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In this supplementary material, we prove the convexity of the proposed for-
mulation,

min |J(X,) 2 itr(Ew)+Zai(2w)—§Zai () (Zu)Yili Kij (Zu) | (1)
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where K,j(.) = tr(X, X, X;),
a*(z,) = arg ;réa@x Zal ZaiajyiyjKij(zw)7 (2)
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Oy = {a|Vi, 0<a; <C, ¥, yici = 0},

which appears as (10) in the paper. Since the constraint X, = 0, i.e., positive
semidefinite cone, is a convex set, the convexity of the proposed optimization
problem (1) will be established if the objective cost function J is proven to be
convex.
We use the following notations:
o (2,) ER" == [a}(Zu), -,k (=)
K(z.,) € R Kij(2a) = 4y Kij(S),

and then the objective cost function is written by

1 1 _
J(X,) = §tr(2w) +1Ta* (=) — §a*(2w)TK(2w)a*(2w). (3)

1 Derivative of J

Before proceeding to the proof of the convexity, we first show the form of the
derivative of J with respect to X, based on Lemma 2 in [1].

Let 0;; denote the ¢,j-th component of X, and the derivative of J with
respect to o;; is simply obtained by
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where d;; is the Kronecker delta and note that a*(=.,) is the function of X,,.
The Lagrangian function for (2) is given by

1 _
L(aa Aw@v7) = 1Ta - iaTK(Ew)a - )‘yTa + ﬂTa + 'YT(O]' - Oﬁ), (5)

where A € R, 8 € R’} and v € R} are the Lagrange multipliers for the constraints
O,. Thus, the unique optimizer a*(x,) in (2) satisfies the following conditions:

1- K@) a" (@) -\ @)y + B85 =) -7 (Z.) =0 (6)
=1-K®,)a" (2, =Xy — B (=) + 7 (2w,
y' o (z,)=0= yTM =0, (7)
8aij
. . . Oaj(z.) 0B (Zw)
VL, B (2n)a) (20) = 0= B (2.) al% + éUij o) (2,) =0, (8)
. . . daf(z,) OV (Zw) .
VA (B C—af (30)} = 0 = —f (5 o=l L T 0o (m,0) = 0, (9)

80,»]» 80'ij
where \*(=,), 3% (=.) and v*(=,,) are the optimum Lagrange multipliers, depend-
ing on the variable X,,. By using the fact that either 3/ (x.) =0 or af (z.) =0
in (8) and either v/ (=.) = 0 or af(z.) = C in (9), we can further obtain the
following conditions from (8) and (9):

dajf (Tw) B (2w

S (B = W) =0, 10

Bl (=) Do Doy 1) (10)
0aj(2.) OV (Zw)

(S = C —af(z,) =0. 11

Vi (Zw) Do Jos (C = aj(zw)) (11)

Thus, the derivative (4) results in

oJ 1 1 0K (.) da(2,) | _
= i —a (%) At (Bt {1 - K(z,)a (5,
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1 1, 0K (z,) , dat(z.,) "
= §6ij_§a (zw)TTija (z:w)—i—T” N E)Yy—B' =) +7 (=)}
(13)
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— *(52“ T » Ti * » 14

where we use (6) for transforming (12) into (13), and use (7), (10) and (11) to
get (14) from (13).
Finally, the derivative of J with respect to X, is given by
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2 Convexity of J

We prove the convexity of J by verifying the following first order condition:

0J A}’ (17)

0Xy,

J(B) > J(A) + tr {(B _A)

where A =0, B = 0.
Proof: From (3), the left-hand side in (17) is written by
1 T % 1 * T 1o *
J(B) = §tr(B) +1 a¥(B) — §a (B) K(B)a'(B), (18)

while by using (16), the right-hand side in (17) results in

1 )

1 _
= 5tr(A) 1T a’a) — 5a*(A)TK(A)oz*(A)

1 1 X X T
+5tr(B - A) - %: ajaajayytr{(B — A) X, X}

J(A)+tr{(B—A)£U

1 1 _
= §tr(B) +1Taa) — 5oz*(A)TK(B)OL*(A). (19)

Since a*(B) = arg maxae@y{lTa — %QTK(B)Q} and a(A) € Oy, it is shown
that

1 _ 1 _
1Ta’B) — 5cx*(B)TK(B)of‘(B) >1"aXAa) — §a*(A)TK(B)OL*(A). (20)
From (18-20), the inequality (17) holds. O
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