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1. Introduction
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High-𝑇! Cuprates

High-Tc cuprates
Correlated electron systems

• Parent materials are insulators.
Mott insulator

• d-wave symmetry
• anomalous metallic phase
• near antiferromagnetic phase

be the most important open problem in the understanding of quantum
materials, and it is here that radically new ideas, including those derived
from recently developed non-perturbative studies in string theory, may
be useful.

More unique to the copper oxides is the behaviour observed in a range
of temperatures immediately above Tc in what is referred to as the
‘pseudogap’ regime. It is characterized by a substantial suppression of the
electronic density of states at low energies that cannot be simply related to
the occurrence of any form of broken symmetry. Although much about
this regime is still unclear, convincing experimental evidence has recently
emerged that there are strong and ubiquitous tendencies towards several
sorts of order or incipient order, including various forms of charge-
density-wave, spin-density-wave, and electron-nematic order. There is
also suggestive, but far from definitive, evidence of several sorts of novel
order—that is, never before documented patterns of broken symmetry—
including orbital loop current order and a spatially modulated super-
conducting phase referred to as a ‘pair-density wave’. There are many
fascinating aspects of these ‘intertwined orders’ that remain to be under-
stood, but their existence and many aspects of their general structure were
anticipated by theory7. Superconducting fluctuations also have an important
role in part of this regime, although to an extent that is still much debated.

The high-temperature superconducting phase itself has a pattern of
broken symmetry that is distinct from that of conventional superconduc-
tors. Unlike in conventional s-wave superconductors, the superconduct-
ing wavefunction in the copper oxides has d-wave symmetry8,9, that is, it
changes sign upon rotation by 90u. Associated with this ‘unconventional
pairing’ is the existence of zero energy (gapless) quasiparticle excitations
at the lowest temperatures, which make even the thermodynamic prop-
erties entirely distinct from those of conventional superconductors (which
are fully gapped). The reasons for this, and its relation to a proximate anti-
ferromagnetic phase, are now well understood, and indeed were also anti-
cipated early on by some theories10–12. However, while various attempts

to obtain a semiquantitative estimate of Tc have had some success13, there
are important reasons to consider this problem still substantially unsolved.

Highly correlated electrons in the copper oxides
The chemistry of the copper oxides amplifies the Coulomb repulsions
between electrons. The two-dimensional copper oxide layers (Fig. 3) are
separated by ionic, electronically inert, buffer layers. The stoichiometric
‘parent’ compound (Fig. 2, zero doping) has an odd-integer number of
electrons per CuO2 unit cell (Fig. 3). The states formed in the CuO2 unit
cells are sufficiently well localized that, as would be the case in a collec-
tion of well-separated atoms, it takes a large energy (the Hubbard U) to
remove an electron from one site and add it to another. This effect pro-
duces a ‘traffic jam’ of electrons14. An insulator produced by this classical
jamming effect is referred to as a ‘‘Mott insulator’’15. However, even a
localized electron has a spin whose orientation remains a dynamical degree
of freedom. Virtual hopping of these electrons produces, via the Pauli
exclusion principle, an antiferromagnetic interaction between neighbour-
ing spins. This, in turn, leads to a simple (Néel) ordered phase below room
temperature, in which there are static magnetic moments on the Cu sites
with a direction that reverses from one Cu to the next16,17.

The Cu-O planes are ‘doped’ by changing the chemical makeup of
interleaved ‘charge-reservoir’ layers so that electrons are removed (hole-
doped) or added (electron-doped) to the copper oxide planes (see the
horizontal axis of Fig. 2). In the interest of brevity, we will confine our
discussion to hole-doped systems. Hole doping rapidly suppresses the
antiferromagnetic order. At a critical doping of pmin, superconductivity
sets in, with a transition temperature that grows to a maximum at popt,
then declines for higher dopings and vanishes for pmax (Fig. 2). Materials
with p , popt are referred to as underdoped and those with popt , p are
referred to as overdoped.

It is important to recognize that the strong electron repulsions that
cause the undoped system to be an insulator (with an energy gap of 2 eV)
are still the dominant microscopic interactions, even in optimally doped
copper oxide superconductors. This has several general consequences. The
resulting electron fluid is ‘highly correlated’, in the sense that for an elec-
tron to move through the crystal, other electrons must shift to get out of
its way. In contrast, in the Fermi liquid description of simple metals, the
quasiparticles (which can be thought of as ‘dressed’ electrons) propagate
freely through an effective medium defined by the rest of the electrons.
The failure of the quasiparticle paradigm is most acute in the ‘strange metal’
regime, that is, the ‘normal’ state out of which the pseudogap and the
superconducting phases emerge when the temperature is lowered. None-
theless, in some cases, despite the strong correlations, an emergent Fermi
liquid arises at low temperatures. This is especially clear in the overdoped
regime (Fig. 2). But recently it has been shown that even in underdoped
materials, at temperatures low enough to quench superconductivity by
the application of a high magnetic field, emergent Fermi liquid behaviour
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Figure 2 | Phase diagram. Temperature versus hole doping level for the
copper oxides, indicating where various phases occur. The subscript ‘onset’
marks the temperature at which the precursor order or fluctuations become
apparent. TS, onset (dotted green line), TC, onset and TSC, onset (dotted red line for
both) refer to the onset temperatures of spin-, charge and superconducting
fluctuations, while T* indicates the temperature where the crossover to the
pseudogap regime occurs. The blue and green regions indicate fully developed
antiferromagnetic order (AF) and d-wave superconducting order (d-SC)
setting in at the Néel and superconducting transition temperatures TN and Tc,
respectively. The red striped area indicates the presence of fully developed
charge order setting in at TCDW. TSDW represents the same for incommensurate
spin density wave order. Quantum critical points for superconductivity and
charge order are indicated by the arrows.
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Figure 3 | Crystal structure. Layered copper oxides are composed of CuO2

planes, typically separated by insulating spacer layers. The electronic structure
of these planes primarily involves hybridization of a 3dx2 { y2 hole on the
copper sites with planar-coordinated 2px and 2py oxygen orbitals.
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Electron Correlation and High Tc
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We can expect higher Tc if superconductivity is
induced by the interaction with large energy scale.

Electron-Electron Interaction
Energy scale ~ eV ~ 10,000K

Electron-phonon interaction
Energy scale ~ Debye Freq.

~  300K
Upper bound of Tc ~ 30-40K

(McMillan)  

FeAs
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Electron-Correlation Mechanism
Kohn-Luttinger (1965)

Gap equation

 
Δ θ( ) = ΔP cosθ( )


∑

Gap equation has a solution when l is large even for
repulsive interaction.

 
−
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2
N εF( )V = λ  kBTc =ω c, exp −1 λ( )
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t               m*/m = r            t/r                Tc
Cuprates 5000K               5                1000           100K
Fe based        1000K            ~ 2                 500             50K
Heavy           10000K      100 ~ 1000     10 ~ 100     1 ~ 10K
electrons                                                   ~ TK (Kondo)

Organics     200 ~ 500K       2 ~ 5              100             10K
YBCO             5000K               5                1000           100K
KFe2As2 300K                7                  30               3K

Hydrides         1000K               1                1000           100K
H3S

Energy scales and Tc
Empirical relationTc ~ 0.1t/(m*/m)

T.Y. Condensed Matter 4, 57 (2019) 
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Model of High-Tc Cuprates

CuO2 plane

Two-Dimensional plane

• Copper atoms
• Oxygen atoms

εd

εd+Ud
εp
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Model of Cuprates

Two-Dimensional Plane

Characteristics
• Two dimensional
• Low spin 1/2
• O level is very closed to Cu level.

Cu

O

dx2-y2

εd

εd+Ud
εp

Doped hole

px

(Hole picture)
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dx2-y2 px
dx2-y2

px
Local singlet
(Zhang-Rice)

Local Singlet Frustration

JK JK

Holes in the CuO2 plane
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Hubbard model

Two-Dimensional plane Hubbard model

E0

E0+U
ー One-band effective model ー

H = −t (ciσ
+

ij σ
∑ cjσ + h.c.) +U ni↑

i
∑ ni↓



12

2. Optimization Variational Monte Carlo
method

Optimized many-body wave function
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Superconducting state with correlation

Gutzwiller Projection PG

To control the on-site strong
correlation

Weight g Weight 1
Coulomb +U Parameter 0<g<1

BCS state
in

Correlated Electrons

k -k

Pairing state in correlated electron systems

ψ GBCS = PG (uk
k
∏ + vkck↑

+ c
−k↓
+ ) 0
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Off-Diagonal Wave Function
Off-diagonal wave functions

Site-off-diagonal

Gutzwiller wave function

Off-diagonal wave functions

Site-diagonal operator

ψλ = e
−λKPGψ 0

ψ G = PGψ 0

=ψ λ
(2)

ψ λ
(3) = PGe

−λK PGψ 0

ψ λ
(4) = e−λ

'K PGe
−λK PGψ 0 T. Y. et al., JPSJ 67, 3867 (1998)

T. Y. JPSJ 85, 147017 (2016)
T. Y. JPSJ 88, 054702 (2019)

The wave function approaches an exact one.

parametersλ,g,.. :
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Electron Correlation Operator

Gutzwiller

Jastrow factor

Doublon-holon

H. Yokoyama et al.  JPSJ

Site-diagonal correlation operator 

PJ

Pd−h

PG

Site off-diagonal correlation operator
Kinetic operator K

e−λK
Off-diagonal Mixing 
in configuration space

ψ = aj
j
∑ ϕ j aj modified

akaj , mixing effect
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Comparison of Variational Energy

4 × 4  t’/t = 0

Ne = 16   U/t = 5
Ne = 12  
U/t = 4 U/t = 10

PGψ FS -11.654

-11.856
PJPd−hPGψ pair -12.459
e−λKPGψ FS -12.366

PGe
−λKPGψ FS -12.479

e−γ KPGe
−λKPGψ FS -12.487

Exact -12.530

PJPd−hPGψ FS

-18.239

-18.406

-18.481
-18.528
-18.536

-18.571

-13.960

-14.435

-14.544

-14.685
-14.808

-14.031

-14.647

many-parameter
wave function
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Comparison of Variational Energy 2

10 × 10  t’/t = -0.3

Ne = 92   U/t = 12

PGψ FS -0.3650

-0.3771

-0.4259

e−λKPGψ FS -0.4956
PGe

−λKPGψ FS -0.5095

Yokoyama et al

PGψ AF

Pd−hPGψ FS

PJPd−hPGψ FS -0.4265
Pd−hPGψ AF−d -0.4915

10 × 10  t’/t = -0.0
Ne = 88   U/t = 18

-0.4218

-0.4259
-0.4634

-0.4642

-0.5115
-0.5175
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3. Electronic States of
Hubbard model
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Two-dimensional Hubbard model

1. Optimized wave function   kinetic energy effect
2. Antiferromagnetic (AF) correlation
3. Superconductivity (SC)   d-wave
4. Effect of 𝑡! (nearest-neighbor transfer)
5. Phase separation
6. Phase diagram

Research for the Hubbard model
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Condensation Energy: Gutzwiller function

-0.738

-0.736

-0.734

-0.732

-0.730

0 0.05 0.1 0.15

E g /
N s

Δ

0

0.001

0.002

0.003

0.004

0 0.005 0.01

Δ
E/

N

1/Na

10x10 Hubbard model  U = 8

YBCO

Econd ~ 0.2meV

SC condensation E

Agrees with experiments!

2D Hubbard model Extrapolation N = ∞

d-wave
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SC Condensation energy

Loram et al. PRL 71, 1740 (‘93)

T

C/T

SC Condensation energy
~ 0.2 meV/site

optimally doped YBCO

Entropy
balance

Superconducting Condensation Energy

ΔESC = Ωn − Ωs = (Sn
0

Tc

∫ − Ss )dT

= (Cs0

Tc

∫ − Cn )dT
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Off-diagonal wave function

ψλ = e
−λKPGψ 0

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0 0.05 0.1 0.15 0.2

E g
/N

λ

e−λK lowers the energy.

Total energy

Kinetic energy

Total energy

Kinetic energy

Coulomb energy
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Spin Correlation Function 

 
S(q) = 1

4N
eiqi(ri−rj ) ni↑ − ni↓( ) nj↑ − nj↓( )

ij
∑

q = π ,π( )

S(q) shows a peak as a 
function of U.

AF correlation decreases
in the strongly correlated

Region.

10×10 𝑁" = 88 𝑡! = 0
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Superconducting state

Correlated Superconducting state

ψ = e−λKPGψ BCS

ψ BCS

d-wave pairing
BCS state

Δ > 0
The minimum of the energy

at

d-wave SC
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SC in Strongly Correlated Region
SC state is more stabilized in strongly-correlated region

10 ×10 Ne = 88

U t

ΔSC

0

0.1

0.2

0.3

0.4

0 5 10 15 20 25

Δ

U/t

AF(G)

AF

SC0

0.05

0.1

0.15

0 5 10 15 20

Δ
SC

U/t

d-wave

ψ G
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t’ and AF order
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AF area is large for 𝑡" = −0.2.

𝑡" = 0 𝑡" = −0.2
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AF and Phase Separation

0
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Phase Diagram

PS

d-SCAFI

x

ΔE

AF+SC

t’ = 0 is most
favourable for SC

Green line: 𝜓($)
Blue line: 𝜓(&)

JPSJ 88, 054702
(2019)

𝑡! = 0
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Phase Diagram
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Phase diagram 2D Hubbard model

x < 0.06 Insulator

0.06 < x < 0.09 AF+SC

0.09 < x d-SC

𝑈/𝑡 = 18
𝑡" = 0
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Stripes in Cuprates

H. Hiraka et al.: PRB 81, 144501 (2010)

⇒ Possible stripe state in a two-dimensional t-t'-U Hubbard model

Neutron scattering experiment in Cuprates

One-dimensional electrons
with 1/4-filling
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Incommensurability and Stripes 

Neutron scatteringU = 8.0  t’= -0.2

Incommensurability δ can be
explained by the Hubbard model.Miyazaki et al, JPSJ 71, 1643 (2004)

Gutzwiller function
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Stripes of Improved wave function 

16 ×16
x = 0.125
t ' = −0.30

normal
stripes

Striped state is stable.

stripes

ψ λ

ψ J−D−H

Doublon-holonOff-diagonal WF
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Vertical and Diagonal stripes

Diagonal striped state is stable for large U.

Diagonal stripes
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Stripes in the phase diagram

PS

d-SCAFI

x

ΔE t ' = 0.0

stripes ψ (2)Blue line

ψ (4 )Green line
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Kinetic energy driven SC
Kinetic energy driven superconductivity

Pairing interaction + Kinetic energy effect
High temperature superconductivity

Possibility of kinetic-energy driven high-T c
in the large-U region

T c is enhanced by the kinetic-energy effect.
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Kinetic energy and U

E = Ekin + EU
Ekin : Kinetic energy

EU : Potential energy
ψ G

ψ λThere is a large kinetic
Energy gain in the improved
function      ..ψ λ
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Kinetic energy and Condensation energy

Kinetic energy difference = ΔEkin = Ekin (λ = 0)− Ekin (λ = λopt )
= Ekin (ψ G )− Ekin (ψ λ )

ΔEkin and ΔESC

show similar
behaviors.

Possibility of
kinetic-energy
enhancement of
superconductivity

ΔEkin > 0
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Kinetic energy and doping rate

Doping dependence of kinetic energy effect ΔEkin

ΔEkin is small
in the overdoped
region

U / t

Ref. 
Phys. Lett. A
403, 127382 (2021)
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Phase diagram of d-p model

Level difference
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ε p − εd

td ' = 0

 x = nh  0.18
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Level difference and Tc

Zheng et al. JPSJ 64, 2524 (1995)

Higher Tc for larger hole density
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ε p − εd
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Pressure effect and Tc

Zero Resistivity
Tc = 153 K under pressure

(Takeshita et al. JPSJ)

HgBa2Ca2Cu3O8+δ 
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Summary
Phase diagram of cuprate superconductors

1. There occurs a crossover in a hole-doped system.
2. AF magnetic correlation is controlled by U and t’. 
3. Phase separation exists near half-filling.
4. Stability of striped state
5. Kinetic-energy enhancing of Tc.
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