —i0T,1p + O(6?), (1)

where 6 is an infinitesimal real parameter. We set dy, =
—i0T, 2 for this transformation. When the Lagrangian £
or the Hamiltonian is invariant under the transformation
1 — Y + 6, there is a conserved current.
oL
= ———— 1. 2
e 5 )

We have 0,,j# = 0. The conserved quantities are given
by

Qu = [, 3)

where we defined
Ji=3k/0. (4)

In spontaneous symmetry breaking, the ground state
loses a part of symmetry that the Lagrangian possesses.
We introduce an infinitesimal term in the Lagrangian to
consider a spontaneous symmetry breaking:

Lsp = MM, (5)

where A is a real infinitesimal parameter and M is a her-
mitian matrix in the basis set of the Lie algebra g, that
is, M € {T,}. M indicates a broken symmetry and can
be a linear combination of T,. The second-order phase
transition is characterized by the order parameter, where
the order parameter is gien by the expectation value of
the symmetry breaking term:

A= (YT My). (6)

The spontaneous symmetry breaking occurs when A does
not vanish, A # 0, in the limit A — 0. Under the
transformation v — ¥ — 0T, Lgp is transformed to
Lsp + 0Lsp where

6Lsp = 0N [Ty, My, (7)
Then, the corresponding current is not conserved:
DTt = 6Lsp = i [To, Mo, (8)
The Nambu-Goldstone boson is given by
o = i) [Ty, M. 9)

7, indeed indicates a massless boson, which is shown by
evaluating the Green’s function,

—y) = —i(Tma(x)m(y))- (10)

The Fourier transform of Dg,(z — y) has a pole at ¢ =
(w,q) = 0 in the limit A — 0. We set M =T, € {T,}
and assume that A,, = (17T,,1) # 0 in the limit A — 0.
Then, we can show

Dgo(z

1
Am = 272)\1)(“1(&):0,(1:0), (11)

where we assumed that [T,,T,,] # 0 and fum,. are the
structure constants defined by

[Ta, To] = ifapeTe. (12)

C

This indicates that
Dgo(w=0,g=0) x 1/A. (13)

Hence, we have a gapless mode in the limit A — 0.



TABLE 1. Examples of spontaneous symmetry breaking.
BEC indicates the Bose-Einstein condensation. NJL denotes
the Nambu-Jona-Lasinio model. For superconductivity v in-

dicates the Nambu representation (z) =" (z/)T(:c),z/)D. For

ferromagnetism 1 is a doublet of fermions given by (z) =*

(¥1(x), 9y (z)). For BEC,¢ is a complex scalar field. In NJL
1 is a Dirac spinor where 9 = ¢ T~.

Phenomena Symmetry Higgs boson | NG boson
Superconductivity |y — exp(ifas)y| YTo1tp AT
Ferromagnetism |¢ — exp(ifo1)y| ioztp Pioay
BEC ¢ — exp(i0)¢ p+o" |ile— o)
NJL Y — exp(ibys)y Y iP5t

The Higgs boson means the fluctuation mode of the
amplitude of the order parameter. We define the Higgs
boson as

h =i, (14)

We show examples of spontaneous symmetry breaking
in Table I. Our formulation can be applied to second-
order phase transitions that occur as a spontaneous sym-
metry breaking. An application to superconductivity is
shown in the next section. In the ferromagnetic transi-
tion, SU(2) symmetry is broken to U (1) symmetry, where
the bases of Lie algebra {T,} are given by Pauli matrices
04. For the Hubbard model[70-74], the Lagrangian in-
cluding the interaction term V = U z/ﬂ;z/JTz/JIz/J | is invariant
under the transformation 1) — e =71 for ¢ =¢ (v4,1))
and a = 1,2 and 3. The symmetry breaking term is given
as the magnetization of electrons: Lsp = MpToz1).

IIT. NAMBU-GOLDSTONE GREEN’S
FUNCTION IN SUPERCONDUCTORS

A. Hamiltonian and excitation modes

Let us investigate Nambu-Goldstone modes in single-
band as well as multi-band superconductors. This sub-
ject has been studied intensively[24-38, 14146, |65]. The
Hamiltonian is

H= Z / dril
=3 g / AL (061, (1) by () omr (1), (15)

)wna( )

where n and m (=1,2,---,N) are band indices. K,(r)
stands for the kinetic operator given by K,(r) =
p?/(2m,,) — u = &,(p) where g is the chemical potential.
We assume that gnm = g;,,- The second term indicates
the pairing interaction with the coupling constants g,m,.
This model is a simplified version of multi-band model

and the coupling constants g, are assumed to be real
constants.
We use the Nambu representation

n=(3f}) x

In the sigle-band case, the Hamiltonian is invariant under
the gauge transformation

b ey, (7)

for ¢» = 1. This means the model has U(1) phase in-
variance for 1), — e~ "1),. In the multi-band case, how-
ever, the inter-band interactions for n # m break the
gauge invariance. Thus we have only one gauge invari-
ance. This indicates the existence of one massless NG
mode and other NG fields become massive modes.

In the N-band model, we have N order parameters A,,
(n=1,---,N). The symmetry breaking terms are given
by

5= Antbloit, (18)

where 1), is the Nambu representation for the n-th band
fermions: 1, =! (‘/’n’rﬂ/’l 1) An is an infinitesimal pa-
rameter for the n-th band. According to the discussion
in the previous section, the Nambu-Goldstone fields are

Tn = 1/};[10'21/171- (19)
The Higgs modes are represented by
hn = i1, (20)

forn =1,...,N. h, indicates the fluctuation mode of
the amplitude of the order parameter.

B. Green’s functions of Nambu-Goldstone modes

The NG boson Green’s functions are given as a matrix
D = (D) where

Dym(x —y) = —i(Tmp(2)7m (y))- (21)

The Fourier transform of D, (x — y) is denoted as
Dy (w, q). We show diagrams that contribute to NG bo-
son Green s function in Fig[ll The equation for NG boson
Green’s functions is written as shown in Fig[2|61, 62]:

Dpm(q) = /ngf (;lﬂ_]; tr [45,””02(? (k)oaGr(k +q)

—2 ZUQG

(22)

for ¢ = (w,q) where d is the space dimension, tr means
taking the trace of a matrix and A, indicates the vertex
function. The electron Green’s function is defined as

Gl ) = (‘“jgik) Tt ) —S(h), (23)



where the gap function A,, is adopted to be real. We
use the four momentum notation k& = (ko, k) = (w, k).
Y, (k) indicates the self-energy part in the n-th band,
given by a 2 x 2 matrix, that represents an interaction
effect. In the finite-temperature formulation using the
Matsubara Green’s functions, the integral with respect
to ko is replaced by the Matsubara frequency summation.

There is a relation between the vertex function A,
and the self-energy 3, based on the Ward-Takahashi
identity[61, 162]. We put the vertex function in the form:

1~
ZAngnfo'% (24)

Anf =
where A, shows a modification due to the self-energy cor-
rection. For the BCS model without electron interaction,
we have A,, = 1. We define

d
xXNGn(q) = —% /Cék: (;l ]; troaGn(k)o2Gn(k + q),
(25)
d
(@) = —5i [ SRt Ak p)naGa (B
XGrn(k + q). (26)

We use the matrix notation D = (D, ) for the NG boson
Green’s function, and those for xng,»n and XN n:

x = diag(xna,1, XnG2, ), (27)

X = diag(Xna,1, XNG,2, ) (28)
The NG boson Green function matrix is represented as

D(q) =89~ (¢~ " +x(0) " x(q), (29)

where g is the matrix of coupling constants given by g =
(gne)- For a single-band superconductor, g itself denotes
the coupling constant. The singularity of D is determined
by the zero of g~ ! + x.

We can show that a massless mode indeed exists,
namely, the dispersion w(q) approaches zero as |q| — 0.
We consider the case where the self-energy part X,, van-
ishes. x(g) can be calculated exactly in the limit q = 0.
The inverse of D(q) for ¢ = (w,q) is proportional to

(Dil(va))nm
o (g_l)nm - (SHTm’L'TI'O'QG(O)(k)O'QG(O)(k + q)
= (g_l)nm — Onm [fn + 1N ( )

An /1= (w/28,)2 w/2A

(W/ZAn)2 O(|q|2)+], (30)

1— (w/2A,)2

X tan

for |q| — 0 where A,, is the mean-field value of the order
parameter and 0y, is the Kronecker delta. wvp, is the
Fermi velocity of the n-th band, and N,,(0) is the density
of states at the Fermi surface in the n-th band. We used
the notation

fn = Nu(0 )/dgkitanh (21;EBT> (31)

4

\E+ A2. Because the gap equation is given

det(¢g~! — F) =0, (32)

where F' = diag(f1, -, fn) is the diagonal matrix with
elements f, (n = 1,---,N), detD"(w,q) has a zero
as w — 0 and q — 0, indicating that w(q) — 0 as
q — 0. Thus the NG mode exists with vanishing gap.
The other N —1 modes become massive due to the inter-
band couplings gnm,. These modes are called the Leggett
modes|65]. When all the couplings g, vanish, we have
N massless modes.

02 Q gy + 0y <>© oy +

FIG. 1. Diagrams for Nambu-Goldstone boson Green’s func-
tion. The solid line shows the electron propagator and the
dashed line denotes the BCS pairing interaction.

Ane
02 Onm +
Dnm D,

FIG. 2. Diagrams for the equation of Nambu-Goldstone boson
Green’s function. The solid line shows the electron propaga-
tor and the wavy line denotes the NG Green function. We
introduced the vertex function indicated by the dot.

for E,, =
as

C. Poles of the NG boson Green’s function D

The energy dispersion of the NG mode is determined
by the poles of the NG Green function. In general, we
have one massless mode and N — 1 gapped modes for
an N-band superconductor. The poles depend on the
intraband and interband couplings gn,,. We consider the
case >, = 0 in this subsection. In this case we have
X = X-

We assume that v, |q|/qo is small for ¢ = (go,q). At
absolute zero, we obtain

xnGn(q) = —Nn(O)/dﬁk !

2En(§k)
1

O TG

1 n 1
X tan ™! = — , (3

dp — _’U%nq27 (34)

for



where we used an approximation (vg-q)? ~ (1/3)v%|q?.
qo and q appear as a linear combination ¢Z — (1/3)v%,,q>
for vpnlal/g0 < 1. The equation det(g~! + X)(¢) =
0 determines the dispersion relation of the NG modes.
We have one massless mode since det D~1(q) vanishes as
q = (g0,4) — 0. D(q) has a pole with a finite residue.
Using tan~'2x = z — (1/3)2® + ---, for a single-band
superconductor, the NG Green function for small ¢y and
q is written as

1 (2A)2

PO =N ORGP &

(35)

where ¢; = vp/ V3. In the two-band case, we obtain

D(q) = D(g) |2~ (N1 + No) (g — v¥eq?)

AN A,
N1Ny N P 9 v 2 o]t
+716A%A% (g0 — g(UFl + VE2)q0d )} , (36)
where
1 Niv%, + Nov?
2 1Vp1 2VF2
== - &= 37
UNG 3 N1 +N2 Y ( )

and we write N,, = N;,(0). ~nm is the strength of
Josephson coupling defined as the inverse of g:

There are corrections to the coefficient of g3 and ¢2q?,
which are of the order of v12. We neglected them in
eq.(36). D(q) is a matrix given as

D(g)=g" .
xi(g) 0
x ( 0 x2(9) ) ’

where we put

=1

~ (722—f2—N21(2(222)

>

1

(39)

x x
I(z) = ——tan ' | — | . 40
0=t (). )
In deriving D(gq) in eq.(36), we used the gap equation
written as

(711 — f1)A1 + 71282 = 0, (41)
Y2181 + (722 — f2) A2 = 0. (42)

From zeros of the denominator of eq.(36), the dispersions
of excitation modes (Nambu-Goldstone-Leggett modes)
are determined. The Nambu-Goldstone mode has the
dispersion wyg(q) = wvne|ql, and the massive mode
has|67]

wyen(q)? = wi + i, (43)

—712
11— fr = Nil(5%-)

where

A2l Ao T (44)

2 LA 1A
1+ 372 (N1 X TN A2)

wr, =

lNl'U%Q —I—Ngv%l

3 Ni+N,

22 (1282 m2ta
9 Ny Ay Ny Ay

(12 (LA AN
372\ N A T L A, ’

2.2 <B£_B£)

V2 =

+

(45)

We included a correction of the order of v,2. Here please
note that when v12 < 0, we have A;Ay > 0, and when
Y12 > 0, A1A; < 0 from the gap equation. Thus,
712A1A2 < 0.

We show the excitation energy as a function of g9
for two-band superconductors in Fig. 3. There are two
massless modes when g2 = 0, and the one mode becomes
massive for non-zero g12. The excitation energy wy of
the Leggett mode is dependent upon coupling constant
{gnm}. We show wy, as a function of g2 in Fig. 4 for a
two-band superconductor. The excitation gap energy is
determined as a zero of detD~!(w, q = 0) which is shown
in Fig. 5.

For a three-band superconductor, det(g~! + x) is ex-
panded as follows for small gy and q:

det(g™' + x)
N+ N2+ N
o 4(A1A0A3)2
+ 71372381 82A3) (q5 — v%q?)

1 _

——————— | No(N71 + N AA

16(A1A2A3)?2 [N+ Ns)s B s
+ N1 (N2 + N3)v2382A3 + N3(N1 + Na)vi2A1Az] g5
1
-~ —————— N1 NaN3q§
64(A Aaig)? 14V21V3qp
1
MRV NYWE

(V1271387 A2 Az + V12723 A1 A3 A5

[N1N2 (7138125 + Y2382 A3)

(V1 + VFg) + NaN3(112A1 A2 + 71341 A3)

X

X

(Vg + vF3) + N1N3(112A1 A2 + y2382A3)

X
W= Wl Wl

(Vb + Vs apa® + -, (46)

where we assume V., = Ymn and used the gap equation



for three gaps:

71— f1 M2 Y13 Aq
Y21 Y2 —Jf2 e Ay | =0. (47)
V31 V32 Y33 — f3 As

The velocity for the NG mode in the three-band case is
given by
02— 1 Nivgy + Novgy + Navgg
NG 3 N1+ Ny + N3

(48)
The velocity vyg in the N-band case is straightforwardly
obtained as

02 _ LNivjy +--+ Nyvgy
NG 3 Ni4---+ Ny

(49)

The gap wy, of the massive mode is obtained as a zero of
det(g~! + x) in the limit g — 0, that is, a solution of the
cubic equation for ¢3. wy, is given as

244 2

where
Ag = N1 N2 N3, (51)
Ay = N1(Na + N3)y2382A5 + Na(N1 + N3)yisA1Ag
+N3(N1 + No)v12A1 A, (52)
Ay = (N1 + Nz + N3)A1ApAg(v12713A1 + Y2723 02
+713723A3). (53)

Here we assumed that A; < 0 and A2 —4A49Ay > 0. The
lower energy gap is given by (2/Ag)(JA1|—+/A% — AgAs).
If A? > AgAs is satisfied, this leads to w? ~ 4A4s/|A;].
When the contribution of one band is small, say N3 <
N1, Na, this gap reduces to that of the Leggett mode in
the two-band case.

In the three-band case, there are in general three zeros
in the determinant detD~!(w,q = 0) as shown in Fig.
6. When N > 3, there is the case where several Leggett
modes become massless. This is shown in Fig. 7 where
the excitation energy wy, is presented as a function of
g12- wr, vanishes and one mode becomes massless when
the time-reversal symmetry is broken.

Let us turn to examine D(q) when G, ~ 2A, (G, <
2A,). An analytic property of x(g) will be changed
as qo approaches the threshold energy 2A,. Using
tan~'(1/t) ~ Z —t+ £t> + - for small ¢ > 0, we have

T 2A,

2R + 10} a? —

Xn(q) = —fn — Nn(0) , (54)

for gn = \/q? — 3v%,9> ~ 2A,,. In the single-band case,

the Green function D(q) is

8 1 ~ 1
D)= (14— JQA2Z + 02— g2+ ).

(55)

At the threshold § = 2A, D(q) becomes a constant:
D(q) ~ 8/g. D(q) has no pole as a function of gy and
loses a quasiparticle character in this region.

1
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FIG. 3. Gap energy of the Nambu-Goldstone-Leggett mode
as a function of Ni(0)gi2 for two-band superconductors. The
parameters are (a) N1(0)gin = N2(0)gze = 0.3, and (b)
N1(0)giz = 0.3 and N2(0)g22 = 0.25. We set A, =

min(Ah AQ) and N1 (0) = NQ(O).
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FIG. 4. Gap energy of the Nambu-Goldstone-Leggett mode as
a function of Nago2 for a two-band superconductor. We used
Nigi1 = 0.3 and Nigi2 = 0.02. We set A, = min(Ahﬁz)
and N1(0) = NQ(O)

D. Ward-Takahashi identity and impurity
scattering

We investigate the effect of impurity scattering on
the Nambu-Goldstone modes in superconductors. The
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FIG. 5. The determinant detD;(w,q = 0) as a function of
w/(2An,) where D; = g~ ' + x. The zero of detD; indicates
the excitation energy. We used Nigi1 = 0.3, Nagaa = 0.25

and Nigi2 = 0.03. We set A, = min(A1, A2) and N1(0) =
N2(0).
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FIG. 6. The determinant detD;(w,q = 0) as a function of
w/(2An,) for D1 = ¢~ ' + x in a three-gap case. The zero of
detD; indicates the excitation energy, There are three zeros
in the three-gap case. We used Ni1gi1 = Na2g22 = Nagsz =
0.3, Nigi2 = 0.05, Nig23 = 0.04 and Nigiz = 0.02. We set
Am = min(517527 53) and Nl(O) = NQ(O) = NS(O).

Hamiltonian for impurity scattering that we consider is

12 \\ .
e o8 - |
ZE o
(@\]
N
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—
8 o4l |
0
| |
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N,(0)g,,

FIG. 7. Gap energy of the Nambu-Goldstone-Leggett mode
as a function of Nigi2 in a three-gap case. The zero of
detD; indicates the excitation energy, There are three ze-
ros in the three-gap case. We used Nigi1i = Nago2 =
N3gzs = 0.3, Nig2s = 0.05, and Niges = 0.02. We set
Am = min(AhA%Ag) and Nl(O) = NQ(O) = NS(O).

written as

Himp = Z Z ulmm(r - Rl)wjna (r)wma(r)

i mo

+ Z Zu2m(r — Ri)si * Smi
= Vo &

m oo’

where R; indicates the position of an impurity, S; indi-
cates the spin operator of the impurity spin and s,,; is
the spin operator of the electron in the m-th band. Here
we consider only the intra band scattering for simplicity
because the interband scattering breaks the gauge invari-
ance under ¥, — e_wmwmg.

We introduce the matrix self-energy to take account of
the electron scattering due to non-magnetic and magnetic
impurities:

. 2lm 22m
e
We write the Green function in the form,

Gt (k F,.(k
G = (G %) e

Here we use the finite-temperature formalism by putting
ko — iw, where w, = (2n + 1)w/f is the Matsubara
frequency|68]. In the impurity scattering, self-energies
are given as|69)

Zim (iwn, k) = 2T T1m /dngmTT(ink)v (59)
. 1 .
San(in k) = 5o [ deuFulivn k. (60



where 71, and 7s,, indicate relaxation times in the m-th
band due to impurity scattering. We have 7, = 7o, for
scattering by non-magnetic impurities, and 71, # Tom
for magnetic impurities.

Yim and Yo, are related as follows.

. ) Wy, + ZZlm
E1171(“*’71) - - - = )
2Tlm \/(w% —+ zElm)Q —+ (Am =+ Egm)Q
(61)
. 1 Am + Yom
Som(iwy) = 5 — = — =
T2m \/(wn + Zzlm) + (Am + 22771)
(62)
We define 7, by
1 1 1
- (63)

Tsm Tim T2m

When 1/75, is small, ¥1,, and Yo, are expanded as

S (i) = 1 Wh, . 1 zwnﬁ_fn 7
2Tim Jw2 + A2, ATimTem (w3 + AZ,)2
(64)
S (it0n) = 1 A, _ 1 z‘wg&_m |
2Tom \JW2 + A2, ATomTem (w3 + AZ,)?
(65)

The inverse Green function is expressed as

oy (W= EK) =S —A, =T,
G, (iw, k) = ( ~A¥ - z;nl iw + £(k) —221n )
(66)

The Ward-Takahashi identity is used to obtain a re-

lation between the self-energy and the vertex function.
The Ward-Takahashi identity is given as|61, [62]
(¢ = K)uGn (k)T (F, ) Gn(q)
(67)
where
an(k; Q) = _25nm0'2 + Z AnEDlm(q - k) (68)
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When ¢ — k, we have

iGN (k)os — ios Gyt Z)\ Cpm (k. k) = 0. (69)

The relation in eq.(11) is generalized to the multiband
case as:

> AmDum(g — 0) = —8A,, (70)

as A\;, — 0. Then we obtain

> AmTam(k, k) = =8 " Aok, K)A,  (71)
m l

in the limit A, — 0. This results in

iGy (k)os — iosGy (k) + SZAM (k,k)A; = 0. (72)

The vertex function is determined as A,y = (1/ 4)Angngag
with

Yon 1 1 1
An N 2Ton \/w2+A,21'

Here we used the gap equation given by

_ 1 'k
A, = ;gnég ;/WFK(“WI()' (74)

From this relation, we can show that the NG boson Green
function D(q) has a pole at ¢ = (go,q) = 0. In fact, the
matrix g~ ! + ¥(¢) in the limit ¢ — 0 is represented as

(73)

(9 ne + nexXne.n(g =0)

A + 22n
B Z \/ w + zEln (An + Zgn)Q '
(75)

The determinant of this matrix vanishes because of the
gap equation written as

1
det <(gl)ng - 5n4_—sn) =0, (76)
A,
where
1 A, + Zon
50 = 7N (0)5 Y et . (1)
BV (Ww+iZin)? + (An + Tan)?
IV. PLASMA MODE
The Nambu-Goldstone mode becomes a massive

plasma mode in the presence of the Coulomb potential.
The plasma mode is represented by the spatial derivative
of the phase variables 6,, where the order parameters are
parametrized as A, = 207 (A,, + h,). The action den-
sity for 6, is written as|60, 62]

¢) +”J2 (VG)

V(b +ZA DA cos(2(6;

= 05));
(78)

where e is the charge of the electron and ¢ indicates the
Coulomb potential. The effective action for ; is obtained



by integrating out the field ¢:

1
— N, (0
8me2 N (0)2 Z i)

Z QﬁZN

LlY] = N;j/(0)0-(jaOrCjra

Z N;(0)9.6
+ZA DA cos(2(6; — 0,)) + -+, (79)
where we put
Cja — vaeju (80)

and N(0) =3, N;(0). The index a takes z, y and 2.
In the single-band case, the plasma frequency is given
by

w2

pl,a (81)

= 4me’n/my,

where n = n; is the electron density. In the two-band
case, the quadratic part of (j, is written as

52 e L Cen Gttt ( (20 ).

(82)
where
M
(@R O N (0)Na(0)
= 2 2 9
w2 N1 (0) Ny (0) WiN,(0)2 + 20 ne
(83)
where N(0) = N1(0) + N2(0). Then, the plasma fre-

quency is given by the solution of det M (iw; — w+id) =
0:

22 ( 1(0) + N2(0))°
(0)% + 72 N1(0)*

wpl a = 4me (84)

M1aM2q M

In an N-gap superconductor, the plasma frequency is
generalized to be

W2, = dre? ni-- NN N(0)? |:N1 (O)QM
’ Mia MNa m2q **"MNq
n PR n _ _1
+ NN (0)2 - Nl :| ’
Mig""MN—-1,a
(85)
for a = z, y and z where N(0) = >, N;(0). When N
gaps are equivalent, this formula reduces to
= 4me® L N. (86)

Me

V. HIGGS GREEN’S FUNCTION IN
SUPERCONDUCTORS

A. Higgs Green’s function

The Green functions for the Higgs boson h,, = ¥ a1,
are defined by
Hnm(x - y) = _7’<Thn(‘r)hm(y)> (87)

The effective action for the Higgs fields, up to the one-
loop order, is written as

-3 / dtd zhy, (97 ) nmhm

i
—|—§ ; TrhnGglO) (p)UlG%O) (p+q)orhy,. (88)

When the temperature 7' is near T, this gives the well-
known time-dependent Ginzburg-Landau (TDGL) ac-
tion. In the TDGL action, due to the dissipation effect,
the Higgs mode may not be defined clearly. The Higgs
mode is well defined at low temperatures.

The second term in the effective action eq.(88) for the
Higgs field is the one-loop contribution given by

ﬁz Ztr[G(O iwn, + i€, p + q)oq

X Gglo (anv p)01:| )

I, (ie,q) =

(89)

where we use the Matsubara formalism. At absolute zero,
1, (g0, q) (where gy = i€) is expanded in |q| as

I, (g0, q) = —Nn(O)/d§2Ei(§)
+ N, ( )(4A2 —qg)

1 q
Na(0)=c2y | ==
+ (0)36715 (2An) + ) (90)
where 2, = 0%, /3 and E,(£) = /€2 4+ A2. F(z) is

given by[61]

F(z) = #\/_—xztan_l (ﬁ) 0<zx<1) (91)
Flo) = — ] z+ 1 ln‘:v—\/gﬂ—l
xWr2—12  2zvx2 -1 T+ Va2 -1

(1< ). (92)

We used an approximation that the density of states is
constant.

When ¢gg and q are small, we have for a single-band
superconductor

S Mo, 0) = NO) L 3 ()] + vo)ge (%)

(93)



This is proportional to the inverse of the Fourier trans-
form of the Higgs Green function. This agrees with the
effective action for the Higgs mode obtained by means of
the functional integral method given as[62, |63]

s<2>[h]—/d d'eN(0)| 55z U R SRS
- e 1282 \ar ) " 36A?

+h2} : (94)

in the imaginary-time formulation. Please note that
1/g +1I(q) does not have a zero when qg is small as far
as 0 < go < 2A. We show the behavior of F(x) in Fig.8

and ¢! + II(w,q = 0) as a function of w in Fig.9.
When vr,,|q|/qo < 1, the g~ + 1 is given by
(g_l + H)mn = (g_l)mn - (Smnfn
N2 -
qn qn
SN ()1 = (55— ) | (o2 ).
+omd)1- (55) 17 (5
(95)
where we put
~ 2 1o o
dn = qo - ngnq ) (96)

for the Fermi velocity vg, in the n-th band.
We indicate the Fourier transform of the Higgs Green
function Hyp(z — y) as Hum(q):

Hyp () = /dpo d P

1P010+ip'anm 97

for p = (po, p). In a similar way as to the NG boson, the
Higgs Green function satisfies|61]

[ dky d%
Hnm(Q) = / o (2 ) tr[anmglGn(k)UlGn(k‘FQ)

—ZO’lG AHng(kk+q)Gn(k+q)H€m(q) )
(98)

where we introduced the vertex function Ag . We can
put this in the form

1
AH,n@ = §gn€01- (99)
Then the matrix of Higgs Green’s function H = (Hy,)
is written as follows.
H(q)=2g"" (97" +1(g)"'1(g),  (100)

where TI(q) is the diagonal matrix with elements II,,(q)
(n=1,---): T(q) = diag(T(q), T2(q), - -)-

In the single-band case, the Higgs Green function for
small ¢y and q is given by

| (2A)?
gN(0) (28)% — 545 + 5¢2q?’

H(q) ~ 2N(0) (101)
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When qq is as large as 2A, H(q) is approximated as

H(q) = —%N(O) <9N1(0)> w(q?Q — (102)
for o < w(q) where
wl@) = |/ (28)2 + 03 (103)

3

In the latter case, the singularity is given by a square root
function. Thus, H(q) represents a fluctuation mode, not
a quasiparticle excitation mode since the residue at gy =
w(q) vanishes. H(q) is defined on a Riemann surface with
a cut from gy = —w(q) to go = w(q) om the real axis.
For qp > w(q), there is the imaginary part representing
the damping effect:

H(g)™' = —%QQN(O) 22) (g5 —w(@)?)
SZPNO) 5\ - w2, (100

when ¢p is near w(q). This behavior of the Higgs Green
function is similar to that of the o-particle Green function
in the Gross-Neveu model|75]. The Higgs mode consid-
ered here has strong similarity with the o boson of the
Gross-Neveu model in two dimensions. In fact, the Green
function G4 (p), where p = (pg, p1), of the o boson is given
as up to the one-loop order

. l - p /
ZGG’ 4A2 _ p2 ’
(105)

for 0 < p? =p2 —p? < )2, and
G — o pz_w N/ oy
1Go P = -9 5
Y on VP2 + Vp? — 4A2
' p2—4A2
—+ T N (106)

for p? > (2A)?, where Ny is the number of fermions and
g is the coupling constant in the Gross-Neveu model. For
p? < 0 we have

V —p? + 4A2

. _ Ny [ —p? +4A2 v/ —p? —
iGo(p) ™' = —922—7’;\/ } —
(107)

In the two-band case, the Higgs Green function is given
as

1
_ 11 II; 0
H(o) =241 ™ + 11 Y12 1
(4) =29 ( Y21 oy + 1l 0 Iy
- (711 — fr)da + (722 — f2)di + did2

1 I; 0 Y11 Y12
— 0,11 }
% {detg ( 0 Il ) i (721 V22

(108)

—p2 + 4A2 .



where we set I1,,(q) = — f, + dn(q) where

dy(q) = Ny (0) {1 - (2‘2"")2}1? (22) . (109)

and Ynm = (97 ) nm. We assume that Vnm = Ymn. Here
we used the gap equation

det - f 712 =0.
V21 Yoo — fa

It is seen from this expression that the Green function
H(q) shows no divergence when A; # A, in general.
This is shown in Fig. 10. The Higgs mode is not a
quasiparticle mode and exists as a fluctuation mode in a
multiband superconductor.

We define the Higgs constant potential V = (V;,,,,) as

(110)

This is something like the 'mass term’ for Higgs fields h,,.
In the subsection 5.4, we evaluate the eigenvalue y? of
this matrix, by solving the gap equation. In a usual field
theory, yg indicates the mass of the field ~. In a super-
conductor, however, yg is different from the excitation
gap because yg is not determined from a singularity of
the Higgs Green function. The eigenvalues yg,, however,
characterize the Higgs modes and determine the spatial
expanse of the Higgs fields. In case det(V;,,) = 0, one
eigenvalue vanishes.
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F(x)

FIG. 8. F(x) as a function of x = qo/2A. F(z) has a sin-
gularity at x = 1. The 'mass’ term is obtained by expanding
(1 — 2?)F(z) in terms of .

B. Kinetic terms of the Higgs mode

We discuss the kinetic terms of Higgs boson in this sub-
section briefly, where the kinetic terms mean (9,h)? and
(Vh)2. The time-dependent Ginzburg-Landau model

11

1.5

(1/g+T1(®,0))/N(0)

0 0.5 1 1.5
W/2A

FIG. 9. ¢~' + (w,q = 0) as a function of the = = w/2A.
The dash-dotted line shows the curve 1 — 2%/3. The dotted
line indicates 1 — 22 that corresponds to the Nambu-Jona-
Lasinio model where N (0) is replaced by the divergent integral
Io = (1/472) In(A/A) with the cutoff A.

w/(ZAm)

FIG. 10. detH; as a function of w/2A,, in a two-band case
where Hi = Re(gi1 + II). The lower curve is for N1gi1 =
0.3, Na2ga2 = 0.25 and Nigi2 = 0 and the upper curve is
for Nigin = 0.3, Nage2 = 0.25 and Nigi2 = 0.05. We put
Ay = min(Al,Ag,Ag). When the interband gi2 vanishes,
we have zeros at w = Ay and w = As.

with dissipation is often used in a study of nonequilib-
rium properties of superconductors near the critical tem-
perature T,.. At low temperature T' < T, the action for
the Higgs mode is given by the quadratic from as shown
in the previous subsection. Thus there is a temperature
dependence. We consider here the single-band case for
simplicity. The coefficient of h9?h is given as, up to the
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yHn/yHn(g12

0 . ! . ! .
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FIG. 11. Eigenvalue y% in a two-band superconductor as a
function of the interband coupling g12. ym is measured in unit
of that in the case of gi2 = 0. We set g11 N(0) = g2 N(0) =
0.35 for N(0) = Ni(0) = N2(0). The Higgs 'mass’ of one
mode remains a constant whereas the other 'mass’ grows very
large as gi2 increases.

TABLE II. Kinetic terms of the Higgs field h in the action
at absolute zero T' ~ 0 and near T ~ T, (for the single-band
case).

T~0 T~ T,
2 TN N 1
T-part 121A2 N(0) (%) BkBrTC hl%
a-part| sk N(0)1i%v3 (Vh)? %N( ) (Vh)?

one-loop order,

1 —wi— & w}
:EZZ: zk:[wl—i—ﬁz—i-A?) R EYOF
A’ —wi - & 2}

_ —(wl o A 7 (112)

where & denotes the electron dispersion relation. The
coefficient of h(v - V)2h is similarly give by

_ 1 _we &k &k
””:EZ Z[w N I I LR e O

AZ _we 5k 2
_4—(4;.)2 +§% —|—A2) §k]

(113)
At absolute zero, I, and I, are the same since we can
exchange wy and &,. When T approaches T, I vanishes
at some T'. Then, when T ~ T, the time-dependence of
h field should be given by the time-dependent Ginzburg-
Landau functional. We show the kinetic terms at "= 0
and T ~ T, in Table II.
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C. Higgs constant potential

The Higgs constant potential V' is defined by V =
~! 411 in the limit of ¢gg — 0 and q — 0. The poten-
tial V' in a multi-band superconductor is crucially depen-
dent upon the coupling-constant matrix g. The quadratic
from of h,, in this limit is given as

h = ho My,

mn

where we set

TYmn = (g_l)mna (115)
dik 1 2A2
m 11
P /%%Z @ity (10

Ymn indicates the strength of the Josephson coupling be-
tween m and n bands. p,, = pm(T) equals the density of
states N,,,(0) at absolute zero and is proportional to A2,
near 1:

_ s
Pm = Nm(O)%Am(W

The gap function A,, are determined by the gap equa-
tion,

at T =0,

for T ~ T,. (117)

(118)

In the single-band case, we have M;; = p; because of
the gap equation. In the two-band case, M = (M) is
given by the 2 X 2 matrix:

71— fit+pr V12
M= . 119
( Va1 Yoo — f2 + p2 ) (119)
The critical temperature T, is given as
2e"w,
kpT, = “< 2=, (120)
where
\— 911/N2 + g22/N1 1 1 gu_ g22 ?  g1agn
2detg detg NQ Nl N1N2 ’
(121)

and w, is the cutoff. In the simple case where two bands

are equivalent with g11 = g22, g12 = ¢g21 and N1 = No,

the superconducting gap at 7' =0 is
Ay = Ay = 2w.e™?, (122)

where

(123)

A= (&_@12'): !
detg \ Vi Ny (911 + |g12[) N1



In this case, we must notice that A, and T, are finite
even when detg = 0.
When detg = 0, the gap functions are obtained as

1 1
<1 — —QQQNQ 111 (@

A1 = 2w, exp <——
' g11N1 + g2aNo 2

for gia = go1. A, is obtained by exchanging the indices 1
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N3(0) = N(0) and A; = Ay = A. This leads to f1=fo,
p1 = p2 and v11 — f1 = |712]- The eigenvalues of M are

Tr1 = p1A2, To = (p1 + 2|")/12|)A2. (129)
gi11 ))) "The corresponding yg1 and ygo are given by
(124)
PL_ A |1+ 2|72 5
=, /——A = — A. 130
YH1 N(0) » YH2 N(0) (130)

and 2. This is in contrast to the single-band case where
the vanishing of g means the disappearance of supercon-
ductivity. A singular behavior of the 'mass’ spectra oc-
curs when the determinant detg is small. We call the
region with small detg the critical region in the follow-
ing. We find that one of the eigenvalues of the matrix M
can be very large in this region.

D. Spectra of the Higgs potential in the two-band
model

Let us consider the two-band case. There are two cases
that should be examined; they are (a) detg > 0 and (b)
detg < 0. Since the fields h; have the same dimension as
A;, we define the fields 7, by

Ry = Ay (125)

Correspondingly, we define the Higgs mass matrix M as

M= (i1 — f1+ p1)AT RICYASVACI
1248142 (Yo2 — fa+p2)A3 )

(126)

(a) Higgs modes for detg > 0.

In this case, detg = gi1g922 — g12921 > 0. The

Josephson couplings ;; are

_ 922 _ g1 __912
711 detg’ Y22 detg’ Y12 detg’

(127)

We assume that g11 > 0 and g22 > 0, namely, the inter-
action in each band is attractive. Then, w have v1; > 0
and Yoo > 0. We also set gi12 = g21- When Yi2 = 0, the
gap equation reduces to Vn, — fn = 0 (n = 1,2). For
yi2 # 0, f, decreases, that is, A, increases, and thus
Ynn — fn > 0. The eigenvalues = of M are given as

1 B B
T = 5{(711 — f1+ p1)AT + (v22 — fo + p2) A3}

1 _ _
+5 [(711 — f1+ p1)AT — (v22 — fa + p2) A3

2 A2A2 1/2
+4712A1A2} . (128)

Let us consider, for simplicity, a simple model with
equivalent two bands satisfying g11 = g2, N1(0) =

The one mode yr2 shows a dependence on gi2, while
the other value remains a constant. ypo increases as
|g12| increases as shown in Fig.11 for the two equivalent
bands, with a very large value when detg is small. The
Fig.12 indicates the superconducting gaps and yg’s for
911 V1(0) = 0.35 and g22N2(0) = 0.30 at absolute zero.
The coherence length £ is proportional to the inverse of
ym, exhibiting the dependence on the coupling constant
matrix g. Thus the upper critical field H., being
proportional to 1/£2) also shows the dependence on g.
H_.5 can be very large as detg approaches zero.

(b) Higgs potential for detg < 0.

Let us turn to the case with detg = g11922 — g12921 < 0.
We assume that g1 > 0 and gos > 0. This means
that 711 < 0 and 722 < 0. We examine the case
with two equivalent bands. Since v1;7 < 0, we have

1 — fi = —|712|- Then, the eigenvalues of the matrix
M are
z1 =P A%, @y = (p1 — 2|712]) A% (131)
Correspondingly, we have
Y1 = N Yr2 = LMA (132)
N(0) N(O)

In constrast to the previous case, yp2 decreases as |y12]
increases. Thus, the coherence length corresponding to
yH2 increases and can be very large as a function of g2
ym2 decreases and vanishes when |y12| increases as |g12]
approaches gi11. The appearance of massless state indi-
cates an instability of the superconducting state. When
Y% < 0, the state with (Aq, Ag) = (A, A) is at the sad-
dle point and thus is instable to be away from this point.
Let us examine this phenomenon in the following.

We include n* term in the action to investigate a sta-
bility of superconducting state. The mass functional is
written as

~ b
M{n) = avm + aana +n'Mn + —(ni +n13),

1 (133)

with a constant b > 0, where n =* (n1,12). A, (n=1,2)
are determined from the condition a; = as = 0. We write
NMn, = Tin + 01y, (for n = 1,2) where 7, is a new stationary
value of 7, and 7, stands for fluctuation of the mode



7n. The condition that the linear terms in 67, should
vanish results in the equations

2M 1171 + 2Mi27j5 + bifs = 0,
2 M9 + 2Maafje + bijs = 0.

(134)
(135)

Let us consider the model with two equivalent bands
where we set A = A; = A, and g11 = g22. The eigen-
vectors of the matrix M are f(1,1)/v/2 and *(1,—1)/v/2
with the eigenvalue p;A? and (p1 — 2|y12|)A2, respec-
tively. The eigenvalue corresponding to the mode n; — 79

can be negative and the state will show an instability

to this direction. Then, we set 72 = —1 to obtain the
equation
2(p1 — 2|n2)A% + b =0, (136)
for non-trivial solution 77; # 0. Then we have
2(2 — -
i = ) 222l = o) 5 (137)

b

Due to fluctuation of the n; — 12 mode, the stationary
values of the gap functions (A, Ag) change from (A, A)
to
(A+mAA—mA). (138)

This is shown schematically in Fig. 13. Thus, the sta-
tionary values of A,, break the symmetry A; = As which
should hole for the case of two equivalent bands, when
detg < 0 and p; — 2|v12] < 0. This may be called the
spontaneous symmetry breaking of Zs symmetry.

Near ((1 +71)A, (1 —7;)A), the potential M[n] is ex-
panded as

My +3bnf M, >577
Moy Moo + %bﬁ;" ’
(139)

M[n] = const. +' én (

where dn =! (dm1,0m2). The eigenvalues of this 2 x 2
matrix give yg’s for Higgs modes. For the case with two
equivalent bands, we have

2 282l =p1) z2 2 2@zl = p1) 72

Y1 = N(0) A%, Yo = N(0) A

(140)
This is shown in Fig.14 where y%,, for n = 1,2 are shown
as a function of |y12|/p1. One mode becomes massless
when 2|v12| = p1. When 2|y12| > p1, namely, g7, is near
g11922, the Higgs values yz can be very large.

As we have shown above, the eigenvalues of Higgs ma-
trix M exhibit a singular behavior when detg is small.
When detg > 0, the eigenvalue and thus H.y can be
large. When detg < 0, there is a possibility of softening
of the eigenvalue of one Higgs mode. We show y%,, as
a function of g2 in Fig.15. There is a singularity in the
critical region near detg = 0, which shows a possibility
of large upper critical field H.o.
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FIG. 12. Gap functions A, and Higgs eigenvalue yu, in a
two-band superconductor (n = 1,2) as a function of the in-
terband coupling gi2. ymn is measured in unit of that in the
case of gi12 = 0. We set 911]\7(0) = 0.35 and 922]\7(0) = 0.30
for N(0) = N1(0) = N2(0). The Higgs eigenvalue of one mode
remains a constant whereas the other grows very large as gi2
increases, namely detg approaches zero. A, in the figure in-
dicates A,,.

AZ

1, +1, mode
N, — 1N, mode
« (3.3)

FIG. 13. Gap functions and fluctuation modes when two
bands are equivalent for detg < 0 and p1 — 2_|’y12| < 0. The
order parameters (A, A) is shifted to ((1+71)A, (1—m)A) or

(1=m1)A, (14+171)A) due to the fluctuation of 171 — 72 mode.

E. Higgs potential in a three-band superconductor

We turn to a three-band superconductor in this sub-
section. The Higgs matrix M is given by

Y11 — f1+ p1 Y12 Y13
M= Va1 Yoo — fo + p2 V33
Y31 Y32 V33 — f3+ p3

(141)
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FIG. 14. v}, (n =1,2) as a function of |y12| when detg < 0.
In this case, the region with small 72 is unrealistic because
g12 should be very small. We used g11N1(0) = 0.30.
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FIG. 15. y?{n (n = 1,2) as a function of gi12/g11 where gi2 > 0.
We have detg < 0 for gi2/g11 > 1. ymn shows a singularity
near detg = 0.

Let us first consider the case where three bands are
equivalent, that is, we have g11 = go2 = g33 =1t > 0
and g12 = g21 = g23 = ¢g32 = g31 = g13 = v. We
have also the same density of state in every band as
N1(0) = N2(0) = N3(0) = N(0) and p1 = p2 = p3 = p,
and thus f; = fo = f3 = f. In this case the matrix g of
coupling constants is

(142)

@

I
< e
S =+
-+ e o
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Then, detg = (t—v)?(t+2v) and the Josephson couplings
7Yij are

t
Vi = L, Vij = — (i # 7).
(t—v)(t+2v) (t —v)(t+2v)
(143)
The gap equation is written as

11— fi Y12 Y13
Y21 v2—fi 23 | =0. (144)
Y31 V32 V33 — f3

In our simple case, the critical temperature is given by

) . (145)

2e7VE

1
wp ex — —
b p( (911 + 2912)N (0)

when v = g12 > 0, and

kBJL::

2eVE

1
wp ex — —
b p< (911 + 912 )N (0)

when v = g12 < 0. The eigenvalues of the matrix M are

(B) 21 =p, (148)

For v > 0, the eigenstates with p — 2915 are doubly de-
generate. On the other hand, for v < 0, the states with
the eigenvalue p are doubly degenerate. We call these
two cases the case A and B, respectively. In the case A,
since 712 is negative for 0 < v < g11, two eigenvalues of
the Higgs matrix M increase as |y12| increases. p — 3712
diverges at the critical point detg = 0. In contrast, in
the case B, one Higgs mode has a large yy in the critical
region where detg is small.

We present a typical behavior of yg, as a function of
g12 for the case with three equivalent bands in Fig.16.
The 'mass’ of one mode remains constant as in the case
of two-band superconductivity. We show yg, for two
cases as a function of g5 in Figs.17 and 18 where three
bands are not necessarily equivalent. In Fig.17 yg, of
two modes show a large dependence of g2 indicating that
this is in the case A.

Let us investigate the case where y%, is negative when
|g12] becomes large across the critical point detg = 0. In
the case B with isotropic three bands, the one mode has
negative y%, for v = g1o < —t/2 = —g11/2. The mode
n = (m + n2 + n3)/V/3 shows an instability in this case.
We must include the (b/4) >, n} (b > 0) in the mass
functional M ;] to examine a stability of superconduct-
ing state. We express the shift of the stationary point of
the gap functions as 7, = 77 + 0n,,. We obtain

kpT, =

) . (146)

To = p — 2712 for v >0,
To = p+ 3y12 for v < 0.

2 3
PR /w, (149)
for p + 3v12 < 0. Then, the Higgs matrix M is
8y[=2p o g
M= v 8l=20 v , (150)

v v 8|yl —2p
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FIG. 16. 3%, (n = 1,2,3) as a function of gi2/g11 for the
model with three equivalent bands where we assume g11 =
g22 = @33, g12 = g2z = ga1 and N1(0) = N2(0) = N3(0).
We set g11N1(0) = 0.3. Two Higgs values grows large as
g12(> 0) increases in the case A. In the case B, the label of
the horizontal axis should read 2|g12|/g11 for gi2 < 0 and we
have a similar behavior. One of Higgs modes has a heavy
yu for large |gi2]//g11 in the case A. The heavy eigenvalue
becomes very huge in the critical region where detg ~ 0.
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FIG. 17. A, and y%, (n = 1,2,3) as a function of gi2/g11
where we assume gi2 = g23 = gs1. We set g11N1(0) = 0.35,
g22N2(0) = 0.3 and g33N3(0) = 0.25. We adopt that we have
the same density of states in three bands. Two of Higgs modes
have a heavy value.

where v = v12. The eigenvalues are

z1 =97 = 2p, w2 =6|7] - 2p, (151)

where the eigenstates with the eigenvalue 21 = 9|y| — 2p
are doubly degenerate. The Higgs value squared y%,, o
Ty, is shown as a function of v = 15 for the case of three
equivalent bands with g12 < 0 in Fig.19. x5 vanishes at
|v| = p/3 and is large for large ||.
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FIG. 18. y%, (n =1,2,3) as a function of g12N(0) where we
assume gi2 = ga1. We used a set parameters as gi1 N(0) =
0.35, g22N(0) = 0.30, g33N(0) = 0.25 and go3N(0) = 0.05.
We also adopt that Ni(0) = N2(0) = N3(0) = N(0). In this
case, the value of yg of one Higgs mode becomes large as gi2
increases.
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FIG. 19. 3%, (n = 1,2,3) as a function of y12/p1 where we
assume an isotropic three-band superconductor and gi2 < 0
(the case B in the text). We adopted that gi11 = g22 = ¢33,
gij (i # j) are the same, and N1(0) = N2(0) = N3(0). In
this model, two Higgs states are degenerate and the other
one state becomes a massless mode at y12/p1 = —1/3.

F. Discussion

We have considered the Higgs modes in multi-gap su-
perconductors. Since the upper critical field H.q is pro-
portional to y%, there is a possibility that we have large
H. in a multi-gap superconductor such as iron-based
superconductors by tuning interaction parameters. The
eigenvalue yg increases as |detg| decreases. In a two-gap
superconductor, we have two solutions for the gap equa-
tion and one solution with higher T, is realized. The



other solution with low T, is expected to be less impor-
tant. When the coherence length of low-T. solution is
shorter than that of the high-T, solution, we expect that
the low-T solution plays a role in determining the critical
field. As a result the upper critical field may be larger.
This gives a possibility of high upper critical field in a
multi-gap superconductor.

VI. SUMMARY

We have examined the property of Green’s functions
of the Nambu-Goldstone and Higgs modes in a super-
conductor. In an N-gap superconductor, there are N
Nambu-Goldstone modes. We have, however, one gap-
less mode and N — 1 massive modes in the presence of
interband BCS couplings. The NG mode Green func-
tion D(w,q) for small w and q is given as D o 1/(w? —
w(q)?) with the dispersion w(q) = vng|q| where vyg =
(1/vV3)\/(N1vZ, + -+ NyvZy) /(N1 + -+ Ny). An
analytic property of the NG Green function D(w,q) is
dependent on w. One gapless mode remains gapless in
the presence of intraband scattering due to non-magnetic
and magnetic impurities, which was shown on the basis of
the Ward-Takahashi identity. In a multiband supercon-
ductor, massive modes due to interband couplings g.m
become gapless again in a region with time-reversal sym-
metry breaking.

17

The Higgs Green function was also examined. The
time-dependent part of the Higgs action is dependent on
the temperature; it is given by (9;h)? at low tempera-
ture, while it is hd;h near the critical temperature T.
The Green function H(w, q) of the Higgs mode has a sin-
(2A)2 +
The Higgs Green function has the same singularity as
the o-boson Green function in the Gross-Neveu model.
We have shown that when there are several order pa-
rameters, the constant part of the Higgs action is impor-
tant and crucially dependent upon the interband cou-
pling constants g;;. In a multiband superconductor, the
eigenvalue of the matrix M of constant Higgs potential
can be very large as the interband coupling constant gi2
increases, although the other eigenvalues of the other
Higgs mode remain constant. This indicates the pos-
sibility of the large upper critical field H.o because of
the relation Heo o 1/€% o y%. In iron-based super-
conductors, the extremely huge H., has been reported
for NdFeAsOO_7F0_3[76] and Ba0_6K0V4F62ASQ[77]. Our
results indicate that the huge H.o may be due to the
multiband effect for the Higgs modes.

gularity at w ~ 2A given as 2A/\/ 1vhq? — w?.
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