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Abstract. This paper extends the framework of independent component analysis (ICA) to supervised learning. The key idea is to ﬁnd a conditionally independent representation of input variables for given output.
The representation is useful for the naive Bayes learning which has been
reported to perform as well as more sophisticated methods. The learning algorithm is derived in a similar criterion to ICA. Two dimensional
entropy takes an important role, while one dimensional entropy does in
ICA.
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Introduction

Independent component analysis (ICA) has been successfully applied to data
analysis, signal processing and modeling of brain functions, especially early vision[3]. ICA has been restricted to unsupervised learning and we extend the
framework of ICA to supervised learning. As an application of this extension,
we focus on naive Bayes learning in this paper. Naive Bayes learning scheme performs well especially on most classiﬁcation tasks, and is often signiﬁcantly more
accurate than more sophisticated methods. However, for real valued prediction,
the assumption of conditional independence is sensitive to the performance. This
paper proposes a method to ﬁnd conditionally independent components.
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Naive Bayes learning

We consider the problem of predicting an output value y for an input vector x
with d elements x1 , . . ., xd . If the probability density function p(y | x) is known,
we can choose y to minimize the expected prediction error. However, p(y | x)
is not usually known and it must be estimated from a set of training samples.
If the dimensionality of x is large, the learning is considered to be diﬃcult,
which is often called “curse of dimensionality”. Naive Bayes learning solves this
problem by assuming the conditional independence of xi ’s for given y. Under
this assumption, p(y | x) can be factorized as
p(y | x) = 

p(x1 | y) · · · p(xd | y) p(y)
,
p(x1 | y) · · · p(xd | y) p(y) dy

(1)

thus the estimation of p(y | x) is reduced to the estimation of individual functions
p(xi | y) and p(y), which makes the problem much easier.
Despite its simplicity, the naive Bayes scheme performs well on most classiﬁcation tasks, even if the assumption of independence is seriously violated[5].
Although this scheme has been tried to real value estimation as well, it is reported that the performance is rather sensitive to the validity of the assumption
of independence than the discrete case[7, 6]. In order to reduce this sensitivity, we propose a method to ﬁnd a linear transformation of x which provides a
representation satisfying the independence assumption.

3
3.1

Conditionally independent component extraction
Problem

We assume that there is an unknown vector of source signals s = (s1 , . . . , sd∗ )
whose elements are mutually independent conditionally for given y,
p(s | y) = p(s1 | y) · · · p(sd∗ | y).

(2)

Observed x is considered to be a linear mixture of s. For the sake of simplicity,
we assume d∗ = d. The case d∗ < d is dealt with as a dimension reduction
problem in section 5. If d∗ = d, the observation is generated by
x = As,

(3)

where A ∈ Rd×d is an unknown nonsingular matrix. Without knowing s and A,
we want to recover s from x by a linear transformation
z = W x,

(4)

where W ∈ Rd×d is a matrix. If W = A−1 , we obtain z = s. However, by
the same discussion as ICA, W can not be uniquely determined because of the
ambiguity of the order and the amplitude of signals. Our goal is to ﬁnd W to
recover s except for this ambiguity. In addition, it is necessary to assume that at
most one conditional distribution p(si | y) is Gaussian. Otherwise, there remains
continuous freedom of rotation transformation.
3.2

Cost function

In order to evaluate the degree of the conditional independence, we deﬁne the
cost function to be minimized by the Kullback-Leibler divergence between the
left and the right hand side of (2), which is averaged over the whole y,


d
d


L(W ) = Ey K[p(z | y)
p(zi | y)] = K[p(z, y)p(y)
p(zi | y)],
(5)
where K[pq)] =



i=1

p log(p/q).

i=1

In terms of entropy, the cost function can be written in the form,
L(W ) = −H(z, y) +

d


H(zi , y) + (1 − d)H(y).

(6)

i=1

Since H(z, y) = H(x, y) + log |W |, we have
L(W ) = − log |W | +

d


H(zi , y) + const.

(7)

i=1

where |W | denotes the determinant of W ,
3.3

Learning algorithm

The cost function is similar to that of ICA based on the mutual information
minimization[9], except the entropy term of one variable in ICA is replaced
by the joint entropy of zi and y. We can derive the gradient descent learning
algorithm for the cost function, CICA (conditionally independent component
analysis) algorithm.
CICA algorithm (general form)
ΔW ∝ −



∂L(W ) T
W W = Id − Ey,z [ϕ(z, y)z T ] W,
∂W

(8)

where Id is a unit matrix of order d, and ϕ is a vector with elements
ϕi (z, y) = −

∂ log p(zi , y)
−∂p(zi , y)/∂zi
=
,
∂zi
p(zi , y)

(9)

In the above algorithm, the gradient is calculated in the sense of natural gradient
which makes the algorithm simpler and faster.
There are various possibilities how the probability distribution p(zi , y) is
estimated from training samples. We use kernel density estimation described in
the next section both for CICA and for the naive Bayes learning. In the above
algorithm, the average Ey,z [u] can be considered in three ways: the ﬁrst one
is that u is numerically integrated by the estimated p(zi , y), whose cost is the
most expensive and might not be practical. The second one, which we use, is
batch learning where u is averaged over training samples. The third one is online learning where Ey,z is eliminated, which still ensures the convergence in the
sense of ‘stochastic approximation’.
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Kernel density estimation

Suppose we have n training samples (x(1) , y(1) ), . . . , (x(n) , y(n) ). Let Ŵ denote
an estimation of the demixing matrix W , and z (j) denote the transformed value
of x(j) by Ŵ , z (j) = Ŵ x(j) .

Kernel density estimation is a nonparametric method[8], which is written for
the joint distribution of zi and y as
p̂(zi , y) =

n
1 
K
nhi hy j=1

(j)

zi − zi
hi

K

y − y(j)
hy

,

(10)

where K is a kernel function, and hi and hy are parameters deﬁning kernel
widths for zi and y.
√
A typical choice for K is the Gaussian kernel K(u) = exp(−u2 )/ 2π, and
we use it in our experiments. Various methods to determine the kernel widths
have been proposed. However, since performances of those methods depend on
applications, we choose simple one, hi = σi n−1/6 , hy = σy n−1/6 , where σi2 and σy2
are sample variances of zi and y. Although this kernel widths are derived under
the assumption that zi and y are jointly Gaussian, it does not aﬀect seriously
even if the assumption is not correct.
In the case of Gaussian kernel, ϕi in (9) can be written as
ϕi (z, y) =

n
j=1 (zi

h2i

(j)

(j)

− zi )Ki (zi − zi )Ky (y − y(j) )
n
j=1 Ki (zi

(j)

− zi )Ky (y − y(j) )

,

(11)

where Ki (u) = K(u/hi ), Ky (u) = K(u/hy ).
It is necessary to estimate p(y) and p(zi | y) for the naive Bayes, they can be
estimated by p̂(y) = Ky (y − y(j) )/(nhy ) and p̂(zi | y) = p̂(zi , y)/p̂(y). Although
a kernel width of order n−1/5 achieves better performance for one dimensional
density estimation, we use the same kernel width for the consistency that the
marginal distribution of p̂(zi , y) is equal to p̂(y).
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Dimension reduction

In this section, we consider the case that the dimensionality of observations is
larger than that of sources, i.e. d > d∗ . In order to apply the CICA algorithm,
we reduce the dimensionality of x by linear transformation, u = Bx, where
B is a d∗ × d matrix and u is a transformed value. How should we choose B?
There are two requirements for u : one is that u is preferred to preserve as much
information on y as possible. The other is that applying the CICA algorithm to
u can achieve the conditional independence as well as possible. In this paper,
we deal with mainly the former one, since the latter may need some change to
the CICA algorithm which is left as a future work.
Although it is diﬃcult to ﬁnd the map that preserves the most information on
y in a general setting, the canonical correlation analysis (CCA) provides the map
that we want if a pair of multivariates are jointly Gaussian. Since we have only
one dimensional output variable y, CCA gives a map onto just one dimensional
space. Therefore, we use CCA which is nonlinearly extended by basis functions:
let c1 (y), . . . , ck (y) be k(≥ d∗ ) functions of y which are linearly independent. We

apply CCA between x and c(y) = (c1 (y), . . . , ck (y))T . We obtain u by choosing
d dimensional canonical subspace.
In order to design a good set of functions c(y), we have to check how transformed variable u fulﬁlls the two requirements described above.
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Simple experiments
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We show a simple experiment result for artiﬁcial data to ascertain the algorithm to work. In this experiment, we does not investigate the case of dimension
reduction.
Training data and test data are generated as follows: ﬁrst output value y
is uniformly distributed from u[−3, 3] and two dimensional source signals are
generated by s1 = y + ε1 , s2 = y2 + ε2 , where ε1 and ε2 are independently
generated from u[−1, 1]. Observation signals are generated by mixing source
signals, x1 = s1 + 0.5s2 and x2 = 0.5s1 + s2 .
We applied the CICA algorithm to 20 training samples. After each step of the
CICA, we evaluated the prediction error by
 using 100 test samples. Prediction is
taken by the posterior average of y, ŷ = yp̂(y | x; Ŵ ) dy, which achieves least
mean square error, where p̂ is an estimated predictive distribution by the CICA
and the naive Bayes learning.
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Fig. 1. Error curves for the CICA and the naive Bayes

Figure 1 shows the convergence of the algorithm. The error for the CICA
(the left ﬁgure) is evaluated by
d 
d

(
i=1 j=1

d 
d

|Pij |
|Pij |
(
− 1) +
− 1),
maxk |Pik |
max
k |Pkj |
j=1 i=1

(12)

which represents the recovery rate of source signals, where P = Ŵ A. The right
ﬁgure shows the mean square error of the naive Bayes learning in each step of the
CICA. The lower line is the minimum error when the source signals are known.
This experiment shows that although the naive Bayes is rather sensitive to the
assumption of conditional independence, the CICA algorithm can successfully
recover the conditional independence.
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Concluding remarks

In this paper, we have proposed an extended framework of ICA to supervised
learning scheme and applied to the naive Bayes learning. Applying the algorithm
to real world data remains as a future work.
The method is useful not only for the naive Bayes learning, but also for appropriate representation of graphical models[4]. Conditionally independent representation might simplify the structure of the graphical models and the table
of conditional probabilities.
The CICA is similar to the multimodal ICA (MICA) proposed by the author[1], which extends the canonical correlation analysis. The assumption of
MICA is that the pairs of source signals are jointly independent which is diﬀerent from the assumption in this paper. However, it is technically similar because
the cost functions of both algorithms include two dimensional entropy.
ICA can be considered as a model of lower level systems in the brain such
as early vision. Becker et al[2] has proposed the higher level model where the
system receives signals from several kinds of lower level systems. the CICA and
the MICA can be a candidate of models for such a higher level systems.
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