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MODELLING OF BRAIN TISSUE MECHANICAL PROPERTIES:
BI-PHASIC VERSUS SINGLE-PHASE APPROACH

K. Miller1 and K. Chinzei2

1. ABSTRACT

Rec ent deve lopme nts  in Robot− A ided S ur ger y  in par t icul ar , the  em er genc e of 
aut omat ic s ur gica l tool s and r obots   as  w ell  as  adva nces  in V ir tua l Rea lit y te chnique s,
ca ll f or  cl ose r  exa mina tion of  the  me chani cal  pr oper t ies  of  br ai n ti ss ue. The  ult ima te
goal  of  our  r es ea r ch is  deve lopme nt of  cor r e spondi ng, r ea lis ti c ma them ati cal  mode ls .
The  pape r  dis cus s es  tw o ca ndidat es  f or  ti ss ue mode ls : s tanda r d, non− li near , bipha si c
and single−phase, non−linear, viscoelastic.
The  me chani cal  beha vior  of  br ai n ti ss ue is  highl y non- li near . The  s tr es s − s tr ai n cur ve s
ar e  conc ave upw ar d cont aini ng no li near  por ti on f r om w hich a me aningf ul  el as tic 
modul us mi ght be det er mi ned. The  ti ss ue r es pons e s tif f e ns as  the  loa ding s peed
increases, indicating a strong stress−strain rate dependence.
The  s tanda r d me thods  of  mode ling ti ss ue as  a bipha si c cont inuum f ac e s er ious 
pr oble ms : s tr ong s tr es s  – s tr ai n- r ate  depe ndence  ca n not be ea si ly expl aine d. A ccor di ng
to our  expe r ime nts , f or  br ai n ti ss ue the  s tr es s es  under  f as t loa ding ca n be s ix ti mes 
highe r  tha n thos e under  s low  loa ding. The r ef or e, the us e of  the  s ingle − phas e mode l is 
r ec omme nded. The  non–li near , vis coe las ti c mode l, bas ed on s tr ai n ene r gy f unct ion w ith
ti me depe ndent coe f f ici ents  has  bee n deve loped. The  ma ter i al cons tant s f or  the  br ai n
ti ss ue have  bee n eva luat ed. A gr eem ent bet we en the  pr opos ed the or eti cal  mode l and
expe r ime nt is  good f or  com pr es si on le vels  r ea ching 30%  and f or  loa ding vel ocit ies 
var yi ng over  f ive  or der s  of  ma gnitude . O ne adva ntage  of  the  pr opos ed cons tit utive 
mode l is  tha t it  is  not dif f i cult  to be em ployed in la r ger e s cal e f ini te el eme nt
computations.

2. INTRODUCTION

Mechanical properties of living tissues form a central subject in Biomechanics.
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I n par t icul ar , the  pr oper t ies  of  the  mus cul o- ske let al s yst em, s kin, lungs , blood and blood
ves s els  have  at tr ac ted muc h at tent ion, f or  exa mple , s ee [ 1, 2, 3, 4]  and r ef e r ence s ci ted
the r ein. The  pr oper t ies  of  “ver y” s of t ti ss ues , w hic h do not bea r  me chani cal  loa ds ( s uch
as  br ai n, li ver , kidne y, et c.) , have  not bee n s o thor oughl y inve st igat ed.H owe ver , r ec ent
deve lopme nts  in r oboti cs  te chnology, in par t icul ar  the  em er genc e of  aut omat ic s ur gica l
tool s and r obots  [ 5]  as  w ell  as  adva nces  in vir t ual r ea lit y te chnique s [ 6] , ca ll f or  cl ose r 
exa mina tion of  the  me chani cal  pr oper t ies  of  the se  ti ss ues . S tat e of  the  ar t  int r a− 
oper a tive  im aging te chnique s ca n s upply r ic h inf or m ati on of  ti ss ue def or m ati on.
U nf or tunat ely, mos t me dica l im aging me thods  nee d te ns of  s econds  to eve n te ns of 
mi nutes  to obta in a s et of  3D  im ages . Thus , by thi nking of  us ing an im age me as ur eme nt
in the  r obot cont r ol s yst em, one al so has  to cons ide r  a del ay. The  pos si ble s oluti on to
thi s cha lle nge is  the  pr edi cti on of  the  def or ma tion bas ed on the  mode l [ 7, 8] . To
im pr ove the  ca pabil iti es  of  s ur gica l oper a tion pla nning and s ur geon tr a ining s yst ems 
bas ed on the  vir t ual r ea lit y te chnique s ( [ 6]  and r ef e r ence s ci ted the r ein) , for ce  fe edback 
is  nee ded. To ac hieve  the  above  goal s, the  appr opr i ate  “ver y” s of t ti ss ue mode ls  ar e 
required.
K nowl edge of  the  me chani cal  pr oper t ies  of  s of t ti ss ues  and ult ima tel y of  the ir 
ma them ati cal  mode ls  is  al so r equi r ed f or  r egis tr ati on. I t enc ompas s es  ma tchi ng im ages 
of  dif f e r ent moda lit y, s uch as  M RI  and S ingle  P hoton Em is si on Comput ed Tom ogr aphy
( S PE CT) , def i ning r el ati ons bet we en coor di nate  s yst ems  ( e.g., bet we en a coor di nate 
s yst em as s ocia ted w ith im aging equi pment  and thos e of  r oboti c tool s in an oper a ting
r oom) , s egme ntat ion of  r ef e r ence  f ea tur es  and def i ning dis par i ty or  s imi lar i ty f unct ions 
bet we en ext r act ed f ea tur es  [ 9] . Regi st r ati on is  a key te chnique  f or  the  com puter − 
integrated surgery.
Regi st r ati on pr oce dur es  invol ving r igi d ti ss ues  ar e  now  w ell − es ta blis hed. I f  r igi dity is 
as s umed, it  is  s uf f icie nt to f ind s ever a l point s s uch tha t the ir  ma ppings  bet we en tw o
coor di nate  s yst ems  ar e  know n. Regi st r ati on of  s of t ti ss ues  is  muc h mor e  dif f i cult 
bec aus e it  r equi r es  a know ledge  about  loc al def or m ati ons. H er e com es  the  pla ce f or 
accurate models of tissue deformation behavior.

The  r epor t ed expe r ime ntal  dat a on the  me chani cal  pr oper t ies  of  br ai n ti ss ue ar e  li mit ed.
O mma ya in [ 10]  des cr i bed ma mma lia n br ai n as  a “s of t, yie lding s tr uct ur e, not as  s tif f  as 
a gel  nor  as  pla st ic as  a pas te ”. A utor s  of  [ 11]  and [ 12]  tr i ed to es ta blis h el as tic 
par a met er s  of  br ai n ti ss ues  by me as ur ing induc ed cha nges  in int r a− cr a nial  pr es s ur e. The 
expe r ime ntal  dat a, w hich mi ght be us ed to det er mi ne cons ti tuti ve r el ati ons f or  br ai n
ti ss ue, w as  r epor t ed in [ 13]  and [ 14] . F r om the  ci ted pape r s, it  is  dif f i cult  to ext r act 
pr ec is e inf or m ati on about  the  condi tions  under  w hich the  expe r ime nts  w er e per f or m ed,
es pec ial ly conc er ning s ampl e s ize s and pr eve ntion of  the  adhe si on bet we en pla tens  and
sample surfaces.
Bas ed on the se  expe r ime ntal  r es ult s, nonli near  cons ti tuti ve r el ati ons f or  huma n br ai n
ti ss ue w er e pr opos ed [ 15, 16] . H owe ver  both the  expe r ime ntal  r es ult s and the or eti cal 
inve st igat ions  conc entr a ted on r api d loa ding condi tions  r es ult ing in la r ge s tr ai n- r ate s,
typi cal  f or  ac cide nts  and injur y mode lli ng, and ca n not f ind the  dir e ct appl ica tion in
surgical procedure simulations.

2. UNCONFINED COMPRESSION EXPERIMENT OF SWINE BRAIN TISSUE
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We  dec ided to per f or m  unconf i ned unia xial  com pr es si on expe r ime nts . A n al ter na tive 
w as  a conf i ned com pr es s ion expe r ime nt, us ed f or  exa mple  by M ow and cow or ker s  [ 3] 
to validate biphasic models of soft cartilage tissues.
The  mor e  det ail ed des cr i ption of  the  in- v itr o unconf i ned com pr es si on of  f r es h s wi ne
brain can be found in [17, 18]. Here we would like to summarise the results only.
Cyli ndr ica l s ampl es  of  dia met er  ~30 mm  and hei ght ~13 mm  w er e cut . F our   s ampl es 
w er e ta ken f r om the  f r onta l and pos ter i al por ti ons of  the  S ylvia n f is s ur e of  ea ch
hem is pher e f or  ea ch s wi ne br ai n. The  vent r icl e s ur f ace  and the  ar a chnoi d me mbr ane 
f or me d the  top and bott om f ac es  of  the  s ampl e cyl inder . Thus  the  ar a chnoid me mbr ane 
and the structure of the sulci remained as parts of each specimen.
U niaxi al unconf i ned com pr es si on of  s wi ne br ai n ti ss ue w as  per f or m ed in a te st ing
stand, shown in Fig. 1.
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Fig. 1: Experiment setup
a) general view with components:

1 - specimen and the loading platens,
2 - load cell to measure axial force,
3 - micrometer to measure axial displacement ,
4 - laser to measure radial displacement.

b) layout with coordinate axes

The  ma in te st ing appa r atus  w as  a U TM - 10T ( O r ient ec Co.)  te nsi le s tr es s  ma chine . The 
ver t ica l dis pla cem ent ( al ong z − axi s in F ig. 1b)  w as  me as ur ed by a mi cr ome te r  w ith
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ana log output . The  expe r ime nt w as  docum ente d by aut omat ica lly ta king CCD  ca mer a 
images.
I n the  pape r  w e w ill  dis cus s  the  r es ult s obta ined dur ing the  loa ding phas e, f or  thr e e
loading velocities:
• f as t:  500 mm  mi n- 1  the  f as te st  loa ding s peed pos s ible  w ith our  equi pment ) ,

corresponding to the strain rate of about 0.64 s -1,
• medium: 5 mm min -1, corresponding to the strain rate of about 0.64×10-2 s-1, and
• slow: 0.005 mm min-1, corresponding to the strain rate of about 0.64×10-5 s-1.
We  per f or m ed 12 f as t, 13 me dium s peed and 6 s low  te st s. The   numbe r  of  s low  te st s
w as  li mit ed bec aus e af t er  ea ch ti ss ue del iver y ( us uall y 2 br ai ns)  w e coul d per f or m  only
one overnight test.
F igur e 2 s hows  the  La gr ange s tr es s 3 ver s us  tr ue  s tr ai n ( ε =  ln λ z  , w her e λ z  is  a s tr et ch in
ver t ica l dir e cti on, F ig. 1b)  cur ve s f or  thr e e loa ding vel ocit ies . The  s tanda r d devi ati on of 
the  me as ur eme nts  and the  the or eti cal  pr edi cti ons ar e  indi cat ed. The  s tr es s − s tr ai n cur ve s
ar e  conc ave upw ar d f or  al l com pr es si on r at es  cont aini ng no li nea r  por ti on f r om w hich a
me aningf ul  el as tic  modul us mi ght be det er mi ned. The  ti ss ue r es pons e s tif f e ned w hen
the  loa ding s peed inc r eas ed, indi cat ing a s tr ong s tr es s − s tr ai n r at e depe ndence . The 
r es ult s s hown in F ig. 2 ar e  in gene r al agr e eme nt w ith thos e publi she d in ( Es te s and
McElhaney, 1970).

                                                
3 To ca lcul ate  Cauc hy ( tr ue )  s tr es s es , the  pr ec is e me as ur eme nt of  the  cr os s − s ect ion ar e a

during loading or the assumption of tissue incompressibility is needed.
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F ig. 2. La gr ange s tr es s  -  tr ue  s tr ai n r el ati ons f or  s wi ne br ai n ti ss ue, expe r ime ntal  and
theoretical results. Error bars indicate standard deviation. Loading speeds:
a) 500 mm min-1, corresponding to the stretch rate of about 0.64 s -1,
b) 5 mm min-1, corresponding to the stretch rate of about 0.64×10-2 s-1,
c) 0.005 mm min-1, corresponding to the stretch rate of about 0.64×10-5 s-1.

3. CANDIDATES FOR BRAIN TISSUE CONSTITUTIVE MODELS

3.1. Brain as a Biphasic Continuum

The  conc ept tha t the  s of t ti ss ues  ca n be tr e ate d as  bipha si c cont inua cons is ti ng of  s olid
def or m able  por ous  ma tr ix and pene tr at ing f lui d is  w ides pr ea d. I t has  bee n par t icul ar ly
us ef ul in ca r til age biom echa nics , s ee f or  exa mple  [ 3] . The  li near  bipha si c mode l of 
brain was proposed, for example, in [19, 20].
The governing equations of biphasic continuum are:

Continuity: ∇ + =( )φ φs f
vs vf 0 (1)

Equilibrium:       ∇ + =σ α αΠ 0 (2)
where:
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   φα − α phase content (f - fluid phase, s - solid phase),
   vα - velocity of α phase.
    σα − α phase Cauchy stress tensor,

Πα - diffusive momentum exchange between phases.
When writing the equilibrium equation we neglected inertial body forces.
I f  w e ma ke the  addi tiona l as s umpti on tha t the  f lui d is  invi sc id and tha t the  dif f us ive 
mom entum  exc hange is  pr opor ti onal to the  r el ati ve vel ocit y bet we en phas es , the 
constitutive equations are as follows:

σ φ σs s
E

sp= − +I (3)

σ φf f p= − I     (4)
Π Πs f f f sp K= − = − ∇ + −φ ( )v v  (5)

where:
   p - apparent pressure,
   K - diffusive drag coefficient function,
   σ E

s - Cauchy stress tensor of the solid phase.
    I - identity tensor (rank three),
I n gene r al, the  dif f us ive  dr ag coe f f ici ent K is  not cons ta nt. I t is  us uall y cons ide r ed to be
dependent (exponentially) on strain.  
The  ac cept ed w ay to r el ate  the  s tr es s es  to the  def or m ati on ( in a s olid ma tr ix)  is  by
means of the Helmholtz free energy:

S
E

=
∂
∂
W

     (6)

where:
S - Second Piola−Kirchoff stress of the solid phase (measured with respect to the

original configuration)
W - the Helmholtz free energy (per unit volume) function of the solid phase. This

function depends on the current deformation only.
E   - Green’s strain tensor (relative to original configuration) of the solid phase.

Thi s appr oa ch is  bas ed on the  as s umpti on tha t the  s olid phas e s tr es s  depe nds only on the 
cur r e nt def or m ati on. The r ef or e, the r e is  no ene r gy dis s ipat ion in the  s olid, but the 
dissipation comes from interactions between phases only.
I t w as  s hown ana lyti cal ly [ 21]  f or  the  li near  bipha si c mode l and conf i r med nume r ica lly
f or  the  non- li near  ca se  [ 7, 8]  tha t the  r at io of  the  ins ta ntane ous s tr es s  ( af t er  s udden
move ment  of  the  upper  pla ten)  to the  equi libr i um s tr es s  ( af t er  s uf f ici entl y long ti me
f oll owi ng loa d appl ica tion) , as  pr edi cte d by the  bipha si c the or y, cannot  be lar ger  than

3

2(1+ν)
 ∈  〈  1, 1.5〉  , w her e ν is  the  P ois son’ s  r at io of  the  s olid phas e. Thi s pos es  a

s ever e  li mit  on the  s tr es s  depe ndence  on loa ding vel ocit y. The  bipha si c the or y in it s
pr es ent  f or m ca nnot be ac cept ed f or  ver y s of t ti ss ues  ( e.g. br ai n) , f or  w hich the  s tr es s es 
f or  the  la r ges t loa ding vel ocit y in our  expe r ime nts  ar e  about  s ix ti mes  highe r  tha n f or 
the smallest one (Fig. 2).

3.2. Brain as an Inelastic Single-Phase Continuum
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The  r ea son f or  s tanda r d bipha si c the or y’ s  ina bili ty to dis cr i be s tr ong s tr es s - st r ain r at e
depe ndence  is  the  under l ying as s umti on of  s olid ma tr ix hyper e las ti cit y. I n the  ca se  of 
the  conf i ned com pr es si on expe r ime nt the  r el ati ve vel ocit y of  the  phas es  is  al mos t equa l
to the  vel ocit y of  the  s olid phas e. The r ef or e   the  dis s ipat ion ma y be ac counte d f or  by
choos ing s uita bly la r ge dar g coe f f ici ent K, equa tion 5. I n the  unconf i ned expe r ime nt the 
vel ocit y of  s olid phas e is  muc h la r ger  tha n the  r el ati ve vel ocit y bet we en phas es . The 
r es ult s s how tha t the  s olid phas e is  inhe r entl y dis s ipat ive. The  dis s ipat ion in the  s yst em
cannot be accounted for by adjusting the drag coefficient.
The  s impl e, phenom enologi cal , mode lli ng me thod int r oducing s uita ble dis s ipat ion int o
the system at the expense of single-phase description, is discussed below.

3.2.1. Modeling of finite deformation non-linear tissue behavior

Let’s start with the modeling of non-linear stress strain dependence using the strain
energy function of the following form:

W C J J
i j

N

ij
i j= − −

+ =
∑

1
1 23 3( ) ( ) (7)

Where the strain invariants are:

J Trace1 = [ ]B ;    
[ ]2

J =
J Trace

J2
1

32
− B

;     J3 1= =det B , (8)

B is a left Cauchy-Green strain tensor. For infinitesimal strain conditions, the sum of
constants C10 and C01 have a physical meaning of one half of the shear modulus:
µ0

10 012
= +C C    . (9)

The  ene r gy depe ndence  on s tr ai n inva r iant s only com es  f r om the  as s umpti on tha t br ai n
ti ss ue is  ini tia lly is otr opic . The  as s umpti on of  ti ss ue inc ompr es s ibil ity r es ult s in s ett ing
the  thi r d s tr ai n inva r iant  equa l to one. The  f ir s t tw o te r ms  in ( 7)  f or m a w ell  know n
M ooney- Rivl in ene r gy f unct ion, or igi nall y deve loped f or  inc ompr es s ible  r ubber s  ( f or 
discussion see [22]).
I n our  expe r ime nt the  def or m ati on w as  or thogona l, and the  le f t Cauc hy- Gr e en s tr ai n
tensor had only diagonal components:

B =

















−

−

λ
λ

λ

z

z

z

2

1

1

0 0

0 0

0 0
,   where  λz   is a stretch in vertical direction (Fig. 1b)

(10)
I n s uch a s itua tion, ta king J z z1

2 12= + −λ λ  and  J z z2
2 2= +−λ λ  ,  the  only non- ze r o

Lagrange stress components can be computed from the simple formula:

T
W

zz
z

=
∂
∂λ

 . (11)

3.2.2. Modeling of the loading velocity dependent tissue behavior.
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To mode l the  ti me depe ndent beha vior  of  the  ti ss ue w e pr opos e to w r ite  the  coe f f ici ents 
in the formula for energy function (7) in the form of a exponential series

C C C eij ij ijk
k

n t

i= + ∑
−

,inf
τ , (12)

and the energy function in the form of convolution integral

W C t
d
d

J J d
t

i j

N

ij
i j= − − −∫ ∑

+ =

{ ( ) [( ) ( ) ]}
0 1

1 23 3τ
τ

τ (13)

From  (11) we obtain:

T C t
d
d

J J dzz

t

i j

N

ij
z

i j= − − −∫ ∑
+ =

{ ( ) [ (( ) ( ) )]}
0 1

1 23 3τ
τ

∂
∂λ

τ (14)

Equation (14) served as a basis for the comparison of the theory and experiment.

3.2.3. Determination of  material constants for swine brain tissue

I n the  ca se  of  the  com pr es si on w ith cons ta nt vel ocit y, the  int egr al  ( 14)  ca n be eva luat ed

ana lyti cal ly4 .  The  r es ult  obta ine d w ith M athe mat ica [ 23]  is  long and is  not pr es ent ed
here.
I t is  cl ear  f r om equa tion 14 tha t the  expr e ss ion f or  La gr ange s tr es s  is  li near  in ma ter i al
par a met er s  Cij . The r ef or e it  w as  ea sy to f ind the m us ing le as t s quar e me thod. To mode l
ac cur at ely the  ti ss ue beha vior  f or  a w ide r ange  of   loa ding vel ocit ies , w e f ound it 
nec es sa r y to us e tw o ti me- de pendent  te r ms  in the  Cij expa nsi on ( 12)  and to inc lude
second oredr terms in energy function (N=2 in eq. 13).
A  good agr e eme nt w ith expe r ime nt f or  al l thr e e loadi ng vel ocit ies  ( F ig. 3)  has  bee n
obtained for the following values of the parameters:
time constants in eq. 12: τ1=0.5 [s]; τ2=50. [s];
equilibrium parameters: C10,inf = C01,inf =62.50 [Pa]; C11 = 0; C20,inf = 0.; C02,inf = 0.;
parameters multiplying exponential with characteristic time τ1: C101 = C011 = 39.66 [Pa];
C201 = C021 = 869.82 [Pa];      
parameters multiplying exponential with characteristic time τ2: C102 = C012 = 366.86 [Pa];
C202 = C022 = 310.65 [Pa];

4. DISCUSSION AND CONCLUSIONS

Thi s s tudy dis cus s es  tw o dis ti nct ma them ati cal  mode l of  br ai n ti ss ue me chani cal 
properties.
The  s tr ong s tr es s − s tr ai n r at e depe ndence  pr ohibi ts  the  us e of  s tanda r d bipha si c mode ls 
f or  br ai n ti ss ue mode ling. The r ef or e, the  us e of  the  s ingle − phas e, non− li near ,
vis coe las ti c mode l bas ed on the  conc ept of  the  s tr ai n ene r gy f unct ion, w r itt en in the 
f or m of  convol ution int egr al  w ith coe f f ici ent expr e ss ed in the  f or m of  expone ntia l
series, is advocated.
                                                
4 The result contains exponential integrals.
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O ne adva ntage  of  the  pr opos ed mode l is  tha t the  cons ti tuti ve equa tion deve loped her e  is 
al r eady ava ila ble in A BAQ U S [ 24]  and ca n be us ed im medi ate ly f or  la r ger  s cal e F EM 
computations.
H ow to us e the  in vi tr o expe r ime ntal  r es ult s in the  mor e  r ea lis ti c in vi vo envi r onment 
r em ains  an open ques ti on. F ur ther  r es ea r ch is  nee ded to det er mi ne br ai n ti ss ue
cons ti tuti ve mode ls , w hich w ould inc or por ate  the  inf l uence  of  the  blood and
cerebrospinal fluid pressure and flow.
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