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EHFE R Coq 12 & BILAMGE

=H 2%
PN
Mz
» N Coq/SSREFLECT/MaTHCoMP A [
> PN, BIEERORED—DTH 5 Coq 2HHHT 5. TDIXIZ, Coq DILIETH
% SSRerLEcT DH R & BAKI R 3lad ik & BT 5. i, 79175
MatHComp % KB U, T DEARMF N TG 2T 5.
> Coq (7 7 v AENLIE W B BT 52HT)
> SSREerLEcT, MaTHCOMP (7 7 ¥ A ENTIEH A H B HIE5EA + ~ 120y 7 b
VY —F)
- ) R VA — VR
> HIY: REHEZZHET D Z 212X o T, 2074 1% Coo/SSREFLECT &
MartnComp % FI\N T, M & da R B AR AR S22 TERMGED T
ERRR o N
> AT 5 IR =D DFRED S EIRT 5
1. Coq/SSREerLEcT % I\ 7= i B 70 B 2EEHA % SR AT/ BMEEE U 7 3\ (J0F 01T)
2. MataComp % fi > 7O EH ZFEHH L 2 X\ (b SFEE D Coq RFERFH M)
3. FEDMIRIZHEFAD Coq A SSRerLECT 12 & 2 WF DAL 2 FALEL (Hi:
Univalent Foundations, P44 3, A8 80 BLAF), T O WA D FARN 72T X E
HELEW (CHE ELMME) 2R EOEH L, RGO ARz D W
THERUZR IV JHliE LR — b BR—=YN) IZ2TITS


http://coq.inria.fr/
http://www.msr-inria.fr/projects/mathematical-components-2/
http://staff.aist.go.jp/reynald.affeldt/ssrcoq/install.html

FEBGE SRR Coq (2 & B JEAMGE

NG = |
[E

» 1K} http://staff.aist.go.jp/reynald.affeldt/ssrcoq

» KA 54 K + group_commented.pdf
» Coq 7 71V
> 18 (D blah_example.v T E 7 7 1)L ( £%7 7 1 )L ™blah_example.v ) :
logic_example.v, ssrnat_example.v, predicative_example.v,
dependent_example.v, ssrbool_example.v, tactics_example.v,
view_example.v, eqtype_example.v, fintype_example.v, tuple_example.v,
implicit_example.v, mybigop_example.v, bigop_example.v,
finset_example.v, bigop2_example.v, group_example.v,
permutation_example.v, matrix_example.v
> Y exo0-40 % & (%477 1L =blah_example.v, exo? )
> HTML R¥ a2 XY F— 3V (cogdoc (2 & 5)
> proviola 7 =X —3 3 » [TGMWI10]

» F— k¥ — b: ssrbool_doc.pdf, ssrnat_doc.pdf, bigop_doc.pdf,
finset_doc.pdf, fingroup_doc.pdf
> AT DR ER:
> T BT T LADOER(LE F DG [AKO3, AKY05, AKOS]
s KL RV T u ST LAORRLE ZDIEA [MAY06, AM0S, MAO7]
> BRI s D F L OIS 5 L 2 D T AMGE [ANY12]

3/159


http://staff.aist.go.jp/reynald.affeldt/ssrcoq

EHFE R Coq 12 & BILAMGE

NG =l ||

IEaS

> FEALIZ X o TT Y 7Y THEE X N HMTEEE [Af13a]

- vy ) VEBOERA(L [AHI2, AHS14]

» CERETCHEREINZRY T =287y ML [AM13, AS14]
> FFEHEROK AL [Aff13b, AG15]

- 5

» Coq/SSREFLECT/MATHCoMP (Z[H T B2 EFEREDHFF L D
> BEXM ATA R 154~

> [Aff14b] DINEZEHF & A E G4, [Af] DNEZ EH LAk, [Af] i
[Aff14a] DNE % FfHfk)

D>
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SEMAEILER Coo 12 & BIEAMGE
L semammmroms

Outline
& FRREHA S 18R DR

Coq 12 & 7 ‘\/.\ FHH oD JE £
JE GIERA Dl LA (1/4)

LS & DEHE
JERGEIHDIEAR (2/4)

JE GEH D FEAR ( 3/4)

V7 N 7 O ANREE

Coq & SSRHHU DFfE
J AGERH D £ (4/4)
Ya—2U7Lovayv

M\lu( omp 71 77 V) OREE

o = = = z 9ace
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AL ZER Coo 1o & 3 HAMIE
L semarmcmR olE

EHEERH X BRI K B I AMGE: Bk

> FERERE
> VT MY T RO, NI DN T & DL
> [
OpenSSL (Debian D55\ (2006 4-~2008 4F), Heartbleed (2014 4F(ZF3K))
> WEBRERN) N— R 2 T ADIEH
Bl: <4 Z 13— ) (Intel #:D J. Harrison DHFSEIZ 5%
> BUADFEHDIEL X
> Kepler THDFEHOEHE [Hal08] (A7 1 K 16)
> “A technical argument by a trusted author, which is hard to check and looks similar to
arguments known to be correct, is hardly ever checked in detail.” [Voel4]

> ZRIBHFE I
> gy 7 b =7 (fl: CompCert 2> /84 F [Ler09] (A7 1 R 84), seLd ¥ 1
21 77— 2 )V [WKST09] (A F 1 K 88))
> R BRI D IR
> Polymath 7B Y =2 b
> Kepler THDFEHOIERALDOEBER S [Hal12]
> “the future of both mathematics and programming lies in the fruitful combination of

formal verification and the usual social processes that are already working in both
scientific disciplines” [AGN09]
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AL ZER Coo 1o & 3 HAMIE
L semarmcmR olE

REBRREII S 5% & 1&?

> EHGERH SRR ORE:
1. AEHHOFR % X% (AE1L, 25, Midb)
2. FFHHOIEL X &5 (BFEEGRIZ L 5)
> EHEEHZ R DR A
- (SHEMEA E
F— 20V (FEERA) 1E UNZ W 2 (AT A R 22), BERIIZ2E4 0 134 L O
> PLAMEAE N
B IR, BRRNE 2R TE 20T, BRY AT LICHIB X Wz (£
FIVIRE & R T)
> EHEEI LR R D H:
> HBUPRGERIZ3E < : Coq, HOL Lichr, IsaseLLe/HOL, Agda 55
> Z OB ICE < EPRFEII Y 2R Mizar (1973 4E2* &, Tarski-Grothendieck
HAEWMICEL, AR W), ACL2, PVS 5

> TG SRR LI & R B
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http://code.google.com/p/hol-light/
http://www.cl.cam.ac.uk/research/hvg/Isabelle/

AL ZER Coo 1o & 3 HAMIE
L semarmcmR olE

K EEH 7R EERH D 7]/'4 (Coq/SSREFLECT DI HE)
a—4 s  EHEEHA YRR Coo
éﬂﬂ Goal forill n : nat, > iﬂ*ﬁﬁ
o | =)
EFHOFLE (173 =
S | AEWITHOHIES ()
[T RPN
s | T=0 %N
s 0)% R 2/3 rewrite addnO. .
ZE“—}?}D :Ej;:;‘“iwg) rewrite mulnO. > EEHHIE@*%% (ﬁ é’)
Iy b= A
done.
o - %
move=> n IH.
rewrite addnS.
s o)g R 3/3 rewrite addSn. . .
;E“—}?}D :ajﬂl:j(g‘[i’g) rewrite IH. ~ EEHHIE@*%% (ﬁ;T)
s rewrite mulnS.
rewrite add2n.
done.
%7 7 1 )L ™ssrnat_example.v o =2 = = =
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EELAE SRR Coo |2 & 5 HAMRIE
L semarmcmR olE

AU (25D < EHHEEI S BR D JRESE T

> 19 ffd: BFOEMBEDOHMZEDO B (1879 4F: G. Frege @ Begriffsschrift; 1880
HFAR: G. Cantor 12 & 2 HE L)

> 1901 4E: B. Russell D"EAGFm O TG 2 KR
(a=1{x|x¢x},a€ae ad¢a)= “Itis the distinction between logical types
that is the key to the whole mystery.” (B _E{Z D\ Tid [VHO2] (Z5:H)

» 1908 4E: B. Russell ® “vicious-circle principle”: “Whatever contains an
apparent variable must not be a possible value of that variable”[Rus08] = % ®
hierarchy (individuals < first-order propositions < - - -)

» 1910-1913 4F: B. Russell & A. N. Whitehead @ Principia Mathematica; %4 %
FAWEATRIZ X 2B OFEBE,; #H235 - 72 (L. Wittgenstein F); B
R LA o 72

» 1930 4EfX: H. B. Curry 23l 2 > ¥ X — X O D Curry FB %
FE 5,

> 1940 4E: A. Church @ Simple Theory of Types[Chud0]; B} A §H54 % %l FH
(%4 1: “individuals”; %4 o: “propositions”); extensional; ZHLALHH 3 %2 HOL
DILRE
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AL ZER Coo 1o & 3 HAMIE
L semarmcmR olE

AU (25D < EBHREII S HR R DS T

> 1950 4E4R: v MRFE L A FHEDETOR (W. W. Tait)
> 1967-1968 4E: N. G. de Bruijn, EFRAEI 7 22 AUTOMATH

> 1969 ££: Curry-Howard [FI 245ty [How80]: proof-checking = type-checking
(AZ4 K 32)

> 1973 4£: P. Martin-Lof OB G; Leibniz equality % &8

» 1970 £#£4%: R. Milner ® LCF (Logic for Computable Functions); %2 3 D £
Wit = B> & Tu 5 I v 755 ML OFEM

> 1984 4F: FEHIEEII S BR Coo DRAFE DA [CH84]

> 2005 £ S VT 4 HVRESEY T U = 7 OMELE (CompCert, sel4), fi
KIZBFEDFEHDIER/L (U8, Kepler F4H)
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SEMAEILER Coo 12 & BIEAMGE
L semarm s ommel (/2
sz ommor it

Outline

SEBLGE I R ORI (1/2)
BFOIR DAL

Coq 12 & A AGEHD 5 #
2 AGEA D FEA (1/4)

MBS & DE %
ZAREH DB (2/4)

]

%7 — R kid
WERI N D%
JEREEH D IEAR (3/4)

Y = 7 DA

Coq & SSRErLEcT D[R
W] 0D KA (4/4)

VIL oY ay

MatHComp 7 1 7 7 1) DS
g i

DA
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AL ZER Coo 1o & 3 HAMIE
L semar e mR OB (1/2)
L seommoniit

DAL

[dBO3] I2 & B

> HI:
ASSENLY LINE

> I, ROBWVEEH DR
> RO B (RodfL, )
» BT A EHEORKRICES
> HEL X

> BREO 1 H: A 1ER» S
[HalO8, Wiel4]
DEAD, BUT
ABSOLUTELY

CORRECT

200 HOHAFRIE: £ 5 NEDH
% [Wield]

> VI M T EN=FRDTTD
MaEriz &%

EHMDIATZY

AERAEL IR O FiAft
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AL ZER Coo 1o & 3 HAMIE
L semar e mR OB (1/2)
L s ommoiit

o 15 HE oD iz Ak

JEE 5

M7 7 2 H  BRES  fHI S 5
RBEITARD LS ITEBITIE4 b o
NEFHTH ] ‘

» 1852 4E: F. Guthrie (1 ¥V 2) iz & 5 EM
» ik A. de Morgan, H. L. Lebesgue %
» o 72FEM: A. Kempe, P. G. Tait
» 1976 4E: K. Appel, W. Haken (- V / 1 K%) {2 & LA
> EUSIRBRICHERTE RV T, —HOBEE» Stk
> KEOBESF (10,000 submaps), — D FEIL IBM 370-168 7 €7 ) 702
5 LTI E ATV (1,000,000,000 colorings; F471& 1200 ] (9 2 HI) 7
2> 72) [Hal13]
> EBIC BB R BEAT T Y TV IO B ER I N S

> 1995 4E: FFHI O L, v ¥ a—& 0o S AW (C 258, 4D PC
THY 3 [FEfH)
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AL ZER Coo 1o & 3 HAMIE
L semar e mR OB (1/2)
L seroamonAit

o 15 HE oD iz Ak

=X (e

» 2000 4F Z 5 G. Gonthier & B. Werner (INRIA, Microsoft Research) 3 Coq
TRALZ A
> 2004 4F: W EEFOEALATER [Gon08]
> B R CHGE AT RE
> S 30 fFAND A2 V) 7 N TIHAEH (fourcolor.v (25 HH):
Theorem four_color (m : map R) : simple_map m -> map_colorable 4 m.
> GERA: %9 60,000 77D A2 ) 7 b [Gon05]

» SSREerFLECT(CoQ DHLIR) DBIFED & - 921 BIE, BEDO AL TE A
< FIH
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AL ZER Coo 1o & 3 HAMIE
L semar e mR OB (1/2)
L s ommoiit

FF B e B
1911 4: W. Burnside 12 & % 48

1963 4: W. Feit & J. G. Thompson ASFEHA

> ZORROBEEROFEIR & LT, AEHIZR, -
> K DORER PRI A E DB, KRB L~V DORf2 2B S B2

1990 4E4X: fiH L = FEH: 255 *R—¥

G. Gonthier 5 7% Feit-Thompson EH DA b % Y b FlLs

> (2011 4£: G. Gonthier (% EADS (Bi#£: Airbus #1) Foundation & % % &)
» 2012 & 9 H: 5¢f%; PFsectionl4.v (Z SHH:

v

v

v

v

Theorem Feit_Thompson (gT : finGroupType) (G : {group gT}) :
odd #|G| -> solvable G.

v

7 EM DL, % < D)1 (P [GAAT13] 1k 15 A)
#7 164,000 17D Coq DA 27 VU 7

> ABBCE O ZE E AR 40,000 175 fK O IEHIIZ EEAR T 4.5 £5%
> ZFOfl: HAHAMOEWERES 1 TS5

v
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AL ZER Coo 1o & 3 HAMIE
L semar e mR OB (1/2)
L seommoniit

Kepler T4 DEEH DI Ak

JEE 5

MERDZEI B W TRPERRDERZ B E G5 72
& E, BRSO T TH D

> 1611 %: J. Kepler 23 P40 % F &

> Hilbert D% 18 [iFE

> 1998 4E: T. C. Hales & S. P. Ferguson A3F[EHH % #3%; Annals of Mathematics
I

» FEHA: 300 R— + 40,000 17D 710 25 A [Hal08]; SEAFHR: # 2,000 MHRE
f 3 AR

> 2012 4 TB T L <10,000 17; FEATHRM: #9 20 Wi [Hal12, Hal13]

> 2005 4E: G XFEFR;, UL, 4 EMOBFREZR CTHLIIHDOIEL X 2%E2ITMHE

FEHSR 72\ [Hal08)]

=} =2 = E DA
16/159



AL ZER Coo 1o & 3 HAMIE
L semar e mR OB (1/2)
L s ommoiit

Kepler T4 DEEH DI Ak

[N AR/ AN) T2

» 2003 4E (DFAEF): Flyspeck (Formal Proof of Kepler Conjecture D) 7'
¥z MNHlh

> TEAACIC B A o AR IEHE L W

> 2008 4F: “Flyspeck may take as many as twenty work-years to complete.” [Hal08]

> 2012 #£: “The Flyspeck project is about 80% complete.” [Hall2]

> 2014 4 8 H 10 H: 585%
(http://code.google.com/p/flyspeck/wiki/AnnouncingCompletion)

» 227V T hDY A X #9325,000 7 EbNTW3
> EB D CRER AR M F LR K1 V%D S DORKE)
> ZOMDFADFEH [Hall2]:

> 1969 4ED F. Téth’s full contact F4H
> 2000 4D K. Bezdek’s strong dodecahedral 48

17/159


http://code.google.com/p/flyspeck/wiki/AnnouncingCompletion

AL ZER Coo 1o & 3 HAMIE
L semar e mR OB (1/2)
L s ommoiit

Kepler T4 DEEH DI Ak
WA Mo

> —¥B1E IsaBeLLe/HOL: (5filiz 72 2 2°% LvA\) 25 7 0 enumeration

> Hales @ [Archive] : 2200 470D Java 702 5 A — 5128 25 7,600 17D ML
TaT T b5 52771 757 CE¥Y A X =13 / — K, 23,000,000 @D 7 Z 7 D
Ak & fRAT, 39 3 B D EFED) [NBS06, Nipl14]
> 2011 4E: Z2DF I INRY TRWI R FER Java 702 T Alglfkiz X %
N7 Kepler TRDFFIAIZ 27 L) [Nipl4]
» E|Z HOL Licat
> linear programming DFERDER(b
> non-linear inequalities DFRGE (£ 500[Hal12]-985 il D%\ [Hal14])
(multivariate polynomials, non-polynomials (arctan, sqrt, etc.); 2 T170D C++7' 1
77 LETATD OCaml (ZF5H#H) [Hall4]
> HOL Licat Fi® SSREFLECT— WA Z U 7k (2-3 times)
> 5DODRTT A4y (ATA K 29 55 SSRerLECT X 2 T 1y 7 OFEMIZR )
> 20071477
= Flyspeck ® 5-10% & SSRerLecT % {# 5 [Hall4]
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http://www.cl.cam.ac.uk/research/hvg/Isabelle/
http://code.google.com/p/hol-light/
http://code.google.com/p/hol-light/

AL ZER Coo 1o & 3 HAMIE
L semar e mR OB (1/2)
L s ommoiit

(o] ;:A .
BE -GG & Univalent ZEHE
> TR, EHEEHRER Y RO Y — DM OBEERBEBIBIFER I N
» RE MY
> RE M —BER GEGI R AT O MER) & 72 TR O fRER (S. Awodey, M.
A. Warren, 2005 4-~) [PW14]
s Iz Ta:Al DalrA e ws2c—20K1 Vb (pra=abl Yars
DD IS
> 2014 4E: “Carnegie Mellon Awarded $7.5 Million Department of Defense Grant To
Reshape Mathematics”
» Univalent A
> T VAN VESEIZEATD V. Voevodsky(2002 fE 7 1 — IV AE) Itk B T
D7
> TUHLER D E TV DORIFEDER, 2009 4£1Z Univalence ANFLDF R
> HBOEDEFELVEDO L UTHRTE DWW
> Univalence N THLIE U 72 BUBRGR CRUE D BT
> BEAR—=Z2OT, k& DKL RV TR0
= FE bE—HEROIERIZE FHIF B @ EOFEH & 2 DRRMLIRFECY A X
2R B5ERHB)
> Coq @ UniMath 7 7V (> 12,000 17)
> BE b E—HEER OB, abstract algebra D IEEED AL (“Foundations”)
> 6 BEEROF AL (B. Arhens, D. Grayson) 5§

19/159



SEMAEILER Coo 12 & BIEAMGE
L semarm s Coo ®AM

L Coo 12 & BRI OB

Outline

JEFLFEM S A% Coo DA

Coq 12 & 2 JEAFEH D 5B

A
20/159



AL ZER Coo 1o & 3 HAMIE
L semarm B Coo DA
L Coq 1= & B RHIO

R BRREHI S %% Coq

» kb HEHbN TV EHGEA R

> KRN EBRYR ITP O@mXOE & )
» Tu T v IR OA R E Y2 POPL(ACM) D X DHEIE&
> flifEy = U EHEOEL S O, MEE7 L — L7 — 2 OBISEME, a5
I VT HBEOWIEE
> 2012 4E & 2013 4EIT 20% M EOGSUTEBGFH R ZFHL TV

> ZH:

> ACM SIGPLAN Programming Languages Software 2013 &
> ACM Software System 2013

> BAFEDBALA: 1984 4 [CH84]
» H B E TR IV IERE
> = Calculus of Inductive Constructions [CP90, PM92] (A F 1 K 56 IZH5:%)
> Calculus of Constructions [CH84, CH85, CH86, CH88] DHLiE

21/159



AL ZER Coo 1o & 3 HAMIE
L semarm B Coo DA
L Coq 1= & B RHIO

CoQ ¥ AT LD

» Propositions-as-types /37 X A I:

> i B FHARM R FREE: Modus Ponens
TAZSIE B MR H AR ED, 2 51E,B KDY ILD:
A—B A
B

> TS5V SEOBBGEA:

FRASBEWIHEEE g VA LWHIBAERED, oL fla)(fa 2EL) B

B &\ ElEFED:

f:A—>B a:A
fa:B

= Modus Ponens 2R 2 % = &I

> H: AW THIZADPEOIDEWHIHTHS] & UTHIRT S

> Coq DL & 142
> = Calculus of Inductive Constructions DIH (A, B, f, a,...) + TiE (- : -1 B
&, PLREATHE)
> CoQ DH— VDY X (2015/06/17) : 22,494 47 (OCaml) (NB: HOL Licut:
400 17 [Har06, Hal12], | (IC@&H SN TWD) B (-reduction F) D)
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http://code.google.com/p/hol-light/

AL ZER Coo 1o & 3 HAMIE
L semarm B Coo DA
L Coq 1= & B RHIO

COQ AT DR

RIMREE (=Proof Checking)

\ \ =)
PR o —
5475 T
RIT A9 D

(2 D H#EL (Ltac))

Coo Y AT A T

K—D Gagina

L Vernacular

CoqDA VR Tx—A
(emacs (Proor Gexera), CoqIDE, jEdit
Unix ¥ =), ProofWeb, PeaCoq)

—p: Vernacular £S5
ATV REETHLWL
T — KRG X &
JillE RS}

_ —p: AEHITHIZ Gallina
WS HEBIEISFETE
TR NG

o FEBR, GEIEHE
R T 1y 7 TRIBEC
RO RRSY

—0o: Coo DIFHES 1 7
F VAIMREERS A D FFF]
FHATREZR T — R &R
EHPR I T4y 7%
2t 2

AP foik U 7z GERE A%
A ZES R WEE
I—HETT74— KN
v 7
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http://proofgeneral.inf.ed.ac.uk/
http://coqpide.bitbucket.org/
http://prover.cs.ru.nl
http://goto.ucsd.edu/peacoq/

AL ZER Coo 1o & 3 HAMIE
L smarm 8% Coo @AM
L Coo 12 & BRI OB

Gallina ® F %85y

» Coq T, iFWIMHIZ Gallina 2 WH BRI & Tu /5 IV EFETHRT S
> TE (HEEERSY, (NB: 251 K 30,251 K 51 iL65%)):
t = Prop MDY — b
| xA 254
| A-B FEHAERY product
| funx=>t BEIEUHR
| un RE%GE
%% 7 71 )L ™logic_example.v
o «F =, «=» =T WHace

24/159



AL ZER Coo 1o & 3 HAMIE
L semarm B Coo DA

L Coq 1= & B RHIO

Gallina D FA%ZYR 5> O BT VT FRAT (7 Hd 72 L)

» CoQ DH—FIVIFIRDE judgment Z AT 5:Tr1:A

> =Gk, A = S (Proposition-as-types)
> TT=a—#)LaryrFA b

X0 Ag URGE) £k xp 1 Ai=1(EH) 2 &8
» [CDTI5, Sect. 4.2] IZ & %:

x:Aelordtx:A=tel Var
I'krx:A
I'+tA— B:Prop

€ DRI

I''x:A+t:B
I'r funx=>tr:A—> B
'ty :A—> B

Lam flidEOEA
I+ 12} tA
A DR
Trn6:B PP RO
(NB: A — B :Prop? = A7 4 K 55)

oA

25/159



AL ZER Coo 1o & 3 HAMIE
L semarm B Coo DA

L Coq 1= & B RHIO

H SRR & 5 Hilbert O /N S O EFHH

axiom
T'rA

H AR EHRE D —ER DA (Gallina D %R 1224 %)

IA+B I'tA—> B T'rA N
TrA— B TrB ‘
TFASB—C axiom m a_)xlom m axiom ﬂ a_)x10m
r'rB-C I'rB ¢
_>E
r'rc N
AS>B>CA—>BrA—C |
A->B—->C+rA->B)—>A->C

—i
FA->B—->C)—>A—->B)->A->C

IT=A—-B—-C,A—BA

<
)]

Q (

6/159
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AL ZER Coo 1o & 3 HAMIE
L semarm B Coo DA

L Coq 1= & B RHIO

Hilbert D A S O 0 55 72 GERH D i v (2)
B T— )L

FA->B—->C)—->A—->B—-A->C
W?O

Lam % j#& /A HA-B—->Crh:A—-B —-A->C

Lam 7% 2 [A]5#

?()ZAHIIA—>B—>C.?1
W?l
le-?3 :C

?1 :/IHQ A—)B/].H3 Ar’3
W?3
AppsoA—2—py &#EH ['r:B—->C,T+?:B

23 =%
AppiFx—x—A) il Tr2%:A>B—->CTr2:A

oy, 75
% =%
o ?6,?7
Var % j# %% = H,
Var 7% 3 i
'=H :A—>B— C,H):A— B H; A

77 =H;

[m]

=

PASNE
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AL ZER Coo 1o & 3 HAMIE
L semarm B Coo DA
L Coq 1= & B RHIO

SFHHIE AT = O Hilbert D A S D EFHH

FRED T u A% B &, RAAHNITIRDFEHIZ R 5

V: V:
vl AsBoC N TrH A Aar Trih Ao N TrH A Aar
TrH H BoC PP AT I PP
T+ (H] H3)(H2 Hg) :C
Lam

/1H3 CA.
(H\ H3) (H> H3)

AH, : A - B.AH;5 : A.
(H\ H3) (H> H3)

AH; :A - B — C.AH, : A — B.AH; : A.
(Hy H3) (H2 H3)

= GO A 7 v FI3EREMRAOMEH & U TEZ TV

=S CoQ TR IZTAv 7 WVWHHHE UTERLTWS
(7L, 2 F 4 27 I ZEMARNOMM & 5221 —BuI L)

H :A—->B—-CH, A—-BF A—-C

Lam

H A->B->C+ (A->B)—-A->C

Lam

+ A->B->C)»A—->B)—-A->C
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AL ZER Coo 1o & 3 HAMIE
L semarm B Coo DA
L Coq 1= & B RHIO

Vernacular? A2V 7 R"? R 54w 72

> R T 4w (BT, ML FHHT 5)
> ZERH (NB: 2% b, Gallina 1) 2 X 7 5 v 27 % AW CREERIZH AL TS
s A= RGBT OO B (B F Iy 2 5 D)

def

» A2V TSR LR T4y D
> Vernacular 3 (NB: Gallina Tld 7\ (E 72#iHLH 5):

> Lemma: fEHE— NITA S

> Qed: FEFASHZMAE L, RIS 5 &, I 0 — NVESE E ICRESI D
> Show Proof: ilHHIHEAKZ &5

Hilbert DR S DFEHID & & 8

I—)b:
FrA->B->C)-»A—->B)—-A->C
{8 o 72 BUAHT R B

Lam

Lam

Lam

App B

App A

CoQq A2V 7k %% 7 71 )L ®logic_example.v

Lemma hilbertS (A B C : Prop) :

(A->B->C) -> (A->B) -> A -> C.

move=> H1.
move=> H2.
move=> H3.
cut B.

cut A.
assumption.
assumption.
cut A.
assumption.
assumption.
Qed.
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AL ZER Coo 1o & 3 HAMIE
L semarm B Coo DA
L Coq 1= & B RHIO

Gallina O ¥ 73 + #4728 product

» JH (PR + HRAFEY product, (NB: 25 1 K 51 I265%)):

t Prop | Set | Type gD — b

| xA R

| forallx:A,B A7 product

| A-B FEHAZRY product
| funx=>t ESpSEiE

| ht REHGE A

» A= B forallx: A BIZ—{LE N5 (NB: &b OB A DI KIFS
B)(HAFRY)

> fun (I8 forall/— O, FEHTHET S
» Prop, Set, Type DEWIETHHT 5 (A7 K 53)
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AL ZER Coo 1o & 3 HAMIE
L smarm 8% Coo @AM

L Coo 12 & BRI OB

Gallina D HAZE 73 D BUAF I LR (A7 72 Lydp 0 D)

ftzm s L

Prop
FI—A—>B:{ Set

Type;
Ix:Avrt:B

WA D D

Prop

l"l—forallx:A,B:{ Set

Type;

Ix:Avrt:B
Tr fmrr A B M T+ fnvost: forallx AB M
'ty :A—>B I'rtr:A Tkt :forallx:AB Trh: A
- App - App
I'rtyt: B Tkt Blty/x}

RAE DHA

iR DR

DA
31/159



AL ZER Coo 1o & 3 HAMIE
L semarm B Coo DA
L Coq 1= & B RHIO

Curry-Howard [A] B35 i (1/2)

Feys Kleene LLMered'vH\ Corry

[SU9E]
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EBGEBZIER Coo 1o & AL
L semarm B Coo DA
L Coq 1= & B RHIO

Curry-Howard [A] B35 it (2/2)

» BIMTE QG o @R Curry-Tait FIBSEG; AT G5 o BEEGREE:
Curry-de Bruijn-Howard [FIBS )G . ..
» Coq |& consistent TH 3 (TabbH, FEHDRWEINH 5)
> Curry-Howard FBH IS & - T, L ORIZFFDIHIZ AW 22303 5; UL,
Gallina D354, Z DFIEIEIRINZHR N T VAR [Wiel4]

> EFVIFEE (Axiom DENZHERT 2720) THEH, TOMHEIZHEL W
[MWO03, Bar10]

> — )5, BRIEMED S, forall P:Prop, P M A OIHIZ LW & 2RE5

» Brouwer-Kolmogorov-Heyting D =i

A A B DFEAIX A OFERHE B DFEHH D pair

AV B DI A £7-1% B OFFHH

A — B OFEHIX A DFEA% 3213 T, B DR % K TR
forallx:A,B DFEIAIL A OFFHA + %3213 T, B{t/x} DA% K3 BI%K
dx : A.B DIEEHAIX TH t & B{t/x} DFEEHHD pair

1 DFEIAE 72 (inhabitant 2372 )
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AL ZER Coo 1o & 3 HAMIE
L semarm B Coo DA
L Coq 1= & B RHIO

forall P : Prop, PRI 2 DIHIZ W

[Pot03] 2

> @i : Okt forallx: T,U #5729 tirred. THIZEAEUSR TH %

> GERHOY A BT 2 Ik & A OB O RN B9 2 5540 1. Lam BAT
ULhEDERNZ L 2HRT 5

» M : Qr¢: forall P:Prop, P %i7- 9 irred. TH ¢ 1372\

> Ababsurdo. EFCOMIEIZ & o T, ¢ ik Lam BHI 2 S8 72FBHRTH 5.
t=funP:Prop=>u 2T AU, P:Propru: P%EEDAL’D‘ AN & -
THED T U, Y72 BIA T BHNE RV Z & 2 iERRT

% :0rt: forall P:Prop, P ZW7=9IH ¢ X7\

> BRIEHME % HH (CC: [GNI1, Alt93, Geu95] 5&; ECC: [Luo90]; CIC:
[PM92, Wer94, Ch. 4])
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SEMAEILER Coo 12 & BIEAMGE
L semarm s Coo ®AM
L psarmo st (1/4)

Outline

B DRE D IR Ak
FEBLAEHISZER Co DA
Coq 12 & 2 JEAGEH D J5H

o RGEH D EA (1/4)

MBS & DE %
ZAREH DB (2/4)

_ )7 e
] X feg 1o

TR IZ E 8 X 5 BfR
JERGEHH D LA (3/4)

7 = 7 DI NIRGE

Coq & SSRErLEcT D[R
W] 0D KA (4/4)
v T o

MatHComp 7 1 7 7 1) DS
g i

DAy
35/159



AL ZER Coo 1o & 3 HAMIE
L semarm B Coo DA
L i sk (1/4)

Vernacular
> AR ZHREDRR (A5 1 K 291285 5%):

Lemma [fifEDARET] : [Gallina 2 X 5%]. Proof. [AZ VU 7 1] Qed.

» Theorem, Proposition, Corollary, Remark, Fact (& Lemma & [@] U
» Proof. IFR7ZZHDHEIT

> Qed. IZ& o T, fEIZZ 0 — VBRI TEHRIND

> EPR iIEO)H% Z, Lemma DR D IZ, Goal {5

» NECOFRIZREE U (B 2 #i#IZZ W &, Section 2D 5)

Lemma tmp : Lemma tmp (P : Prop) : Section xyz.
forall P : Prop, P -> P. P -> P. Variable P : Prop.
Proof. ... Qed. Proof. ... Qed. Lemma tmp : P -> P.
Proof. ... Qed.
End xyz.
o F = = £ 9acd
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AL ZER Coo 1o & 3 HAMIE
L semarm B Coo DA
L i sk (1/4)

CoQ DA >~ & 7 = — A (ProoF GENERAL®, CoqIDE)

RITFa4v I AT
Require Import} 7‘]3‘—/‘\}1/
BRI (E)

ssreflect.

Goal forall (P Q : Prop),
(P ->Q) ->P ->Q.
Proof.

move=> P Q.

DR (R2 ) 7 b

T— (HDAH)

P Prop U'—jJ}l/
Q: prop | IVFFAN D)

(P -> Q) ->P ->Q
~—
by 7 a—)L
-
IREDAR Y &

(z5-Ave—v. y—7oun%)

(NB: SSREFLECT DR 7 F 4w 712k > T b v THNRRI %8 % B2 32 L A%\

3M-x proof-display-three-b ¥ 7-i% Cog->3 Windows mode layout->hybrid
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AL ZER Coo 1o & 3 HAMIE
L semarm B Coo DA

L i sk (1/4)

move X 7 7 4w T

> 1RE] 1 AREDEA

» move=>H. IZ by 720 —A NI VFFAMIRY FUTH S, HELMIT
% (NB: b v 7 YKo — B LI H B IRE)
a—)b (§)

RITAV T

T—)b ()
P : Prop
mmmmm————————————————o move=>P. e
forall P Q : Prop, Forall @ 8 Peepg
(P -> Q) -> P ->Q (P -> Q) ->P ->Q
%7 7 1 )L ®logic_example.v

38/159



AL ZER Coo 1o & 3 HAMIE
L semarm B Coo DA

L i sk (1/4)

move=>X 27 7 1w 717 X HEEH

move=>|%

()

I''x:A+rt:B
Ik funx=>r: forallx:A,B
Vernacular @ Show Proof. CHEZATE 5:

Lam
T—) (§i)

4725,

RITAV T

T ()
DI
forall P Q Prop,

Prop
forall Q : Prop,
(P ->Q ->P ->Q move=>P. P> =P
FAE () AEHA (#2)
71 (fun P Prop => ?72)




AL ZER Coo 1o & 3 HAMIE
L semarm B Coo DA
L i sk (1/4)

move: X 77 7 1 7 (discharge)
move: H. ZA—H NV IAVFFAMDSREHEZAXRY 7D b v T

T adb:
T () RITAY D I—)b ()
P Prop
forall Q : Prop, move: P. forall P Q : Prop,
(P ->Q) ->P ->Q (P ->Q) ->P ->Q

» - NVEENSE S aTED
> move: (lem a b). 7’ (lem a b) DfEHDOIME KL LT, FTyvadd
> i SEFRTTaANEND DRI Ty I EHERETHES)

CoqQ vs. SSREFLECT

BRI T4 IV EMALEDE S L, SSREFLECT D move (X Coq D intro/intros,
generalize, clear, pattern %% —fft3 % (Z N2 SiHT %)
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AL ZER Coo 1o & 3 HAMIE
L semarm B Coo DA
L i sk (1/4)

apply X7 74w 7
» apply. I by THRT— V2B Y S 2B 2 HWTHERL, BHT

% (NB: I — UMD —~ B4 ITH B 1)

def

» apply: H. =move: H. apply. NB: 7y > alLTHh 5, X7 T 1y 7 2 EF)

I—)b (i)

RIF 49D T—)b ()

P, Q : Prop

apply: PQ. ===

» apply =>H. Y4205 1y 22 EFLTHS, Ky 755
> IREMNRE D RN, =PIz T a- A Rkd SN DS
> FEHATED B 4IE, exact/exact: HH X 5

Coq vs. SSREFLECT

BT, apply: H. 1Z CoQ D refine (H _ ... _). % —f%fk (NB: _0¥ux EE)H%)

BT o 2 L, lani e ovamnle v

avnl_2
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SEMAEILER Coo 12 & BIEAMGE
L ek a nem (1/2)
Lo v o

Outline

BerDsEH DAL

Coq 12 & B AGEHH D
2GR D EER (1/4)
FHNIICE B il (1/2)
%&ﬁé??ﬁ%
W AGERH DA (2/4)

YV 7 b= 7 O ARGE
Coq & SSREerLEcT D PR
HH D EEA (4/4)

Y7Ly va

MaraCowmp =
H
&

DA
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EBGEBZIER Coo 1o & AL
Lyt X e (1/2)
L smis s voin

AL & T True
AR L AL — )L
'+ True True
CoQ ThMNIIZER I NI L L TEH:
7 v—k

—_—— ——

Inductive True : Prop :=
fg+ ———+ I : True.

-
M- DY

True MODERIZ L > T, IROEANfTHONS:
> constants: True (f), T (True DFEHA)
» True BT — ZEZEEE T 572D elimination /L —JU: True_rect,
True_rec, True_ind (L 2> L, il 72\)
%% 7 74 )L ™logic_example.v
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EBGEBZIER Coo 1o & AL
Lyt X e (1/2)
L smis s voin

mEEALE & F False

i V=t
——t—
Inductive False

——
Prop :=

False HIDERIZ L > T, IROE A fTTHONS:
> constants: False 7217

> False IO F — X i 2 & 3 % 72D elimination L —)L:
> False_ind : forall P : Prop, False ->P
> D% b, False OFfHLH NI, I THD P : Prop 2iEHTE 3
> False_rect, False_rec (T, #tHHT %)
> case X7 T4y 7 TS (BT, 3T 3)

Q>
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EBGEBZIER Coo 1o & AL
Lyt X e (1/2)
L smis s voin

Ay RS - LA

- N I'rA I'rB
SR ez ] N A
HARTEIRIZ & 28 A TrAAB

CoQ T (NB: A & B IIIEERD /N5 A — & — RIED _THRTEB):

] ST A=K V—t
—~— —_———

Inductive and (A B : Prop) : Prop :=
M7 — conj : A -> B -> A /\ B.

-
MR- DY

and BOEFRIZ L - T, IRDE AN TFHONDS:

> constants: and, conj

> ffil: conj I I : True /\True

(NB: conj p qd:ef@conj PQp qd:ef@conj __pq (AFA1K116)

» and B D F — X i#iE 2 HE T 5 72D elimination L — )L

> and_ind : forall AB P : Prop, (A ->B ->P) ->A /\ B -> P

> DD, AL B TP ZFAHATENIZ A /\ B TEHLAHTES

> and_rect, and_rec

> ([EHi7) X 25 1 2 split (apply conj & O —H&iK) (NB: 772, (& 72
Coq 72 DT, ED HBPEA & LK &1 0)
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EBGEBZIER Coo 1o & AL
Lyt X e (1/2)
L smis s voin

Ay ERAG F-a EELA

HARERRIZ K B A
T'rFA Vi I'rB Vi
I'tAVB I'tAVB
CoqQ T:
P RTA—R— Y — b

Inductive or (A B : Prop) : Prop :=
H - —— or_introl : A -> A \/ B
| or_intror : B -> A \/ B

-
- DY

or MOEFRIZEL > T, IROEANTTHLNS:
» constants: or, or_introl, or_intror
> ffl: or_intror False I : False \/ True
» or BIDF— A K& EME T 572D elimination )L —)b:
> or_ind, or_rect, or_rec
» ([BFEMZR) X 7 5 1v 2 left, right (apply or_introl,
apply or_intror Ot 1 (2)
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SEMAEILER Coo 12 & BIEAMGE
L ek a nem (1/2)
L psarmo st /)

Outline

BUF DRE D R

Coo 12 & A AGEIH O 5 #
> G D EEAK (1/4)
')%’WHE’JLi%ént A (1/2)
amEAE A T DEZ

B RAHOIA (2/4)

4T — Xk
TR IZ E 8 X 5 BfR
JERGEHH D LA (3/4)

7 = 7 DI ARG

Coq & SSRErLEcT D[R
W] 0D KA (4/4)

L

A
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EBGEBZIER Coo 1o & AL
Lyt X e (1/2)
L itk o)

case X7 T 4w T

case lZ by IHRMMIZERINT WS, POMBTFTTETWSD
MIEIZSGED T2 L, F 7T VR EKT 5 filZI1E:

o'— )b (§f) RITFAv Y T—)b (#)

case.
P/\NQ->0Q/\P P=>0=@QNE

> case: H. défmove: H. case.
» case X move=>[] &EIT 3

> DT —)IERD SN BHFIZ, case=>[H1 |H2] & &EL

%% 7 7 1 )L ™logic_example.v
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EBGEBZIER Coo 1o & AL
Lyt X e (1/2)
L itk o)

case IZ X 5 iEHH

o—)b (§) ROF 4D T—) (%)
P, Q : Prop

P/\NQ->Q/\P

P->0Q ->0Q/\P
GLRH (R

case. FERA ()t
(fun P Q : Prop => 73)

(fun (P Q

: Prop)

(H: P /\Q =>
match H with

| conj HO H1 =>

710 HO H1

end)

%#7 7 1)L ™ logic_example.v, exod-7

“simplified; match U DWCTHTHIAT 2 (2 WV H R T, and_ind 72 L HETIIER
W) I

=] F
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SEFLFER SRR Coo 12 & 2 I AMGE
L Gallina t=p13 2 42

Outline

Coq 12 & 7 ‘\/.\ FHH oD JE £
JE GIERA Dl LA (1/4)

AL &5+ D RE 3

LG DA (2/4)
Gallina (B9 2 #fi /&

JE GEH D FEAR ( 3/4)

V7 N 7 O ANREE

Coq & SSRHHU DFfE
J AGERH D £ (4/4)
Ya—2U7Lovayv

M\lu( omp 71 77 V) OREE

DAy
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EBGEBZIER Coo 1o & AL
L Gallina 129 22

BftETass 3y

> JH (NB: # 2 &1):

t

u{

Prop | Set | Type

XA

forallx:A,B|A—> B
funx=>t

letx:=t;inn

it

c

matchtwith | pattern=>tend
fixfx:1A:=t

7" = B Gallina DO HEEL

v —h

ZEH

product

B #chhi 4
u—IVES
B G

constant

2, DA BT

> JFNIIZE R S N B OMEIIRER T (D £ Y, constant) & 72 D, match TH
EHY9 5 (ERNTRMICEZR SRS, fix CHEETHER )

> JER: Coq BB IENE (251 F 69)

u]
|
I
il
i

va >
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EBGEBZIER Coo 1o & AL
L Gallina 129 22

Conversion . — )L

v

Coq 7" H. Poincaré J# ¥l & FH L T\ 5:

» 12+2=4 OHPIFEHEDOMETH 2|
Gallina JH® syntactic 72 FEBIMRIFEIFIC L > T—HTH2HEEZFALH D
(definitional equality & $\V5) & A%RT:

I'ret:A A =ps;, B
I're:B

(NB: BUREPE T HEIZ T 5 728, (EIEMEDRGENE 2 Z L 234 %)
FEHO —EBIEEIFIC R BT, VT L oY arv e nwd (A5 1 KR 106)
=gsc [CDTI5, Sect. 4.3]:

> B BRI (D E Y, (funx=>1)t —p t{t/x))
- & EHE RN

> £ let DR

o AR E# S N RO D 2

Conv
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EBGEBZIER Coo 1o & AL
L Gallina 129 22

Y — b (Sorts)
> Small sorts: Prop (MA@ DR, Set (7 — X i#EE DR
> fil: nat : Set (HARE);
A — Prop & WS BEERIL A B2 FF D BT FE A2 R T
> Set OMAEREOHD T — X ik discriminate TES (0% 1)
> —fRIIZ, Prop DT OZEEIILMRIT T &
> A:Prop MERFOIIHAZEE L T, B: Set MEFFOEDE/ENT WV
> ffl#: A /\B,x =y,{x |P x} (P : A ->Prop,A : Prop) [CDTI5, Sect. 4.5.4]
> = Proof irrelevance & admissible
> Large sorts(universe & & IEX): Type;

> BT I F—:
i<j

I'+ Prop : Type; '+ Set : Type; '+ Type; : Type;
» =W Type 2EL, Coq BV EHERT 2

> Set Printing Universes

> 49 % &, universe inconsistency T 7 —

» Conversion /b — )L |Z universe ¥ T L F —THEEINT W 5S:

" = 7 Spog
> Cumulativity: Set <gss; Type;; Type; <gsz Type;,i <j
> Prop <gsz Set, thus Prop <gsz Type; [CDT15, Sect. 4.3]

%#%7 7 1 )V ™logic_example.v
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EBGEBZIER Coo 1o & AL
L Gallina 129 22

Product D B4 1 K HI

Var, Lam, App )V —J)VIZflZ T,
product DFERKD 728D DIV — )b
(PTS (Pure Type System) D¥5& [NG14]):

IF'rA:s ILx:ArB:s
T'r forallx:A,B:s;

Prod

(NB: A cube DFiH & 725)
Or*:0%KET B L (Coq DYA: + ~ Prop/Set, 0 ~ Type) :
> (s1,82) = (%, %) or (O, *) (polymorphism, impredicativity) — A2 (= System F)
> BRI S 20

> Bl (funa : x=>funx:a=>x): foralla:*,a - a; foralla:*a— a:*
> (s1,52) = (+,%) or (O,0) FLDIEK) - dw

- BUZIRF T 58

> B (BUDORERR) @ (funa:s=>a - a): x> % *—*:0
> (s1,82) = (%, %) or (x,0) (f&FFH) — AP (= AIl ¥ AUTOMATH)

s s X OIS T Ak B /o T ox RIEH (EILRFT B 1)

> il (BLOWERR) @ funn=>list, : N — %, funn=>isprime, : N - x; N — x:0
> 12+ Aw + AP — AC (= APw = CC =~ CoQ)
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EBGEBZIER Coo 1o & AL
L Gallina t=p13 2 42

WAFZRY (forallx : A, B/ [1.4 B) DHERL (1/3)

Prop
FFA:{ Set

I'x:A+B:Prop
Type;

141

» True ->True : Prop (Prop,Prop)

>

\4

v

v

Prod-P
'+ forallx:A,B:Prop od-rrop

(forall x : nat, 0 <=x) : Prop (Set,Prop)

(forall p : Prop, p -> p) : Prop (Type,Prop) (polymorphism,

impredicativity)

(forall x : nat, x =x) : Set (quantification over datatypes)

(forall P : nat ->Prop, P O ->exists n
(quantification over predicate types)

: nat, P n)

: Prop



EBGEBZIER Coo 1o & AL
L Gallina t=p13 2 42

WAZRY (forallx : A, B/ [1.4 B) DHERL (2/3)

ruxz{set T,x:ArB:Set
Prop

'k forallx:A,B: Set
11

Prod-Set
» nat -> nat

Set (Set, Set) (function types)
» Fail Check (forall x

Set, X ->X)
M)

: Set.
» No (Type, Set) = Predicative Calculus of Inductive Constructions (CoqQ v8

£ 9Dar
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EBGEBZIER Coo 1o & AL
L Gallina t=p13 2 42

WAZRY (forallx : A, B/ [1.4 B) DHERL (3/3)

Predicative universes % & 3 Prod Bt 1A (NB: Coo= CC,,, CC with

universes) :

I'FA:Typeix Ix:ArB:Typejg
T'r forallx:A,B: Typeg

Prod-Type
Hl:

» Prop -> Prop : Type

» Set -> Set : Type

» (forall x : Set, x ->x) : Type (Set is predicative)

» nat -> Prop : Type (Set, Type) (first-order predicates)

» (Prop ->Prop) ->Prop : Type (higher-order polymorphism)
(forall P : nat ->Prop, Prop) : Type (higher-order type)

v



EBGEBZIER Coo 1o & AL
L Gallina t=p13 2 42

Prop impredicative / Type predicative
s

» Prop I impredicative: B 1% Prop 725, A 249, forallx: A,B I Prop
& 7325 il 21X [Pot03]:

A :ProptrA:Prop
F Prop : Type;

A :Prop,_:A+A:Prop
Prod-Prop
A:ProptA— A:Prop
Prod-Type
+ forallA : Prop,A — A : Prop
> Type I predicative:
1<2 A Typer A : Typep
+ Type; : Typep, 1 <2

A Typey k Typey <gsu Typez
A:Type; FA:Typep,2<2
+ forallA : Type,A : Type;

onv
Prod-Type

£ 9Dar
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EBGEBZIER Coo 1o & AL
L Gallina 129 22

Prop impredicative / Type predicative

CoqQ T
> Bz, VP : Prop,PAP DiF %2 E 2 %
Definition DupProp : Prop := forall (P : Prop), P -> P /\ P.
Definition DupPropProof : DupProp := fun P p => conj p p.

DupPropProof O Prop 2 5D T,
Check (DupPropProof _ DupPropProof). [ZIh3 %

» — 5, VP : Type,P+P DilH%EE 2 %:

Definition DupType : Type := forall (P : Type), P -> P % P.
Definition DupTypeProof : DupType := fun P p => (p, p).

DupTypeProof DM Type 123 5 %3,
Check (DupTypeProof _ DupTypeProof). |23 5.
Coq 8.5 @ universe polymorphism (Polymorphic)[ST14] T Check TH

> {5
Definition myidType : Type := forall A : Type, A -> A.
Definition myidTypeProof : myidType := fun (A : Type) (a : A) => a.

%#7 7 1 )L ™predicative_example.v
59/159



EBGEBZIER Coo 1o & AL
L Gallina t=p13 2 42

HAFT AT (Dependent Pair)

» Reminder: JEEIFRARTIL (a, b) &EL
Inductive prod (A B : Type) : Type :=
| pair : A -> B -> A * B.

Check (0:nat, True) : nat * Prop

 IRIERIARTIIIEEL S Ja: APa TEL ET I .Px THEL)
> CoQ THRAFRIRTIZ T ) I 57 ¢ 7T TRV el Cailk 4 5:

Inductive ex (A : Type) (P : A -> Prop) : Prop :=

| ex_intro : forall x : A, P
T -
witness  AFH = exP
' (witness & WIS 721Y)

X -> exists x, P x

> BAD)—)V: apply ex_intro (fGki7 X 7 5 1 7 exists)
> JREIN—)V:case RT T 17

Dac
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EBGEBZIER Coo 1o & AL
L Gallina 129 22

Dependent Pairs
» Dependent pair D& D H HE:

AT POIL IR Al
existential quant.  Type Prop Prop exists x, P x
weak dep. sum Type Prop Type {x |P x}

strong dep. sum Type Type Type {x : A &P x}
» Weak dependent sum (a.k.a. subset type)

> Inductive sig (A : Type) (P : A -> Prop) : Type :=
exist : forall x : A, P x -> {x | P x}
(* projections: projl_sig, proj2.sig *)

> B, 3 KON VWEHARBOES (Ordinal 22, A7 1 K 130):
{n : nat | n < 3} : Set

» Strong dependent sum:

Inductive sigT (A : Type) (P : A -> Type) : Type :=
existT : forall x : A, P x -> sigT P

(¥ projections: projTl, projT2;
injection: Eqdep.EqdepTheory.inj_pair2 x*)

u]

|
I
il

i
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Dependent Pair @ itz

» Dependent record & dependent pair ® —#%Ak; i 2 1L

Record sig (A : Type) (P : A -> Prop) : Type :=

exist { witness : A ; Hwitness : P witness }.
BEOWAAIZ KF 21 # % T (telescopes [dBI1], packed
classes [GGMRO09])
» Dependent pair @ it JAf:
> B (“witness”: s, S H: ordered (unzipl s)):

Inductive map :=

| mkMap : forall s : seq (mat * bool), ordered (unzipl s) -> map.
> IV a— XD (“witness”: s, SPH: size s =n):

Inductive int (n : nat) :=

| mkInt : forall s : seq bool, size s = n -> int n.
X int 8, KA v X:int 32 %%
%47 7 1 )V ™)dependent_exanple.v, exo8-14
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IRAN L CTE H/ S N TV 2 5aHE & T DiED

EpSits RT54 7
o N Coq IZ & B I H
AN 72l | Co0 & B RHRINE WX | BE
Y Inductive True : Prop :=
T + True | I : True. apply I | ><C
———— Inductive False : Prop := . > case
_— _ Inductive and
#/\i (A B : Prop) : Prop := split case
| conj : A -> B -> A /\ B.
reda . Inductive or
rrave * (A B : Prop) : Prop := left case
CrB ¥ | or_introl : A -> A \/ B right
rrAve =R | or_intror : B -> A \/ B
Inductive ex (A : Type)
T+ Plx:=1] | ® ‘: > Prop) i Prop := it
—— 3 ex_intro : exists case
[r 3 Px forall x : A, P x ->
exists x, P x

u]
|
I
il
i
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AN I E S 58

enumerated
Pl
Inductive bool : Set :=

f — true : bool
| false : bool.

-
KR 1D 1

T—VHDOEHFEIZL > T, IROEAITHONDS:
> constants: bool, true, false
> T DT — X G R EE T 5 72 HD elimination L —)L:
> bool_rect: strong elimination (NB: Type DRk
> bool_rec: (NB: Set DikzE) (bool_rect DI#fl)

> bool_ind: (NB: Prop ®ikiE) (bool_rect DKl KR —V' =2 7D
case/elim X 7 7 1v 7 #5R)

> RV — L D FER:

match true with true => t1 | false => t2 end —, til

match false with true => t1 | false => t2 end —, t2

ST - 2L mhecrhonl examnle v
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Elimination ' — )2 & % 7025
T—=VEZITH - T, HAR &2 KT
Definition nat_of_bool

YN/
bool_rec (fun

=> nat) 1 0.
Check (nat_of_bool

bool -> nat).

TV EZITHS T, HABE 2137 — V%8S (KR % FIH):
Definition dep-of_bool
bool_rec (fun

b => match b with true => nat
Check (dep_of_bool :

| false => bool end) 1 true.
forall b, match b with true => nat
NB: bool_rect (ZHH & 7 W Edih:

|
Definition dep-of_bool2 b

false => bool end).
match b with true
match b with
| true => 1

false => true
end.

=> nat | false => bool end

%% 7 7 1 )L ™ssrbool _example.v




AL ZER Coo 1o & 3 HAMIE
Ly se x a1 22)
Ly it g X n s 7 — 2 i

) (ICEEINDS) B

AR

Inductive nat : Set :=
| O : nat
| S : nat -> nat.

. —
iR+ @ argument DF!

> HAB nat DL Peano AR 2 EHET S
> constants: nat, 0, S
> O(RXFD A —])I13%FE, S 01X 1,S (S 0) lF 25
» nat MO F— Xi#EiEEHET 5 72D elimination )V —)L:
> nat_rect,nat_rec, nat_inq
> HRAREROEHED 70T T L
> Gallina ® fix (% OARBE) )/ Vernacular O Fixpoint (named ANE))
> BUEIRARIEIZ X B EEH
> AR R R D E DB, Coo 1 IRNIED I A BT EK T 2
> elim X7 T 4w 7% BB (A T4 KN 74)

%#7 7 1 )L ™ssrnat_example.v
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LG PES
> BaﬁODEQK bf%ﬁﬁ’&_ﬁaﬁj—éi %#7 7 1 )L ™ssrnat_example.v
> P : nat ->Prop ki@

forall P : nat -> Prop, > POIXODEBEAEPNHKHIDI &

PO - » forall P, Pn ->P (S n) X

(forall n : nat, P n -> P (S n)) -> '}‘%MX?‘Y TDZ &

forattmoiomat, Pon » forall m, P n WEHILAV
Z&

> KR D BT, IR IEE ORF e F Uil & 2 5
> foralln, Pn -> P (S n): fiRDOIMIIAIn Itk > THELS
» HAREE EHET DB, Co X IRINEDEHE H T T 5:

Fixpoint nat_ind (P : nat -> Prop) (PO : P 0)
(IH : forall n, Pn -> P (S n)) (n : nat) :=
match n with
| 0 => PO
| Sm=>IH m (nat_ind P PO IH m)

end.

> nat_ind #5735 2,0 DA, PO KT, TNUNDIGE, BiNEORE &
FIRBABOTH (RAIEORE ICE M) 2RSS
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fix/Fixpoint

» CoQ TORFMMEILL RIFNIE RS0
» S TRVE, HREDREREMNEH 2 < 72D, False DFEABEND :
OCaml version 4.02.1
# let rec loop (n : int) = loop n;;
val loop : int -> 'a = <fun>
> it > T, “strictly positive” ZRIFHIIEL L HFFE 72\ ¢

Fail Inductive term : Set :=
| abs : (term -> term) -> term.

(NB: & Z ORI AL, HEEL 7D argument @ product DA IIZ LA ZN 72\, HOAS B
FROWIFIZSE (fil : [DFHIS]) )

> Coq DREEM 2 FHEMNE 2 HEINIZZED 5 (struct X ¥ 7THZ R T,
s 5)

» FNLDSMIEHAAES (30 J5: [BCO4, Chapter 15], K2 fE#ES 1 75 V)
® Coq.Init.Wf IZ5%)

69/159



SEMAEILER Coo 12 & BIEAMGE
ek E n s @)

L yitic e X n o %

Outline

RIS S N BT (2/2)

YRANIRIC E 35 & 1 % BEIER

DA
70/159



AL ZER Coo 1o & 3 HAMIE
Ly se x a1 22)
L ity o5t 8 & 1 B B4R

I B [FEBE A% (Propositional Equality)

arity
index/
. . predicate
(family) /X7 A—Z—  parameter V—}
—_— o~ —_——

Inductive eq (A : Type) (x : A) : A -> Prop :=
| eq.refl : eq A x x

PRGN
family predicate
argument  argument

» Inductive eq |&E!f& (family of inductive propositions) % E %3 %
> BIA LTH x INT A—X—, ZFHDF$UZL index
~ [FMERARIXERFEITH B
> eq A x x (3B (S HH:FMERR LS
> FMERERx=,y3Coo Tx =y & EITD (eq A x vy, 2%V A X
n3)
> EMERROREEFDR: eq_refl : forall (A : Type) (x : A), X =x
CoQ D reflexivity X2 7 « 21 apply eq_refl TH 5
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Propositional Equality — Leibniz Equality

» eq DFEFEIL—I eq_rect:

I'FA:Type,x:A,y:A,P:A— Type

IF're:x=y F'ret:Px
I'tmatchein_=yyreturnPyywith | eq_refl=>rend: Py
eg_rect x P t y e
> eq_ind i eq_rect DA VARV ATH5 :
eq-ind
forall (A Type) (x
forall y

: A) (P : A -> Prop), P x ->
A, x =y >Py

eq_ind 2% % » 5, eq I& Leibniz equality £ £ 5 5
» EEXEZIIBRENL N eqind IZE>TTES
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Outline

BUF DRE D R

Coq 1T & B AGERH D 5 H
MDA (1/4)

7 P\l

MBS & DE %
JEREEIH D FEA (2/4)

JARICEFZ S N BT (2/2)
Js A 27— 4 i
T EFR I NS HEZ

TG D EEA (3/4)

7 = 7 DI NIRGE

Coq & SSRErLEcT D[R
W] 0D KA (4/4)
YUTL oS

MatHComp 7 1 7 7 1) DS
g i

o = = = z 9ace
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elim % 7 7 1 7 —I#iNiE
elim ¥ by FIZh s et INEZHOM FI2IX, TH) 21T, I—10D
V—MERT WAL, Prop VY — b), ML E4T S (ZDHBE, T_ind 2 HWVWT0):

o—)b (#i) RIT A9 TV (#)

elim.

forall n : nat,

} ingluctive
mm s s m = hypothesis
n.+1 + n.+1 = 2 * n.+1

» DF D, elim X apply: T_ind DHEE
> R T 4 A)=>E DN elim=>[| x IH]. £%77 1 =hactics_example.v
> = YHIREOHEE BRSNS (FHE S elim/myT_ind) 271 KN 76

CoqQ vs. SSREFLECT
Coq @ induction @ EHEMLIZMIEL < Z2WEAIE% WD T, elim+move 25 % LA /H >
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elim&X 7 75 1y 712 &k 55k
T—)b (Fi) ROF 4w T—)b ()

forall n : nat,
n+mn =2 %*mn ->
n.+l1 + n.+1 = 2 *x n.+1
AE (1) elim. AW (1)°
72 (nat_ind

(fun n : nat =>

n +n =2 % n)

73 74)

Ssimplified

u]

|
I
il
i




EBGEBZIER Coo 1o & AL
L iz g x na i o)
L i sk 34)

IR B & ik - ¥ & LR
> Strong induction:

forall P : nat -> Prop, (forall m, (forall k, (k < m) -> P k) -> P m) ->

forall n, P n.

> Coq.Arith.Wf_nat @ 1t_wf_ind, SSREFLECT idiom
» Custom induction % F* TUfNiE % K3 2
> FHE WA EL -
Inductive tree (A : Set) : Set :=
node : A -> forest A -> tree A
with forest (A : Set) : Set :=
fnil : forest A

| fcons : tree A -> forest A -> forest A.

Scheme 45 % FA\WT, itz £ s %
> ATl
Inductive ltree (A : Set) : Set :=

lnode : A -> list (ltree A) -> ltree A.

T CIFNIEZ iR 3 % [BCO4, Sect. 14.3.3] o

|
I
il
i
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rewrite X 774w 7

SR 72 K
rewrite [d—2DF VY FNRNREX—VERDITT, £ TCOHEA2EEHZ 5;
BIZE, T—=IDFROn(ERn0 OEL) % 0 (Hi8) TEEHZ 5:

T—)b (#i) RITAY D I—)b (%)
n nat n : nat
no n =20 no n =20
m nat M 8 e
rewrite n@®. mmmmmmm—mcmmocmoeao
m+n=nm m+ 0 =m

> [FMERBIFRD elimination )L — )L % |

> rewrite H !X apply (eg_ind _ ... ) X UTEXTL

> (NB: D% 1, Coq Tl, apply ZHWT, AREDOIRE - Higfs & OB A - ik - HF &

AEFEHT D)

%#7 7 1 )L Mtactics_example.v
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rewrite 2 7 5 1w 712 X % EEHH

T— (§) RIT AV T ()
R — n nat
n0 hn=o0 no n =20
I —- m nat
n+on=nmn m+ 0 =m
LR () rewrite n@. AL (#2)°
(fun (n : nat) (fun (n : nat)
(n0 : n = 0) (n0 : n = 0)
(m : nat) => ?77) (m : nat) =>
eq-ind.-r (fun nl : nat
=>m + nl = m)
78 n0)
Ssimplified
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rewrite X 774w 7

NRR—=VDHBAAL Y F

=)L (§i) RIF AT a—) (%)
o sE n : nat
no n o n0 n =20
@ A m nat
| rewrite {1INO@. |=sssssmmmmmmmmmmeeeee-
R if: (= 0 +m n
rewrite {-2}n0.
> {1HE—FBHONRNX =V 2 ER
» {2HIZBHUA AL -V EER
> (NB: {FRE: fiOAT 1 NE@ES I—))

A ™
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rewrite X 774w 7
IR — D HELEIBR

=—)L (#) RITFA9 T T ()

X, y : nat Bp 7 8 B

H forall t u R H forall t u : nat,

tru=ou ot Fail rewrite {2}H. truwsuse

e e rewrite [y + _JH. |~ TTTTTTTTTTTT
x +y =y +x xry = xty

» rewrite [H1]H. 38X —YV H1 Ohz2EEHZ 5

» rewrite {1}H. & D HE3E
> (NB: 1% [GMTO8] = & %)
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rewrite X7 74w 7
NE—=>OaVFFANEE[GTI2]

a—)b (§) RIFA a—)b (%)
Fail rewrite {2}addnC. 2o By © 8
________________________ rewrite [b + _JaddnC.
________________________ rewrite [in 2 *_JaddnC.
rewrite [in X in 2 *XJaddnC.| & *+ P * 2 * (c + b)

nat

a+ b+ 2 * (b +c) =

» rewrite [in X in

WX H O—VER L XYY FLT, FDOX
DOhEEEHZ 5
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rewrite X 77 4w 7
Z DA D EERE
> WAL Y T
rewrite H. FEM S AN
rewrite /mydef. EZDJER
» multiplicity A v F:
rewrite n!H. n[a[EE#z
rewrite !H. —MEPA EEE
> ESTDE E X
> rewrite H1 H2. d:efrewrite H1l; rewrite H2.
> rewrite (_ : lhs =rhs). I% Coq ® cutrewrite & [@ U%hEH
> (s-item) (“simplification operation”)
> rewrite //. I& try done. & [E UXIE
» rewrite /=. |% simpl. 2[R UZHHE NB: /=Y /) /o)
> clear A1 v F:
> rewrite {H}. |¥ clear H. ¥ [F UXIE
> move & DR
> (s-item), clear A v F, WAL v F, HE AL v Fld move THMEZ S

d
> move=>->. éfintro TMP; rewrite TMP; clear TMP.

rewrite -H. SUIOL- =%/ ¥4
rewrite -/mydef. folding

rewrite ?H. 0 [ LA R &R
rewrite n?H. n[EBAFEEHZ
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CREIH D IEAR (2/4)

4T — Xk

WERI N D%

CREHH D JE K (3/4)

RE PR EEIH S B R D S A (2/2)
V7 b= 7 OFAMRGE

Coq & SSRErLEcT D[R
W] 0D KA (4/4)

VIV v al
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LS MR SRR OIS 2/2)
A e A

C 22731 7 (CompCert) I
EHEMEOE T VN1 T DR

>

v

IVNRANVDEID C ZFBEDY —AA— R av XAV E>THEETEY
TVIRRUCEEZTE0E DD 1 A—3

Definition compcert := fun (¢ : C_prg) => (t : ASM_prg).

Lemma correctness : forall ¢ o, observe o ¢ -> observe o (compcert c).

CompCert (FWRD A V814 5 X O NT WDV EARI NI

> T A MZ & 2RSSR [YCER11]
> FER I N7z CompCert DNT WX EEMFEI N TV ARWE ZAIZH o7

G AR A Y AT L (Bt OWFZEIE Airbus 4155 & 3£120)

2004 4EH* 5 INRIA T X. Leroy & DM UREE % i) T\ 2 [Ler09, BL09]
2013 4E: X. Leroy % Microsoft Research Verified Software Milestone & %
%H

#750,000 T A2V 7 b 4 NMEREFEbh TV

GRS R I K S MGEIC B E LR 2 TR 5 0 —RIIzE# L Ww
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LS MR SRR OIS 2/2)
A e A

C a2 N1 Z (CompCert) II

> 2013 FIZZE OB X. Leroy: 2006 (21 (NB: [T CompCert D)5
), MAEDSEE 1 80% < 6 W2 Lo Tz 2013 IRV B> TADB &,
20% B E Lo 72 RO R ITIER 570 ]

> T DA Verasco’s abstract interpreter (& SAREEH & D H B #AT);
Royal Society Milner Award 2016

o =14

E .

PAN G4
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A e A

IV 747 TIZ&L58REHUS 1
%@ﬁ%i%%®wgin¥ﬁi1&&
» ITEFIZEWT, ZeMoRERT I EROSNT VDS

» IVEa2—REFaV T4 DEODEEEKELTIEY 277147V TIX
PEpA

s ZXaVTa %uuuﬂf?é%’&)@n$ﬂm%(&%i&)é
> 1996 £ 5
> ISO/IEC 15408

b B A FHIl L~V id EALT
> 2 Q& HUS S B 7280, R X BER DR X R AT K
KM T E 2000 E4RH 5 A~ — N 1 — R OFMMIC S RAE B X EERIE LIEL
fibhTnd
> f§il: JavaCard (117,000 17D Coq AZ U 7' I, 2003 4D 5 DIFZE), JavaCard API
DD /N T DFH [CNOS]]
EAL7 O ZHEEH] (7 5 > A D Trusted Labs £ & $L[7):
> JavaCard M F%E: SIMEOS (2007 4F) & m-NFC (2012 4F) (Gemalto, 7 7 > &)

> Multos (2013 4E)
> Samsung O ¥ 32D MMU (2013 £E)

v

v

v
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Ly h o 7 o AiE

IV T4 TV TIZX BRGNS 1T

> NB:

FALHUS I, B TRA L 05D, A ORI REL LD

> BAL7: ITFATDOY — A3 — NIEEET Ruhhr b & b T35 [Boll0]
> EAL6: 1 17, 1000 KL &% E S [Klel0]

£ 9Dar
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A e A

selda~ 1 o7ah—x)b

>

F—A K Z Y 7 ® NICTA 52
FEFLEERE S $%R: IsapeLLE/HOL
seL4 Y — 23— K: C Zi&; % 8,700 17
7 7a—F:
. K=
> (B(BEM7) FEMIAL (refinement)
> AR RN E T, hEE T VI Haskell, C E3E0FEBEE T

7,500 f7D Y — A 3 — Rz L 200,000 77D A7V 7 b, 25 ANE
[Klel0]

> 2 EED: C SFEDOMITESE, tools, EFELD S 1 75 1) %
MMARAHADAR LV —=F 4 VIV AT LELTE YRR LEND
2014 T APSA =TV =R
seLd4 70y s MIFHEMIZEE X N0 T, EERIERE G777

> 1471% 700 RJV (1,000 17,70 J3 RJL)

> =T R 12 NE/ 17 350 RV

> EHEM: PETEINAL STV 2 O, 12 AMF/1171% 230 RaL
= EEEOREEWVWY 7 MY o TORFAILL U T, IBRMREE X & 0 &R
B 7 PSS F IR R B A REME DS D B
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Outline
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7 P\l

MBS & DE %
ZAREH DB (2/4)

4T — Xk
IZEHZRI NS HR
JERGEHH D LA (3/4)

]

YV 7 b= 7 O ARGE
SSREFLECT DIEA

Coq & SSRerLect DR
HIDHEA (4/4)
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MatHComp 7 1 7 7 1) DS
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ERGE R ER Coo (2 & 2 AMGE
L SSRereer 034
L Coq & SSRerurcr MIHf%

Coo & SSRErLEcT D %

» SSRErLECT 1& CoQ DILIRTH 5

> WEEROEALDEE, Coo DREMEHTHEEE L Ltac 12 & - THB [Gon05]
> BITE, “plug-in” O (Coq DH—FIVDEFHR L)
> HOL 1232 < SSRerLecT H & % [Hall4]
» HLWIA1 T35
> DUt EH — SSRerLECT; A BN EUEH — MaruComp
> CoQ DIEAER 75 4w 7 ¥ Coq DIEHES 4 75 VXX HfHZ S
» R T 4w DML
> ROTF 4w T DB, R T 4 HNVFEIZE > T—#AL $IZ, move &

rewrite)
s INRIEY 7L 23y (254 R 106)

s AVTFVADED: A7) TN OREL (AT A K 95), & B Z & D]
= A7V 7 NEIFHIFEL B, A2 ) 7 Mid robust 12725
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L Coq & SSRerurcr MIHf%

Coo & SSRErLEcT D %

Gallina & Vernacular 1354 ¥ 2572 L
R A

> JEAARI 7B, il Coq DY A b ¢
Inductive list (A : Type) : Type := nil | coms : A -> list A -> list A.
SSREFLECT DY ¥V R T A
Inductive seq (A : Type) : Type := nil | cons of A & seq A.

» pattern testing. f§]: Coq T, s DEEFITBRFE a 27 :

Variables (T : Type) (a : T =-> bool).

Fixpoint myall s := match s with
x 11 s =>ax & myall s
| - => true
end.

SSREFLECT DY VR 7 A

Fixpoint all s := if s is x :: s' then a x && all s' else true.

[m] = =



ERGE R ER Coo (2 & 2 AMGE
L SSRereer 034

L Coq & SSRerurcr MIHf%

CoQ DIEHER 7 F 4w 712D\ T

BHER 7T 4y 7 3%\

» Coq DIFEMER 277 1v 2713 100 (LA ED B 5

> Y= aTND8E, R TF 14y 7 DIERT (dependent, using, with, at,

simple, functional ¥ D ¥ —"7 — K, cbv D7 5 v %) ZFR\WT
> RITFAHIV(RITT 4y 7DMAEDLE)bBHD
> MR 54, UEEYH D, —ETIERWY

EF OB TR E TRV

NB: Vernacular ® 3~ > RN 120 @A EDH %

> Transparent/Opaque, Set/Unset S DERi+% R\ T, & Printing A 7> a v & &40

PANG
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L SSRereer 034
LCOQ & SSRerLEcT DY

—HlbONTVWBERIT 4y 7?7

» WEEBD R 2 ) 7 T ([Gon05] 85%D X 7 5 1 2 7: Move, Case,
Apply, Step®, Rewrite (Move+Case & [ LU <S5 WVWE W)
» [GM10] IZ & %:
> 1/3: bookkeeping (fXE 12 &4 1T, B & 75 < 72 o 7K E DHIFR, move, have)
> 1/3: HEHZ (rewrite)
> 1/3: deduction (apply, case, exact)

» MatHComp D A2 V) 7' s DT (2012 FEOE D Z %) (X: Enrico Tassi D
ITP2012 DA Z 1 R 5, [GT12] IZHH)

EZPINY

rewrite

documentation

have

proofs

\

other
TCoQv.T DI A, BRI T 4w 7 Z{DEHIFZKFERE -7
840 have (Coq ® assert (ZLTW3)

| move

case
definitions

statements
notations
hints ...

apply

xact
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SSRerLect DIEA
L Coq & SSRerurcr MIHf%

Proof Engineering
BEDR T 19 2 CRIHTOAZ ) T &EHLS .
FEAAZ U T R ORI L BEIX TS5 IV TR U
» BHEOATZEHHICESZ L IFEE

> “Search for theorem names is a major difficulty.” [Hall2]
> —EDMEHII%F S (SSREpLECT DIRA D —D)
> ARGE DT HBIIZ RO 7
> H§iZ, Coq @ intros, induction FZfEHE 72\
> B EAREDAHNEALIZE D THEVWWR SR EM S
move=>7. by TERY TTED, ZOERELIINEERFT I LB TERY
move=>*.  move=>?% iV iKd
> JERLABW

» ZOROLYIZ, set T T 14w 7 %ffS (rewrite D728 D & 5 74 contextual
pattern & D [GMTOS, Sect. 8.3.1])

> GEEERIIIHES GERIEHRMLLO-ODEEL LTERS)
> FFHANKREL B L, A VT F U AIREBEIIRS
> A VT F U AORMIX ORI D fFIc R L Eb B
> A7) TR EBISK T IEREE (S EituworENS 0T, KK
THLIA%2KDPTLTH)
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ERGE R ER Coo (2 & 2 AMGE
L SSRereer 034
LCOQ & SSRerLEcT DY

Structured A 27 V) 7"k

AR KREL B L, A7V T hOEND LI 52D B L SIT

» A2V 7 b7 backward reasoning % $£ A 72 forward reasoning & L C# X T
W (A F 1 K 101)

» 27 T NOREEEERAIICT S

+, -, % A7) T N OARMEGEERFE»ZT 5, HilIE =R E T [GMI10]
- 4 /b (7«\ A3 =0): KB T — OB EET
> 45z —X—THT
» a—3x—a— YR U BT IREICEE RN E 2T 1y 2
(Bl 21, discriminate, contradiction, assumption, exact, done)
> by 5177“‘{7711/4:4:0’(,&%@5177‘{‘77#‘5“—3%——&——&:@6
(NB: VUEELD 25%D have & by 7k % £5D [Gon05])
> BT O — L OERT
last, first Zffio T, EREINE S TI - VOIEF 2 E R D

> HMAT Y T DOREETY T AFOAZ Y T b

CoqQ vs. SSREFLECT
SSREFLECT D by, CoQ T, now ¥ \> (BEIZ by 23D > 7275 5)

>
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EHEEEER Coo 12 & B AMGE
L SSReruscr ©3A
L Coq & SSRerurcr MIHf%

Structured A 27V 7 b
UK

Lemma undup_filter {A : eqType} (P : pred A) (s : seq A)
undup (filter P s) = filter P (undup s).
Proof.
elim: s => // h t IH /=.
case: ifP => /= [Ph | Ph].
- case: ifP => [Hh | Hh].
+ have : h \in t.
move: Hh; by rewrite mem_filter => /andP [].
by move=> ->.
+ have : h \in t = false.
apply: contraFF Hh; by rewrite mem_filter Ph.
move=> -> /=; by rewrite Ph IH.
- case: ifP => // ht.
by rewrite IH /= Ph.
Qed.

%% 7 7 1 )L ™ tactics_example.v, exol7
(NB: ifP = A7 1 K 123, have = A7 1 K 101, /andP = A7 1 K 107, \in =
A4 K 129)

u]
|
I
il
i
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SEBLAE KRR Coq 1 & 5 ML
SSRerLEcT DHEA
L psarmo st @4/

Outline

B DREH DO AE

Coq IZ & g‘\m\y\ HoD

‘H \‘
JERGEHI D EEA (1/4)
M S T OEH
J AGERH D EEA (2/4)
2 i
% i

S (3/4)
V7 b7 OAMGE
SSREFLECT DIEA
Coq & SSRerLect DR
ﬂ"xiﬁuﬁﬁ@%ﬂi (4/4)
=) Ry VA

MaraCowmp =
H
&

DA
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ERGE R ER Coo (2 & 2 AMGE
L SSRereer 034

L ki sk @a)

congr X 7 T 4 7

(== i KOF 1wy T—)b (#)
a+ b+ c =

' ' Al

a + b + c

a
congr (_ +

_+ ).

%47 7 1 )V ™tactics_example.v

[}
CoqQ vs. SSREFLECT

congr I f_equal % —fft (NB: 2D, Coo8.5beta % T f_equal DFEEIIKIHH B)
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EHFE R Coq 12 & BILAMGE

L SSRereer 034

L ki sk @a)

20 4

move H

(t) =h. IFREH

ZhCTHSMZ D).

h=tZ28AT3AXYyI70HDt

forall s2 : seq nat,
rev (sl ++ s2) =

rev s2 ++ rev sl

==L (§)

RITAv T

move H : (size sl) =>n.

Tl ()

s1 seq nat

n nat

H size sl = n
forall s2 : seq nat,

rev (sl ++ s2) =

rev s2 ++ rev sl

» ANTOT —XIiEiE% case T HRIIZHZIZILD
> (NB:set &35 (EFH/ERM vs. FMERMR/E S R))
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EBGEBZIER Coo 1o & AL
L SSReruscr ©3A
L ki sk @a)

HFADHRY + case

case H : t. &, t DVRINNICE R S N/ H A 5, IKE H THERKF DIHIR
ZEEkT B

o— )b () RIT Ay o)L (£8)

======== H a=290
a<b case H: a=>[In]. | o <> b
n : nat

» 274 KN 125 504

CoqQ vs. SSREFLECT
FADERIZ Coq D case_eq THTEX S
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EBGEBZIER Coo 1o & AL
L SSReruscr ©3A
L ki sk @a)

have & suff X7 7 1v 7

> forward reasoning & I ¥ F % 2 M 72\ MKE % BIREIC T 5

> #EEDFEHE R L
> EREEI SRR Mizar @ & 5 725058 (declarative style £ 5 5)

» have : t. I3 LW 7TV EBWT, ZOIFHZRD 5

4 =

> have {H}H : t. d=eft %A U 72 5, move=>{H}H. #1775
> have [x Hx] : t. Y ZFFH L 7= 5, move=>[x Hx]. #4175

» suff : t. WHLWEEZ IV TFAMIMAT, ZDHEAIZETRD S

CoqQ vs. SSREFLECT
have 13 assert % —f&{t
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AL ZER Coo 1o & 3 HAMIE
SSReFLECT DHEA
L skamio sk 44)

wlog X 7 714w 7

» wlog = “without loss of generality”
> BRI 7R B

Variable a : nat.
Hypothesis al : 1 < a.

Lemma artificial (k 1 : nat) : k<1 \/ 1<k ->a "k !=a " 1.
Proof.
wlog : k1 / k < 1.

move=> H.

case=> kl.

apply H => //; by left.

rewrite eq_sym.

apply H => //; by left.
move=> k1l _
by rewrite eqn_exp2l // neq_ltn k1.
Qed.

%7 7 1 )L Mtactics_example.v

DA
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G EER Coq 12 & 5 AT
SSRerLEcT DFHEA

Lva—evrrsvay

Outline

RF DFE D JE A AL

Coq ‘M&VU”MW
Wﬁ,\uA‘Jv) A (1/4)
Eptibe

G DRE

T RAE DA (2/4)

it nND &
TpliIAae J/MM
EREFIH DA (3/4)
VAV B>

= 7 O Akl
SSRerLECT DIAR
(u\) & S\Rll]lu D
JEAGFHH D EK (4/4)
va—&

V7LV ova

kS 475

M\lu( omp 71 7 5 ) DR
)

DAy
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ERGE R ER Coo (2 & 2 AMGE
SSReFLECT DHEA
Lva—ryrrsvay

move + £ 2 — (view)
move/H. 1& b v FE % 2S5 (~ “apply on-the-fly”)

T—)b (#i) RITAY D I—)b (%)

PQ : P > Q move/PQ.

» move/PQ dzefmove=>tmp. move: (PQ tmp). move=>{tmp}.

» [move=>| & ¥ a—DlAEHLEDH]: move=>P Q PQ /PQ.

» Pa—%ffi52, Pa—b Y MI&oT, Va—fiEMEHAINS; Hl 2 I1E,
EAfiME PQ 1 P <->Q 3B B354, move/PQ = move/ (1 ffLR PQ) (NB:
ifflR : forall P Q : Prop, (P <->Q) ->P ->Q)

CoqQ vs. SSREFLECT
move/(_ a b c) &b v 7&K L, Coq D specialize (2243

£#%7 71 )V ™ view_example.v, exol8
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ERGE R ER Coo (2 & 2 AMGE
L SSRereer 034
Lyva-zyyrsvay

apply + £ 2 —

apply/H. 3T — V2 ERT 5:

=— )L () RIFA9 T ()

P, Q : Prop

PQ : P <-> Q

p: P apply/PQ. PP

» RETHNE, Ca—v v MR HIZE, B3O apply/PQ. i
apply/(iffRL PQ). TH 53

» apply H. I apply/H. L EJ % = #ifE T X %: apply/H1/H2.
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ERGE R ER Coo (2 & 2 AMGE
L SSRereer 034
Lyva-zyyrsvay

Vo7V ovayv

> V7L oY areiR  EANIZ, - VEIFHT 2010, RI7TF4v 0%
5 R4 D 12, Gallina DB (= decision procedure) (Z{EH %
> BRI, forall a, £ a = true -> P a Z{l7=3BE £f »dHhiE, 20—
JVP a : Prop DFEAHIX £ DFEIFIZYH S [Boud7]
> BIZIE, Coq D ring B2 T 4w 273V 7L oY aryTHEREXNTHS
. =¢

> X FEHIE A — X VNDFE & 742 B (conversion L —ILIZ & B, AT A1 K 52)
> ZERHOY A X FEIHIXFERR O & 22 %

s N T L v a v eI NS YT I-LT(B) VT LV avE
5

> Prop T deduction 9% (B ZIE,P \/ QIZH LT case THED T ET 3;
a =b IZHN LT, rewrite TEEHX %)

> PEM R B R CHEHAE 2 S § B2, bl | |b2 12X LT case: bl
& case: b2 T, HIMARZ 5 ; FERRIXEIE CD D)

> bool ZEMHT 57T, is_true A7 —¥ 3 v &H S5 . BARMIZ, SSREFLECT T
forall P : bool, P ->P [ZIRDUEIZ/ > T\W5:
forall P : bool, P =true ->P =true
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ERGE R ER Coo (2 & 2 AMGE
L SSRereer 034
Lyva-zyyrsvay

Ya—e 7=V 7L ovay
andb/&&( 7 — LD HEFL) & /\(Prop D HFL) D & DA
andP : forall bl b2 : bool, reflect (bl /\ b2) (bl && b2)

(reflect BEEF<->E2 LTEZTWH)

a—)b (§l) RIF AT T (#%)
P, Q bool P, Q bool
P ag q -> Q move/andP. ENANCE
(* P & Q = true ->
Q = true *)

> 15724 TH W move/andP ¥ move/(elimTF andP):

elimTF : forall (P : Prop) (b ¢ : bool),

reflect P b -> b = ¢ -> if ¢ then P else ~ P
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ERGE R ER Coo (2 & 2 AMGE
L SSRereer 034

Lyva-zyyrsvay

Ya—¢7—)LY) 7L 27> 3Y +case

case Z{THRIIZ, ¥ o — % EH:

T—)b (#i) RITAY D I—)b (%)
P, Q : bool Py @ 8 Boeel
TTTTTTTTTTTTTTTTTTTTTT case/andP. |
P g Q -> Q =W =20

def

» case/andP = move/andP. case.

» La—¢ (=] Oflasbt:

case/andP =>P Q & move/andP =>[] P Q
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FEBGE SRR Coq (2 & B JEAMGE
[

SSRerLect DIEA

Lyva-zyyrsvay

Ya—¢7—)LY) 7L 27> 3Y +case

EEOY 7T — I DEKDIEES

PIll Q->P Il Q

case/orP.

=)L (§i) RIF AT a—) (%)
P, Q : bool

> INTFNDOY T T NVDIREE4 D) 5: case/orP =>[H1 |H2].
%% 7 7 1 )L ™ view_example.v, exo19-21

D>
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ERGE R ER Coo (2 & 2 AMGE
L SSRereer 034
Lyva-zyyrsvay

FERfRE Y 7L oY ay

FEER D X 512, Prop ORMERBBRE ZDT—EOV 7L oY a v
f#5:

ERA) 22T 1y T—b ()

move/eqnP. n=m->n-=nmn

eqn n m -> n =m

» Prop & D, bool AMEFZIGEIE, LIELIEH S
> ZEEHEOENORHZ, TOFR I X SIZHREIZ RS (AT 1 K 124)
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EHFE R Coq 12 & BILAMGE

L SSRereer 034

Lyva-zyyrsvay

SSREFLECT X 7 T 14 7 DHED

Coq & LhiR
Coq SSREFLECT
intro
R move=>
intros
revert move:
generalize | move: (lem a)
specialize move/(_ X)
. rewrite

rewrite

move=>->

. rewrite -

rewrite <-

move=><-
unfold rewrite /
fold rewrite -/
cutrewrite | rewrite (_ : a =b)
destruct
. . case
injection
case_eq case H :

CoQ SSREFLECT
apply
refine apply:
exact exact:
have
assert suff
wlog
. move=>/=
simpl rewrite /=
clear H {H}
elim 1
induction e
now by
discriminate done
assumption move=>//
contradiction rewrite //
rewrite [...]H
pattern
set
f_equal congr

e =
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G EER Coq 12 & 5 AT
MaruComp 74 77 1) ORI

L MuriCowr 54 75 1 s

Outline

MataComp 7 1 75 ) DS

MataComp 5 1 7' V) OIEE

DA
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EHFE R Coq 12 & BILAMGE
MaruConp 74 7' ) OHiS
L MamCowe 54 75 ) ol

SSREerLECT/MaTHCOMP 7 1 7 F 1) D

> 118, 7 7 A )V (v1.5):

> FR I F 4w 2 0Caml (# 7,000 47)
> SSReriecT 71 7 V: % 11,000 47,9 7 7 1 )b
> MaraComp 71 75 U : #9 78,000 47,53 7 7 1 )V

> RS, BROBI DM, a7 - a v

> GLE, B ORI, 27— a VERS SR IR B R
Locate "kigou". REIY - EHRESHT
About Check & 0 MR IFZ
Set/Unset Printing Notations  fi5#&{# 5 /fHbzawn
Set/Unset Printing Coercions a7 —YarvEREL/HEELN
Set/Unset Printing Implicit REER D% HE5/HE 200

Set/Unset Printing All EEREB/T T AV MRS
s EEOHWHIZREDIRNE KB D (R, € HOERIZ— BRIz w» T 1
T T TIER)

» TR KE VTV IV a Vg

> FIFER % #1) 5 X 512, SSRerLect D T 1 7 F U T, conversion IZ & > T,
L T—=VHRER LN &IZmoT WD
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ERGE R ER Coo (2 & 2 AMGE
MaruComp 74 77 1) ORI
L MamCowe 54 75 ) ol

SSREerLECT/MatHCoMP 7 1 7 7 V) Dfflid % MR

FEOKMRT I AN Z =)= —FBHDNN T A= —TXZ—; f:

Search (. < _)%N.

Search (- < _ = _)%N. (* rewriting rule *)

NR—VRERFRHFR XTI THREmERKEE 71 VX —?= _FHI
EDINT A =% —; fi:

Search _ (. <= _)%N.

Search _ (. <= _)Y%N "-"YN.
Search _ (. <= _)Y%N "-"Y%N addn.
Search _ (. <= _)%N "-"YN addn "add".

MEBEDHFIZHIR? = €Y 2 — )L &2 R #i:
Search _ (. <= _)%N "-"Y%N addn "add" in ssrnat.

%% 7 7 1 ) ™tactics_example.v

u]
|
I
il
iy
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EBGEBZIER Coo 1o & AL
L MamCone 4 75 ) ofifr

L MamCowe 54 75 ) ol

SSREerLECT/MaTHCOMP 7 1 7 Z 1) DfFH\ N5

» Require Import DJEFIZMHES 77 AV 6H S

> Cog8.5beta 725, 71 75V DHHIDRILE B 5726,
From Ssreflect Require Import ssreflect F7zl&
Require Import Ssreflect.ssreflect #ff> K54 o7z

> EERDFEL [CDTI5, Sect. 2.7] DFWHFIZHE S 7212, ¥IRD Vernacular TH]J
f5:

Set Implicit Arguments.

Unset Strict Implicit.

Unset Printing Implicit Defensive.

RERD BB OEHIIEE RO T, IRDAT A RTLILOEEZHAL THS

PASNE
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ERGE R ER Coo (2 & 2 AMGE
MaruComp 74 77 1) ORI
L MamCowe 54 75 ) ol

EERD BB DEE DE

%47 7 4 )V ™implicit_example.v

> BB EFOIBRIVTFFANEAEFFOEBRO MO BEHAWTHE®RTE
LR8I THEZROB$ 2 E5. fl:RVE—L v Z7EK

> BR[O AN 2 BT 5 L 512 Gallina DEBOEETE 5.
{ ... YCEHETAENNTA—XIIHROBI L 725,

Definition id_implicit {A : Type} (a : A) : A := a.
Check (id_implicit 0).

(NB: FI/RIIZE S U728 T A — X 2 IEBRIZT % & 512 Arguments @ Vernacular g4y % (i
3.)

> OB RIIZT 2L Tel 265, #i:

Check (@id_-implicit nat 0).
Check (@id_implicit _ 0).
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ERGE R ER Coo (2 & 2 AMGE
MaruComp 74 77 1) ORI
L MamCowe 54 75 ) ol

BB TR G ER D 5K
- B0 — OB DR 5 1S HIRT S BIROBEIE TR B IRD |
B L ES. P, FAO A KRR EROS K

cons : forall A : Type, A -> list A -> list A

> RO A BB R IERO BT H D05, 1B R IERO BT R

Set Implicit Arguments.
Inductive Pair (A : Type) := mkPair :
forall 1 : list A, length 1 = 2 -> Pair A.

length 1 =2 DFEAZE5XTH, BT 1 2#RTE L0 TIERW:

About mkPair.

Check (@mkPair . (cons 0 (cons 0 nil)) (eq-refl (length (cons 0 (cons 0 nil))
Check (@mkPair _ (cons 0 (cons 0 nil)) (eq.refl 2)).

Check (mkPair . (eq-refl (length (cons 0 (cons 0 nil))))).

Fail Check (mkPair _ (eq-refl 2)).
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ERGE R ER Coo (2 & 2 AMGE
MaruComp 74 77 1) ORI
L MamCowe 54 75 ) ol

B TR\ BERAS R D AR & 2R
T 7 BRSO e 2 R S B

Set Implicit Arguments. Unset Strict Implicit.
Inductive Pair (A : Type) := mkPair :
forall 1 : list A, length 1 = 2 -> Pair A.
About mkPair.
Definition Pair00 := mkPair (eq-refl (length (cons 0 (cons 0 nil)))).

Print Pair00.

(NB: A & 1 IZHEERS[BUZ 72 503, Pair®® DFRDOEEENS)
E&%fm\ﬂiméliﬁz@i%r% LA

Unset Printing Implicit Defensive.

Print Pair00.

WD ssreflect/MatHCoMP D 7 7 1 JVIZIRD ~ v X' — D i
E&%fiﬂg%@glﬁ% ﬁé}jﬂ@b:%;j‘é £z Set Implicit Arguments.
ETORROFBEHHNICEST5 LD Unset Strict Implicit.
ﬁ&%?f&: L‘%%@gl&%ﬁﬂ“ Linwk iz Unset Printing Implicit Defensive.
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FEBGEI %R Coo 12 & 2 A MRGE

MatnComp 71 75 ) O#f
L sis 1750

Outline

GO EIRIE ) =W

G

% AGEH D J5H
HDEA (1/4)
WSS S 1 DRE

JERGEIHDIEAR (2/4)

%7 J&
I N L e N5 BfR
JERGEIH DEEA (3/4)
) 7 \\

1 = 7 O AMRGE
Coq & SSRerLect DR

AEHH D FEA (4/4)
Ea— )7V ovayv
MataComp 7 1 75 ) DA
MatHComp 7 1 7 V) DKEE
5175
i3

F

DA
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EBGEBZIER Coo 1o & AL
L MumCowr 51475 ) ofin

s 175
— > —
2ES 1TV
—— (all_ssreflect),
an_swetoct
generic_quatint oo
prime nnest. generic_quotient
Bgdp
ot
fngrapn___tuple
b pan
cholcs. av
-

somt

saype

w00t

sartn
e

s (ssrmatching)
% http://math-comp.github.io/math-comp/htmldoc/libgraph.html X »

[m] = =

£ 9Dar
120/159
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ERGE R ER Coo (2 & 2 AMGE
MaruComp 74 77 1) ORI
Ltz 175y

ssrfun.v

|

» AT IVITHEITEBUIET 5 HANLER LS

ssrfun.v notations

£y
p .1
p .2
f=1g¢g
{morph £ : x / aF x >-> rR x}

{morph £ : xy / alp x y >-> rOp x y}

ssrfun. v definitions

fun x => fxy

fst p

snd p

fx=9zx

f (aF x) = rF (f X)

£ (a0p x y) = r0p (£ x) (£ y)

injective f

cancel f g

involutive f
left_injective op
right_injective op
left_id e op

right_id e op

left_zero z op
right_commutative op
right_zero z op
left_commutative op
left_distributive op add
right_distributive op add
left_loop inv op
self_inverse e op
commutative op
idempotent op
associative op

» 27 7 AL TlibIT\Wd
> Search OMRFRITKIZNLD

forall x1 x2, f x1 = f x2 -> x1 = x2
g (fx) =x

cancel f f

injective (op"~ x)

injective (op y)

op ex=xXx
op X e =X
op zX=2
op (op x y) z =op (op x z) y

opxz=z
opx (opyz)=opy (opxz)

op (add x y) z = add (op x z) (op y z)
op x (add y z) = add (op x y) (op x z)
cancel (op x) (op (inv x))

opxx=e
opXy=0pyx
op X X =X

op x (opy z) =op (opxy)z




ERGE R ER Coo (2 & 2 AMGE
MaruComp 74 77 1) ORI
Ltz 175y

ssrbool.v @ HEEM:

» T T LY avDESR
> TV O E (Hl: &&, |1, 77, ==>) L i
> A7 =Y avil&koT, T—IUED S Prop NDHDIAA:

Coercion is_-true :

bool >-> Sortclass.

= bool I Prop IZRZ %
> reflect Az 7 — NV DHEFR L Prop DR O (#: andP, orP, negP,

implyP)

> pred 3% (pred TYT ->bool)
AP EETIEP t £EL (t \in P & FEIF BHT “collective” HZEX WD)
> U (AFA K 129), GIRES (A F A K 138) F TS

» JRAIM 2% D1 75V 7 7 4 VIR dr & A 2 {4 5)

2% $h: ssrbool_doc.pdf ¥

Bl Z1E:

andTb
andbT
andbb
andbC
andbA

left_id true andb
right_id true andb
idempotent andb
commutative andb
associative andb
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ERGE R ER Coo (2 & 2 AMGE
MaruComp 74 77 1) ORI
Ltz 175y

f5: ssrbool.v ® ifP

> if XD T =NV 5, case: ifP I DDV T I -V EAEML, &
PRIEIZ 22D, if XHDER D
> Bl Z1E (2 2C, ssrnat.v 2> 254 K 126);

=— )L (8 RITFav T ()

odd (if odd n
then n else n.+1) case: ifP.

IR DY AL TS

CoInductive if_spec (A : Type) (b : bool) (vT vF : A) (mot_b : Prop)

: bool -> A -> Set := ...

%#7 7 1 )V ™ssrbool_example.v 123/159



EHFE R Coq 12 & BILAMGE
MaruComp 74 77 1) ORI
w5175

eqtype.v: I5E A e 7% [Fl fE B R
- RIS T 5, 7 — SR Y L TEENTE 5
> BIZE, BRED eqn (AT 1 K 110)

Z D7 = AEER L Leibniz FEBIROEMIMEHFEH T ENiE, TR
eqType & LT TE 3

» reflect ﬁ%ﬁ % *Uﬁﬁ %% 7 71 )L Weqtype_example.v
» FiIs5: canonical structure IZ & 5 £ EE % [MT13]

v

> eqType 725, 7—ESERIZ T==] , T1=] £ &I} 3 (NB: ==] & eq_op DFE)
> REEDES ; Bl 21X, predl ad:ef[pred X |x == a]
> EEHR?

> move/eqP T, Leibniz FfEREfR L 7 — U HER % £

> ==DIRE H DEEHZ: rewrite (eqP H)
e A e AR [EMEREGR A B 5 354, (Leibniz) [EMERSRDZEHHIE—D L7\
& Coq THEBHT & % (unicity of identity proofs); il 21X, 7= D4

v

forall (bool : Type) (x y : bool) (pl p2 : x = y), pl = p2
(A5 1 K 130)

%% 7 71 )L ™ eqtype_example.v, ex022
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ERGE R ER Coo (2 & 2 AMGE
MaruComp 74 77 1) ORI
Ltz 175y

f5: ssrbool.v D boolP

» case H : pl3KEH : p = true ¥ H : p = false 24T 5
(254 K 99)

> TA T VERSRIFMATES &S, 8E (1=%) 2z n

» Bl ZIE (22T, ssrnat.v £{H5 (251 K 126)):

=—)b (i) RIF 49D T—b ()

n nat n : nat
== ->
n*n-1<n " n & 0
n*n-1<n " n
case: (boolP (n == 0)).
n !'= 0 ->
n*n-1<mn " n

%#7 7 1 )L ™ssrbool _example.v, exo23
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ssrnat.v: HRE D 7z D SSREFLECT BT 5 & TE F
$# ¥k} ssrnat_doc.pdf ¥
» IEZONEEE
> Bl Z1E, Notation "n .+1":= (S n). 7 =
> eqType & U CEHHT (eqn, A7 1 K 110)
> —EDMAIA

I

> ERFOT — X G & B OFER A% B F 2
» T<=) WHIEEEZHVTERT 5:

leq = fun m n : nat => m - n == 0 : nat -> nat -> bool
> T<) 1 T<=] ZHWTEHT 5: Notation "m < n" := (m.+1 <=n).
>?gamnw—WKidﬂﬁ%é%@biNaﬁﬁﬁﬁﬁﬂvﬁé%f
N\
- Bl ZAE, BB INE:
Definition addn := nosimpl plus.
Notation "m + n" := (addn m n).

Lemma plusE : plus = addn.

126/159


https://staff.aist.go.jp/reynald.affeldt/ssrcoq/ssrnat_doc.pdf

ERGE R ER Coo (2 & 2 AMGE
MaruComp 74 77 1) ORI
Ltz 175y

ssrnat.v DEFHIT K 2 7 fliE
B AR DAL S [<=]
» Coq DIEHET 1 75 V) IXIRHMARY 2R 5E & U C e (B (family of inductive
propositions, n (/37 A —&X —, ZFHD5[$XIZ index):

Inductive le (n : nat) : nat -> Prop :=
le.n : (n <= n)%cog-nat
| le-s : forall m : nat, (n <= m)%coq-nat -> (n <= m.+1)%coq-nat

» SSREerLEcT Tld:
leq = fun m n : nat =>m - n == : nat -> nat -> bool

> fHE DI ([Tas14, Mah14] 12 & 2):

Goal forall n, O <= n. done. Qed.

Goal forall nm, n.+1 <= m.+1 -> n <= m. done. Qed.
Goal forall n, n <= n. done. Qed.

Goal forall m, n <= n.+1. done. Qed.

Goal forall n, n < n = false. by elim. Qed.

» —%EIZ, ssrnat. v 21X one-liner 235\

%#7 7 1 )L ™ ssrnat_example.v, exo24-27
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ssrnat.v: fili @D T 1~
» HEMMANTED LS, FMiME T<->) ko, FERGR =] Z25H,; #
ZAE:
leq_.eqVlt : forall m n : nat, (m <= n) = (m == n) || (m < n)
> R A — R —{IIHNARLEZ R = case OB, T— VO FIZHN S B%RT
LIHEZEESHZ 5, HlZIL:
> Coq DIFMES A 75 Y

Compare_dec.le_gt_dec
forall nm : nat, {(n <= m)lkcog-nat} + {(n > m)%coq-nat}

> SSREerLECT Tld:

leqP : forall m n : nat, leq-xor_gtn m n (m <= n) (n < m)

CoInductive leq-xor_gtn (m n : nat) : bool -> bool -> Set :=
LegNotGtn : m <= n -> leq.-xor.gtn m n true false
| GtnNotLeq : n < m -> leq_xor_gtn m n false true

%#7 7 1 )L ™ssrnat_example.v, exo28-30
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seq.v: SSRErLEcT D ) A b
seq.v IZEH X N7z Coo DIEHE 1ist
> seq X list D7D D=
> BlzE, BRBDO Y A h DL seq nat
» K< ffibnb seq BARDES:

[::] Y pil
[:: a; b; c] =l a::b::c::nil
[seq E |x <- s] =4 map (fun x =>E) s

[seq x <-s | C] =4
> A : eqType,s : seq A,a : ADE,a \in s BEIT S

> ssrbool.v I predType B D7z D@L S N\inl Z2EHFTS
> mem_seq %A\ T, seq % predType & L T&f%k
LR

filter (fun x =>C) s

Variables (T : eqType) (a : pred T).
Fixpoint all s := if s is x :: s' then a x &% all s' else true.

Lemma allP s : reflect (forall x, x \in s -> a x) (all a s).
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fintype.v: AR DOEZED H 5 #

» ROV ANERHT:
> T : finType 26, T DEFEDY A Mid enum T &E<
> T : finType,P : pred T 5,P Ziid HHEDY A M enum P £ FEH<
» RFEM7% finType: 'I_n
> n XD/ WVEARE HAG: 175D index)
> %% Inductive ordinal (n : nat) := Ordinal m of m < n.
> (x| Px} D& D RIKIERL (AT A F 61)
> EEO PIET—VEROT, FERMROGEHDH O, Px = true DFEHIE 1 DU
DR (AT A R 124)
> 65T, 2 DO 'I_n DIRIT ARBO Mg & —#
> subType IZ &% val_inj ¥4}
» finType 77 &, MK TV T) XL IFEBR LR T L A d:
> &FELS: [forall x, P] (¥ a—: forallP)
> [#1E30 5 [exists x, P] (¥ 2—: existsP)
> EIR: [pick x | P] (A% pickp)

%#7 7 1 )L ™ fintype_example.v
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tuple.v: Fixed-size V) A k

> AP O RE I 7241
s RRICERINERY LT RS EHT 5

Inductive vec (A : Set) : nat -> Set :=
| vnil : vec A O
| vcons : A -> forall n : nat, vec A n -> vec A (S n).

= T W, U A MIBRIZH 5 E HPHES OHEAD B E
» MataComp T, YA DT A 75 ) = HHH

Structure tuple_of (n : nat) (T : Type) : Type :=
Tuple {tval :> seq T; - : size tval == n}.

=
> #:n.-tuple T .
> f: [tuple of s]; Bz IZ:

> [tuple of [:: 1; 2; 3]1]
> [tuple of [seq x * 2 |x <- [:: 1; 25 3]]1]

2% 7 7 1 )L Wtuple_example.v
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finfun.v: 7772 L TOREK

» Coq I intensional TH 5
> FAUASHABERED > TH, 7L TV XL E S5, ~ODOBBIFHEL L
20 (ANELE U TENNELAEE [CDT14])
» finfun.v |Z extensional 72D % 245 5.

rT
Variables (aT : finType) (rT : Type).

Inductive finfun_type :=

N - ~ -
Finfun of #|aT|.-tuple rT. \[ [ I/ { w
aT

T T T T T
(NB: fintype.v & tuple.v % F|f)
> GiE
> #: {ffun aT ->rT}
> ffi: (g : aT ->rT) %25, [ffun x =>g x]

> JMEMEE M & Ul (bigop_example.v THID D 5):

Lemma ffunP : forall (f1 f2 : {ffun aT -> rT}), f1 =1 £f2 <-> f1 = f2
Lemma ffunE : forall(g : aT -> rT), [ffun x => g x] =1 g
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mmeam
bigop.v
> B L EHREBERIE [GKPY4, Chapter 2] IZARFIR#2T 4 75 Y

> ABALEGEB O RN KHEHR T A 7 F ) [BGBPOS]
> iterated operations: + = Y, X = [[ % (U > J,Nn—=N: 271 K 138)
» B (BREDGE):

i MataComp (bigop.v)
Z Fi) \big[addn/0]_(® <=i <n |P i) F i
\sum_(® <=i <n |P i) F i

0<i<n
P(i)

l_[ Fi) \big[muln/1]_(® <=i <n |P i) F i
\prod_(® <=i <n |P i) F i

0<i<n
P(i)

index IV ANTH 3

> index_iota (X [H)
> index_enum ('I_n, {ffun aT ->rT}%® fintype)

v
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MatuComp 71 75 ) DT
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bigop.v DFEAK

>

— IR E R IRET B ¢
Variables (R I
(r :

Type) (op : R -> R
seq I) (P : pred I) (F
Definition bigop

-> R) (didx

: R)
I ->R).
foldr (fun i x => if P i then op (F i) x else x) idx r.
> — IR RAEEZ BE Y S
Lemma bigop-split ril r2 bigop R I op idx (rl1 ++ r2) P F =
op (bigop R I op idx rl P F) (bigop R I op idx r2 P F).
> A VAR ADFMERL S TR
Notation "\sum_ (
(bigop

0 <=1 <mn ) F" :=

(at level 41,

i at next level,

- - addn O (iota 0 n) xpredT (fun i => F))
format "\sum- ( 0 <= i < =n ) F").
ERA VAR Y ATH AU RN Z R 2 5 HIRI
Lemma gauss n : 2 * (\sum-(0 <= i < n.+1) i)
%% 7 7 1 )L *mybigop_example.v, ex031-33

n * n.+1.

=




EHFE R Coq 12 & BILAMGE

L MamCome 514 75 ) ORI
L g

bigop.v: fifigd D]

=)L (i)

\sum_(0 <= i < n.+2) i

RITAV D

rewrite big_nat_recr //=.

IT—)b (%)

\sum-(0 <= i < n.+1)

+ n.+1

S# ¥k bigop_doc.pdf ¥



https://staff.aist.go.jp/reynald.affeldt/ssrcoq/bigop_doc.pdf

FEBGE SRR Coq (2 & B JEAMGE
[

MatuComp 71 75 ) DT
L g

bigop.v: fiE

> Lemma exo034 forall n
Proof.

: nat,

2 * (\sum_(0 <= x < n.+1) x)

= n * n.+1.
b~ b:big_nat_recr, big_nil, ssrnat.v C+4
Lemma exo035 n (6 * \sum_(k < n.+1) k ~
Lemma exo036 (x n
% -

2)%nat = n * n.+1 * (n.*2).+1.
: nat) 1 < x -> (x - 1) * (\sum_(k < n.+1) x ~ k) =
n.+1 - 1.
Lemma exo037 (v : nat -> nat) (vO : v O 1) (vn
n.+1) v k) (n : nat) :
n!=0->vn 2 "

forall n, v n.+1
n.-1.
Lemma bigop-test
Proof.

\sum_(k
(a + b)"2

a’2 + 2 x a * b + b"2.

7272U, bigA_distr_big (ITi Yjes F(i.)) = Zyep Tlie L)) 2 A D
%47 7 1 )L ™ bigop_example.v, exo31-34
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finset.v: GRES

> TH (finType) 2 H DERZDOEFRELSII#|TIEVWE Y h~Y A7 L LTES:

Inductive set_type (T : finType) := FinSet of {ffun pred T}.
B Z e
Goal FinSet [ffun x : 'I_3 => true] = setT. ... Qed.

» #l: {set T};f#i: [set x |P]
» HRESDEZDH:

Definition setO0 := [set x : T | false].

Definition setU A B := [set x | (x \in A) || (x \in B)].

» s : {set T}DHEG,t \in s 2EIT S
> set_type % predType & L T¥%fk
> JMEME: Lemma setP A B : A =i B <->A

1]
o]

%#7 7 1 )L ™ finset_example.v, ex038-40
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e T

finset.v: GRES

> bigop.v & DHEF:

i | MamnCowmp (finset.v)
Ui F@ | \bigcup_(i |P i) F i
P(i)
N F@)
P(i)

\bigcap_(i |P i) F i

Bk finset_doc.pdf ¥

%ﬂ% (NB: —#f, ssrbool.v, fintype.v, bigop.v), ﬁ%@

£ 9Dar
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bigop.v: it

> BIRES LOMEEN:

> EHRBIZHTES 2RO a i ULT O EOEKEL5 25
£ 2 A SR AR v b WA AR AN b R R AR AN

= dependent record % i 5

Record dist (A : finType) := mkDist {
pmf :> A -> R

H
pmf0 : forall a, 0 <= pmf a ;
pmfl : \sum_(a in A) pmf a = 1 }.

aA7—=2av>OBNTT, (pmf P) &P a THIF?
> [ER: Prp[E] = 3 e P(a):

Definition Pr (P : dist A) (E : {set A}) := \sum_(a in E) P a.

%47 7 1 )V ™bigop2_example.v
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bigop.v: MER3AE DI

» P1 : dist A,P2 : dist B,f:(a,b) — Pi(a)Py(b)
> f R AT

> Daveaxpflab) =17 (=)
> Yaea 2pep P1(a) P2(b) = 17 (pair_big fiE)
> Yaea 2bep P1(a) Pa(b) = ¥ e P1(a)? (HE253 40 DRE )
> Ypes P1(a) P2(b) = Pi(a)? (eq_bigr f#iE)
> Pi(a) Zpep P2(b) = P1(a)? (big_distrr #fiE)
> Pi(@)-1="P(a)? (HESR AT D TE %)

» P : dist A, f: A" > Ryt [], P(t;) (NB: A" iZ n.-tuple A DIF)
> fXTERDA?

> Dean f(1) = 17 (T—)
> 2geatta [Ticn P(8(1) = 17 (reindex_onto ffi#)
> li<n Xaea P(@) = 17 (bigA_distr_bigA ffifH)
> licn Zaea P@) = [Ticn 17 (big_const_ord i)
> 3 ea Pla) =12 (eq_bigr i + HERDATDE )

%% 7 7 1 )L ™bigop2_example.v
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MaruComp 74 75 ) DA
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MartaComp 7 1 7 Z V) ($EK)

fingroup.

all_fingroup

presentation

gproduct
action
quotient
automorphism
perm morphism

fingroup

all_fingroup

presentation

automorphism

X% http://math-comp.github.io/math-comp/htmldoc/libgraph.html & »

£ 9Dar
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fingroup.v: BEDE FE

> gT

FEIZAIRES %2 HWTIES [GMRT07, BMR* 12, Tas14]
» finGroupType & group laws 2D EITH %

finGroupType 72 5, {group gTHIFEDI 725
» BEOTEHZRITARESIZHSL

> BEARC, BHIIR DT EZ W7 TS A
Definition group.set A

2% 7 7 1 )L ®group_example.v

{set gT}TH%:
%) fingroup_doc.pdf &

(1 \in A) && (A * A \subset A).

D>
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fingroup.v: [IERLEE
» JLWIfEA GdE: x1 © x2):
Definition conjg (T : finGroupType) (x y : T) := y -1 % (x * y).
» EED) LHIEH GBS A %)
Definition conjugate A x := conjg~™~ x @: A.
> CIEBUERE G5 'NQ)):
Definition normaliser A := [set x | A :~ x \subset A].
» IERIBIER GE5: A <IB):

Definition normal A B := (A \subset B) && (B \subset 'N(A)).

WJ ( £#7 7 1 )L ™group_example.v ):

Variables (H G : {group gTl}). Hypothesis HG : H <| G.

Lemma normal_commutes : H * G = G * H. Proof.
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perm.v: & {RE

» K ETOHE:

s BROM: 02) D (0 2.2 - 161 - 0))
- BIEES; OB

x- | On (02 (12) (012) (021) | !
©o1n |1 021) (012) (12) (02) ©1) | (oD
02) | (012) 1 ©21) (01) (12) ©02) | (02)
(12) | (021) (012) 1 02)  (01) 12) | (12)
012) | (020 (@12) (©O1  (©21) 1 012) | (021)
©21) | (12) (1) (02) 1 (021) 021) | (012)

» MaraComp T ODWJ ( %% 7 7 1 )L ™permutation_example.v )2

- B S_3 £ #EL<
> Lemma S_3_not_commutative : commute pO1 p021.
> Lemma card_S_3 : #|[group of <<[set x in 'S_3]>>]|=6.

> A3 1 {(012),(021), 1} 2 SER S N7z 'S_3 DT

Definition A_3 : {group 'S_3} := [group of << [set p021; p012; 1] >>].

Lemma group.-set_A3 : group.set [set p021; p012; 1].
Lemma card_A_3 : #| A3 | = 3.

> A3 IXIEHRTH B

Lemma A_3.S_3 : A3 <| [group of << [set x in 'S.3] >>].
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all_algebra
algebra
all_algebra
polyXy intdiv
interval rat ‘mxpoly vector
ssrint polydiv mxalgebra
ssmum matrix
poly zmodp
ring_quotient finalg
ssralg

ring_quotient

[X1% http://math-comp.github.io/math-comp/htmldoc/libgraph.html & »

£ 9Dar
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matrix.v

KR, TR DE R & 2 DR E B

>

v

BMRDERZREZEFOD mxn DFFIE"I_m *'I_n» 5 R EFTOD finfun B
ELTREHINTWS:

Variable (R : Type) (m n : nat).
Inductive matrix := Matrix of {ffun 'I.m * 'I.n -> R}.

Notation ""M[' RJ_ (m, n)" := (matrix R m n).

M : '"M[R]_(m, n) BHIUE, M m0 nO & (mg,ng) FEHDEFL KD
75D EZEDH:

Definition odd_bool : 'M[bool].(m, n) := \matrix_(i < m, j < n) odd (i + j).
Definition odd.R : 'M[R]_(m, n) := \matrix_(i < m, j < n) (odd (i + j))%:R.

ssralg.v CTEDS ringType B & L TEFE I N TV S [GGMR09]
R 1 ringType THIUZE, 175D [+] %% ssralg.v »S5HET S
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EHFE R Coq 12 & BILAMGE

matrix.v: i

fg%figﬁ 6: J: E) fﬁ” ( %% 7 7 1)L ®™matrix_example.v ):

> Fov 7YV RIVTH:
Variables (1 d : nat).
Variable A : 'M['F.21_(1 - d, d).

> XU T o REATA:

Hypothesis dl : d <= 1.
Definition H : 'M_(1 - d, 1) :=

castmx (erefl, subnKC dl) (row-mx A 1%:M).

» ek

Definition G : 'M_(d, 1) :=

castmx (erefl, subnKC dl) (row-mx 1%:M (-A)"T).

DA
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matrix.v: /4l
ssralg.v &ARBIRE % (H - 7241

Lemma GHT : G *m H "T = 0.
(e )x(alf 1) =0

AT
(1=A)) x [T]?
> IxAT + (=AY # 17 = 02
> AT 4 (=AY 17 = 07
> AT+ (A %1 =07
> AT 4 (-A) = 0?
> (A-A)T =0?
> 07 =0?
> 0=0?

v

(T—=)
(tr_row_mx ffieH)

(mul_row_col ffiH)
(mul 1mx fifiH)
(trmx1 i)
(mulmx1 #fi&)
(linearD i)
(addrN i)
(trmx® #iEH)
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