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Effects of impurities with a strong and short-range potential are studied in carbon nanotubes
within a k-p scheme. The calculated conductance approaches those obtained for nanotubes with
a lattice vacancy when the strength of the potential is sufficiently large. The conductance at e=0
is analytically shown to be quantized into zero, one, and two times of the conductance quantum
e?/mh depending on the difference in the number of vacancies at A and B sublattices in nanotubes

with a sufficiently large diameter.
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81. Introduction

A carbon nanotube (CN) is composed of concentric
tubes of rolled two-dimensional (2D) graphite sheets, on
which hexagons are arranged in a helical fashion about
the axis.)) The diameter of each tube ranges from 20 to
300 A and the maximum length exceeds 1um. Single-wall
nanotubes having a diameter lying between 7 and 16 A
can be synthesized also.?®) The purpose of this paper is
to study effects of a strong and short-range perturbation
including lattice vacancies in a k-p scheme.

Various calculations have been performed to predict
energy bands.*~'2) It has been found that their char-
acteristic properties are reproduced in a k-p method.'®
The k-p scheme is quite powerful in the study of effect-
s of external fields such as magnetic and electric fields.
In fact, it has been successful in the study of magnetic
properties including the Aharonov-Bohm effect on the
band gap,'? optical absorption spectra,'®%) and lattice
instabilities in the presence and absence of a magnetic
field.1718)

Transport properties of CN’s are interesting because
of their unique topological structure. There have been
some reports on experimental study of transport in C-
N bundles.'® Quite recently, measurements of magne-
totransport of a single nanotube became possible.29:21)
The tunneling at a finite-length CN22) and a connec-
tion of different CN’s?3=26) were calculated. The con-
ductivity was calculated in a constant-relaxation-time
approximation.2”) A calculation of the conductance of
armchair nanotubes with a single vacancy was reported
also.28)

The conductivity of CN’s was previously calculated
using a Boltzmann transport equation®?) and in Lan-
dauer’ approach®®) for a model of short-range scatter-
ers. The results were shown to have a close connection
with transport in a 2D graphite sheet.?") In a previous

paper,3?) effects of impurity scattering in CN’s were s-
tudied in detail and the absence of backward scattering
was predicted and proved rigorously except for scatter-
ers having a potential range smaller than the lattice con-
stant. This intriguing fact was related to Berry’s phase
acquired by a rotation in the wave vector space in the
system described by a k-p Hamiltonian which is same
as Weyl’s equation for a neutrino.®®) The conductance
was calculated in a tight-binding model and the result
confirmed the absence of backward scattering when the
potential is sufficiently small, i.e., the maximum value is
smaller than the typical width of the conduction and va-
lence bands.?*3% A quantized conductance was observed
in a multi-wall nanotube.3%)

Quite recently, effects of scattering by a vacancy
were studied in metallic armchair nanotubes in the p-
resence and absence of a magnetic field.>”=4?) The con-
ductance was shown to be quantized into zero, one, and
two times of the conductance quantum e?/7h depending
on the type of the vacancy. In this paper we shall ex-
tend a k-p scheme so as to discuss effects of strong and
localized potentials including those of lattice vacancies
and present analytic derivation of the intriguing conduc-
tance quantization in the presence of vacancies.

§2. Effective-Mass Approximation
2.1 Hamiltonian

The structure of a 2D graphite is shown in Fig. 1
together with the first Brillouin zone and the coordinates
system to be used in the following. A unit cell contains
two carbon atoms denoted as A and B. In a 2D graphite,
two bands having approximately a linear dispersion cross
the Fermi level (chosen at ¢ = 0) at K and K’ points
of the first Brillouin Zone. The wave vectors of the K
and K’ points are given by K = (27/a)(1/3,1/+/3) and
K'=(27/a)(2/3,0).
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Fig. 1 (a) Lattice structure of two-dimensional graphite sheet. 7 is the chiral angle. The coordinates are chosen in
such a way that x is along the circumference of a nanotube and y is along the axis. (b) The first Brillouin zone and

K and K’ points. (¢) The coordinates for a nanotube.

In the vicinity of the Fermi level, electronic states
are described by the Schrodinger equation given by

HF(r) =eF(r), (2.1)
with
H=Ho+V, (2.2)
where
KA KB K'A K'B
0 ylky—ik,) 0 0
(kg +iky) 0 0 0
Ho = A )
0 0 0 (ks +iky)
0 0 y(ky—iky) 0
(2.3)
and
FE(r
F(’l") (FK/ (’l")) ’ (24)
with

KA , K'A
o) = (s ) <0 = (pesll) )
(2.5)
Here, FK4 and FKPB describe the amplitude at an A and
B site, respectively, for the component at the K point,
and FX'4 and FX'B describe that for the K’ point.

For the discussion of scattering from short-range
scatterers localized at several lattice points, it is more
convenient to choose the representation in which the
(4,4) matrix Hamiltonian is rewritten as

KA K'A KB

0 0 y(kp—ik,)

0 0 0
y(ky+ik,) 0 0

0 A(kp—iky,) 0

Ho =

An eigenstate of the Hamiltonian is written as

1
Foni(1) = —— fsnr explic(n)x+iky], 2.7
k(7) Tz ek plir(n)z+iky] (2.7)
where A is the length of the nanotube, s=+1 denotes a
conduction band, s = —1 a valence band, k is the wave
vector in the direction of the axis, and x(n) is that in

the circumference direction, i.e.,
(2.8)

with an integer n and the circumference L. The four-
component eigenvector fg,i is normalized as |fspr| =1
and satisfies

HO(nk)fsnk = Esnk.fsnka (29)
with
0 0 ~Alk(n)—ik] 0O
- 0 0 0 ~v[k(n)+1k]
Ho(nk) = ~y[x(n)+ik] 0 0 0 ’
0 ~[k(n)—ik] 0 0
(2.10)
and
Esnk = 8% K(n)2+k2' (211)

For an impurity localized at a carbon A site r;, we

have3?)
V(r) =V;é(r—r;), (2.12)
with
o qu)? 0
v= (Y 0) (213)
where
1 eid’A
A J
CI)]- = (e_iqb;‘ 1 )7 (2.14)
with
¢t = (K'-K)-r; +n. (2.15)

Here, 7 is the chiral angle shown in Fig. 1. Define further
a vector a; as

A
o= (32)-5 () e
which satisfies
(aj,a;) = aja]- =1, ajx =ajg. (2.17)
Then, we have
o =2a;a]. (2.18)

For an impurity localized at a carbon B site r;, we
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have
0 0
9= o) .
where
1 eid’B
B J
P = (e_iqﬁf ) ) ) (2.20)
with
™
0f = (K'—K)rj =+ = (221)
In terms of a vector b; defined as
(big ) 1 ol0] /2
we have
P =2b;b). (2.23)
2.2 Scattering matrix
In terms of a T" matrix defined by
T=V+V L V+V ! \% L V+
B e—Ho+i0 e—Ho+i0 e—Ho+i0 ’
(2.24)
the scattering matrix can be written formally as
S =504 50, (2.25)
with
5O = 05 (220
and
1 . A
Sfxﬁ) - Tap; (2.27)

Iy [vavg]

where v, and vg are the velocity of channels a and (.

The matrix element is written as
(@V;18) = faV; fﬁ_ exp[—i(ka—rp)z; —i(ka—kp)y;],
(2.28)
where (z;,y;) is the position of the impurity, f. is the
eigenvector for the state o with energy ¢,, wave vector
in the axis direction k., and that in the circumference
direction £ =£(ng) = (27/L)n, with integer n,. The T
matrix is expanded as

T=TW 7@ 76 4. (2.29)
with
(0ITW18) = 7 £ Vi fo expl-inapa; — hapys,
! (2.30)
(o738

1 . .
)= Z Z £y Evjfv exp[—ikay2j —ikayy;]
Yo
1 1 . .
X m JZ, fjﬂ‘/j/fﬁ eXp[*lli’yﬁI'j/ *lk’yﬁyj/];
(2.31)

1 . .
(|T®)|8) = Z Z fo-fﬁvjfv exp|—ika~yT; —1ka~yy;]
vy

1 1
+ . i R .
X m ; 1 ﬂvj’f’v’ exp[—ifiyy @jr —ikyyry;]
1 L1 _ .
>< : Z f’y’ AL ‘/j// ﬂfﬁ eXp[_IH’YI/Hx]// _lk’ylﬁyj,,]’

e—ey+i0 7z
(2.32)
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where Kog =Ka—Kg, kap=ka—kgs, etc. In the lowest order
Born approximation, the T matrix is given by eq. (2.30),
which shows that the effective potential is essentially
given by the sum of the potential of each impurity.

We note the relation:

> fwﬁfj =" [e=Ho(nk)+i0]
>

nk

o (2.33)

Then, the second order term becomes
5 S ViGig 0 Vi o
i’ (2.34)
x exp(—ikax; —ikay;) exp(ikge +ikgy,: ),

where
Gjj (e+i0) = G(rj—rj, e +i0)
= Z —Ho(nk)+i0] leXp[i/@(n)xjj/—i—ikyjj/],
(2.35)
with
Tjj =@ = Ty Yig = Y5~ Uit (2.36)

Similarly, the third order term is given by

1 .
Z:ﬂ f;ﬂVjij” (E'HO)A V"GJ”J’(5+10) AL Vi fs
33’3
X exp(—ikar; —ikay;) exp(ikgxj +ikgy; ).
(2.37)
By repeating similar procedures up to an infinite order,

we obtain the T matrix

(a|T18) = fi Tijf5 exp(—ikaz: —ikay:)
ij (2.38)
x exp(ikpz;+iksy;),
where
T, — [(PLVG( +'0))_1iv} (2.39)
E AL et AL 1ij’ ’
with V}'j/ :‘/}'(5jj/.
The equation for T5; is given by
Ty = ALV(S” + ALV Z G(ri—mk, e+i0)T;. (2.40)

Effects of multiple scattering from a single impurity can
exactly be taken into account by replacing eq. (2.40) by

1 1
Ty = Evi(sij + E%G(O,eJriO)T”

1 . (2.41)
+ E‘/:L ; G(ri—mr, €+10)Tkj.
3

We then have

Ty = ALV(S” - ALV > G(r
k#i

—7g, e+10)Ty;, (2.42)

with

. 1 17t
Vi:[l—EViG(O,EJﬂO)} V. (2.43)

In the following, we shall confine ourselves to the
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case that
2 o< 2 (2.44)
——<e< —. .
L L
For this energy range, the eigen vectors are given by
1 0
1 0 1 1
0 Fi

and the velocity is given by |v|=
scattering matrix as

~v/h. We can write the

/ /
TKK TKK' tpr Uk
/ /
S . TK'K KK’ tK/K tK’K/ (2 46)
|t t rh rh ’ ’
KK KK’ KK KK’
tk ik Tk ’I“IK/K T,K’K’

where t’s and r’s are transmission and reflection coeffi-
cients, respectively. When all impurities are localized in
a region smaller than the circumference and |e| <« 27y /L,
in particular, eq. (2.38) can be replaced by

(T|8) = £ Ts fsexpl—i(ka—rp)zo—i(ka—ks)yo),
(2.47)
with
(2.48)

Ts = ZTija
ij
where 7o = (g, yo) is the center-of-mass of all the impu-
rities.
2.3 Green’s functions

The Green’s function is explicitly given by

m(n)erlky
Gla,y.e+i0) = / Z €+10 [k(n)2+k2]
5 ~[k(n)— 1k;] 0
y 0 € 0 ~[r(n)+ik]
~[k(n)+ik] 0 5 0 ’
0 ~ls(n)—ik] 0 €
(2.49)

where we have introduced a cutoff function f.[k(n), k]
defined by

kZ
k24 k(n)2+k2’

in order to extract the contribution from states in the
vicinity of the Fermi level. The cutoff wave vector k. is
determined by the condition that the cutoff wave length
27 /k. should be comparable to the lattice constant a,

e., 2r/ke =~ a. We introduce a cutoff integer n. by
k. =2mn./L, i.e., k(n.) & ke or n.~ L/a. The Green’s
function is written as

felr(n), k] = (2.50)

g 0 g1 O

—IA 0 go 0 gl
G=—""1"°1 , 2.51
2y g1 0 go O (2:51)

0 g1 0 go

where
ik(n)z+iky

ce

go(z,y) = — defc[’f(n),k] (102 —2[r(n)2+ k2]’
B ( )711{7] ik(n)z+iky

gi(z,y) = defc E+10) 72[k(n)2+ k2]’
(2.52)
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and g1(x,y)=g1(x, —y). We immediately see that

9o(—=2,y) = go(x, —y) = go(—z, —y) = go(z,
g1(—z,—y) = —g1(x,y),
which leads to g1(0,0)=0.

The off-diagonal Green’s function appears only be-

tween matrix elements of impurities and therefore in the
form

V) (953)

+(9a(riy) 0 _ (a b)) GAB
a; ( 0 g1(ri;) b; = (a;, b; )gzj ) (2.54)
with r;; =7r;—r;, where
N 1 A_4B A_ B
g;‘;B 5[91(,«1 )e T =@)/2 1 G ()€l (97— )/2]
X (aivbj)_la
(2.55)
and (a;,bj)=a; b;. This means that we can always use

g;j.B for the off-diagonal Green’s function describing the
propagation from a B site at r; to an A site at r;. It
should be noted that (a;,b;)=a™b is real.

In the energy range (2.44), we have

go(z,y) = el(e/Mlyl

2_
72152(:03 (exp 'Z(n) 5/’Y *lyl]
Y2 k(n)? — (2.56)
_ exp[- /R +k2|y| )
VE(n)?2+72k2
and
g1(z, y) = —isgn( )[ i(E/W)\y\_e—kc\y\]

) sin[k(n)x]

w23 ([
X exp [—\/ )2—(€/7)?|yl]
B [ﬁ( n) sin[r(n)z ]
K(n)?+ kZ

x exp [—/r(n+R2ly]) ).

—isgn(y) cos[/{(n)a:]]

isgn(y) cos[r(n)a]

(2.57)
with
+1 (y>0);
sgn(y) =40  (¥y=0); (2.58)
-1 (y<0)
At £=0, in particular, we have

and

g1(x,y) = —isgn(y )[17671%@\]

123 ([t

B [ k(n) sin[k(n)z]
K(n)2+ k2

x exp [ —/k(n)2+k2|y|] )

The above shows that

] —isgn(y) coslr(n)a] | exp [~x(m)ly/]

—isgn(y) cos[n(n)x]}

(2.60)

a1(z,y) = g1(z,y)", (2.61)
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and consequently

Pt —i(pr—oP _
gf}B = Re [gl(rij)e (67 —o; )/2} (a;,b;)"", (2.62)
ie., g;‘;B is real as well as go. When |y|>27/k., we can

neglect terms containing cutoff k. and have

cos[m(x+iy)/L]

s

gi(z,y) =
This expression is not singular at y =0 except when x~0
and therefore valid in the whole (x,y) plane except in the
vicinity of the origin, i.e., |r| <27 /k.. In particular, we
have ¢g1(£L/2,y) =0 for y =0 and g1 (z,y) — —isgn(y)
for |y|> L/m at z=0.

Figure 2 shows Gga xp(z,y) = (—14/27)g1(z,y)
obtained numerically for several values of the cutoff n..
The Green’s function is singular in the vicinity of »=0 as
has been discussed above and the singularity is cutoff at
small 7. ~ 6L/n., where § ~ 0.2. This value is smaller
than the cutoff distance a ~ L/n., showing that the
approximate expression with infinite cutoff, eq. (2.63)
for e=0 for example, can be used in actual calculations.
For impurities localized within a distance of a few times
of the lattice constant, the off-diagonal Green’s function
becomes extremely large. This singular behavior will be
shown in §3 to be the origin of the peculiar dependence
of the conductance on the difference in the number of
vacancies at A and B sublattices.

Near & = £27y/L the Green’s functions diverge in

proportion to [(277y/L)%?—?]~1/2. In fact, we have

V/2icos(2rmx /L)

go(z,y) ~ —Sgn(E)m, (2.64)
and
(@, y) ~ ﬂsin(?ﬂ'x/[/) . (2.65)

1—le[(L/2my)

For a small distance, i.e., |z/L| < 1, the divergence at
¢ = £27y/L is much stronger for the diagonal Green’s
function than for the off-diagonal Green’ function, i.e.,
|90 "g1] < 1 near e =427v/L in contrast to |gy ‘g1 > 1
in the other energy range. The energy corresponding to
this crossover approaches e =27y/L with the increase of
the circumference. This shows that a singular energy de-
pendence appears in the conductance for closely spaced
impurities located at both A and B sublattices in the
vicinity of € = +27y/L, as will be demonstrated in §3
and §4.
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Fig. 2 The off-diagonal Green’s function for (a)
y=0 and for (b) =0 for several values of n.. The

vertical arrows show the value of the cutoff distance
L/ne.

At r=0, the diagonal Green’s function is written as

90(0,0) = 1 —igg(e), (2.66)

with

- 1 1
o(e) =2¢ ( - ) :
90 (¢) ; \/"}/QK,(TL)27€2 \/72/1(71)2 +72k2
(2.67)
The imaginary part gj (¢) is a monotonic function of ¢ in

the energy range (2.44) and behaves as

96 (€) = 2x5—

2.
i (269)
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with
o0
1 1
X = - ) = nn,, 2.69)
nz::l G Vn2+n%) ‘ (
for |e(L/2my)|< 1 and
1 2
g(e) ~ sem(e) (2.70)

for e~ £27y/L.

2.4 T matrix

The Green’s function becomes diagonal for r = 0
and therefore the renormalized impurity potential for
an A site, for example, by taking into account multiple
scattering, becomes

1 —iA ! L
uy o — (1f—ujc1>§‘wgo) o = 17?0@@;‘,

(2.71)

where gg = go(0,£410) for simplicity, use has been made

of (@?)n = 2"@3-4, which follows immediately from eq.

(2.18), and Cj = [1+(2iﬂjgo)_1]_1 with ’ﬁj = Uj/Q’yL.

This shows that due to the multiple scattering from a

single impurity the potential strength u; is renormalized

into ¢;vL/igo.

When impurities are separated into those at A and
B sublattices, we have

1 ~L
T4 = o7 =G

A AL igo
1 vL, 4 iA
+———GP; ——9go(7Tir) T,
D P
1 ~L iA
T P g T
Ligo rep 27
1 L
BA B
g — A7 5. SiEy gO(T’Lk‘)T
! AL ig k;eizk:eB "
’ (2.73)
“I’LEC B ;A~BATA_A
ALIgO [l = 9 ik kj >
1 L
pBe _ 0L 4By,
(%] AL igo 1 0]
1 ~L
ATATR S DN el (ICTL 7R PR
g0 k+#i, ke B
1 7L, g 1A _paaB
— = —gBATA
+ALigoQ P2 ik ki
and
1 ~L
AP = —TZcep N T go(ra) T
AL igo ki, ke A
1 AL ’ A (2.75)
Y A —1A_ABBB
+—ger S ZEgABBS,
AngOC I; 279k ki

where T/}, etc. are a (2,2) matrix.

In the following we shall confine ourselves to the case
that the strength of all the impurities is the same and
given by u, i.e., u; =u. In this case, an examination of
perturbation series with respect to the impurity potential
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reveals that the T matrices can be written as
1 L
AA o+ 1 AA
o= Ei?o( 2a;a; ti;",
1 ~L
TBA = — 12 op.at B4,
J AL igo J g
(2.76)
BB _ LEC 2b.bT BB
1) AL igo L AR VA
1 L
AB _ pt 4 AB
71” = El‘g_oé- 2albj t” s
where
1 .
(= ¢ . (2.77)

T 1+ Qage) 1 g0 gi(e)+ (@) +i

Note that ¢ — 1 in the limit % =wu/2yL — co. Then, we
have

AA — AA
ti;" =015 — Cgo ! Z gO(Tik)a;raktkj
ki, ke A

- ~A A
— (9o Z gikBa:rbkthj )
keB

it =— (ot Z go(rir )b} byt
ki, kEB

1N BAp+ . LAA
— (4o Zgik b arty;",
keA

(2.78)

and

th? =0 —Co" D golran)bbrty”
ki, kEB
—Coo " Y g bl anti,
keA
5P =—Cgy " Z go(rix)a; axtyy’
ki, kEA
- ~AB BB
— (oo Z giai bityy
kEB

(2.79)

In the case of a finite number of impurities, these linear
equations can be solved numerically and the T matrix
can be calculated explicitly.

In the following analytical treatment, we shall con-
fine ourselves further to the case that impurities are lo-
cated in an area with size much smaller than the circum-
ference length. In this case, we can make the replacement
go(Tir) — go and the above set of equations is further re-
duced to

4 =6 - ¢ Y afatit —Cort Y gl ar bt

ki, keA keB
BA _ +p  BA 1N BApt . JAA
ti;” =—¢ Z b; bty — Cgo Zgik b/ arty;",
k#i, keB keA
BB _ +7 BB —1\" sBAp+ . 1AB
tij. =0ij —C Z b, bty — G0 Z gir b arti;,
k#i, keB keA
AB _ +  LAB 1\ +AB, +p ;BB
tij. =—¢ Z a; arly; — (9o Z Jir a; bty .
ki, keA keB

(2.80)
Here, we can use eq. (2.62) for g4Z and g% because the
phase factor exp(ie|y;x|/7y) can be replaced by unity when
ly| < L and the energy is in the range (2.44). Further,
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we can use eq. (2.47) and we just need the sum of T;;.
Define the following matrices:

tAA = (t?jA)v tBA = (tE‘A)’

BB BB AB AB
t = (tij )a t = (tij )s
(2.81)
A= (Aiy), B=(Bi),
PP = (0AP), T4 = (054,
with
A= a‘-"a-, B;; = b*b-,
J i A J i Vi (2.82)

AB _ ~AB _+p BA _ ~BAp+
Fij =9 @ b;, Fij = 9ij b/ a;.

Let N4 be the number of impurities at A sites and Npg
that at B sites. Then, 44 and A are an (N, Na)
matrix, 28 and B are an (N, Np) matrix, t54 and
B4 are an (Np, N4) matrix, and tAB and TAB are an
(N4, Np) matrix. We have

(1=C+CA =1 — (gg ' TAPEPA,
(L=CH+(B)PF =1 — (g5 'TPAAY,
)

(1—C+CB)tBA = —(gy 'TBAAA, (2.83)
(1—CHCARAB = (g 'TABBE,
It should be pointed out that
A=(araz ---ay,) (araz - an,), (2.84)
B=(biby---bx,)T(b1ba...bn,).  (2.85)

Further, both A and B are real symmetric matrices.
The sum of T;; can be written in general as

TAA TAB
Ts = (TBA TBB | (2.86)

where T44, TAB TBA and TBE are (2,2) matrices,
given by
TK(K TK/K/ TK/K TK/K/
TK/K TK/K/ TK/K TK/K/
(2.87)

Then, the reflection coefficients are given by

TKK = —i%(T[‘?f}—TgﬁJﬂTﬁforiTgﬁ),
TKIK = —ig (Tl —Tih e =Tl =T ),
ricse = =i (T TRAHTA TR,
rickr = =i (T TR~ TR ATTR),

(2.88)
and the transmission coefficients are given by

A . .
e = 1 —ig (TRRHTRRHTRE TR,

VA . .
trcre = 1= o (Tt Tl — 1Tl +iT i),
A : .
b = g (Tichhe =Tl HT R HT i),
LA : .
tKK’ = —IE(T;??}/ —TEIB;/ —ITII?IB;/ —ITI?}%/)

(2.89)
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The similar expressions are obtained for r’ -, etc. and
/
tx i, etc.

§3. Examples
3.1 Impurities at same sublattices

Consider a single impurity with strength v at an A
site r; illustrated in Fig. 3(a). In this case, we have
t44 = 1 and tA8 = ¢BA = BB — 0, which leads to
TAB=TBA=TBB=() and

1 ~L
AA +
Explicitly, we have
TKK =TK/'K' = 5>
290
Qe_i¢f (:ei‘f’f
TKIK = 290 TKK'W = 290
0 0
¢ (3.2)
Ik =tk =1— —,
290
Ce*i% Cei¢j
k' k= , kK = .
290 290

Equation (2.77) shows that {/go =1 when g{ (¢) =—1/24.
In this case we have txx =t = 1/2 and |tgx/| =
|tr k| = 1/2, which leads to the conductance given by
G = €?/rh, i.e., a half of the ideal value 2¢2/wh. This
means that for any impurity there exists an energy at
which G = e?/rwh. In the limit % — oo, in particular,
this occurs at ¢ = 0, showing that the conductance
is quantized into G = e?/nh in the case of a vacancy
consisting of a single A or B site.

@A

(b)AB  (c)AsB (d) As

Fig. 3 Schematic illustration of vacancies in an
armchair nanotube. The closed and open circles
denote A and B lattice points, respectively. (a) A,
(b) AB, (c) A3B, and (d) As.

Next, we shall consider impurities located at two
different A sites denoted as 1 and 2. The equation for
t44 is given by

(1—C4 ¢ = 1. (3.3)
with

A= (a1 a2)t (a1 az). (3.4)
Introduce an orthogonal matrix U = (ujuz) such that

0
UtAu = (2 : 3.5
(%0 (35)
ie.,
A’U,j :ijj, (jil, 2)

We choose the ordering of eigenvalues such that p; > pe >

(3.6)
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0. Now, eq. (3.3) is solved as

A=Utut, (3.7)
with
1—=C+¢p1)~" 0
= (! . 3.8
( 0 (1=C+¢p2)! (3:8)
Introduce two vectors a} and a} through
a) = (a1 a2)ur, aj = (aiaz)us, (3.9)
Then, obviously we have
(a,a}) =p1, (ah,a3) =p2, (aj,a3)=0. (3.10)
Further, the T matrix becomes
1 ~L
T4A tA4 2
S AL 190 C Z i
i (3.11)
1 vL ( 2a)a)," 2ahal™ )
T ALigo \1—CH+Cp1 | 1-CHCpa/

First, we consider the case a; # as. In this case we
have p; >ps >0. Define
- —1/2 2
ai =p; / al, as=p, 1/ al. (3.12)

Then, because u; and us are real, a; and as can be

written as
- ]. eiq;j
a,]- = ﬁ <e_iq;j) . (313)
Further, the orthogonality between a; leads to
¢1 — g = £ + 2nm, (3.14)

with n being an integer. Finally, the T matrix becomes

1 yL /2p1aia;  2peaead
TgA = (R g SRR ) (35)
ALigo \1=C+Cp1 1—=(+(p2
In the limit of a strong potential, i.e., 4 — oo or { — 1,
we have
1 ~L 1 9L (1 0
T = — - (2a 2a
s AL 190( aaf + 2424 ) AL igo ( 1)’

(3.16)
where use has been made of eq. (3.14). At e=0, i.e., for
go=1, the reflection coefficients become

TKK = TK'K! :71, TK'K = TKK!' :0, (317)
and the transmission coefficients become
tKK:tK/K/ :tK/K:tKK/ :0. (3.18)

Therefore, the conductance vanishes identically in the
limit u— oo.

Let TJA = (nqja, np;bHrd be the impurity site, where
a and b are the primitive lattice translation vectors
shown in Fig. 1 and nq; and np; are integers. When
these positions satisfy the condition that n,+mn, = 3n
with integer n, where n, =ng1 —ngo and np =np1 —Npo,
we have a1 = as. In such a special case the rank of the
matrix A is reduced and we have p; > 0, ps = 0, and
a’,=0. Consequently, we have

1 yL  2piasa;

TéA = ——(——1,
S T ALige 1—(+Cp

(3.19)
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which in the limit 4 — oo or (—1 gives
1 ~L . .
T8 = — Z2a,a;. 3.20
S AL 190 aia; ( )

This result is completely same as that for a single impu-
rity and leads to the conclusion that the conductance is
quantized into a half of the ideal value, i.e., G=e2/7h.

Next, we consider the case of N (N > 3) impu-
rities located at A sublattices. The equations for T
matrices are same as eq. (3.3) except that A is now
given by eq. (2.84). Introduce an orthogonal matrix
U= (ujus---uy) such that

A’I,Lj :pjuj. (321)

We choose the ordering of eigenvalues such that p; >ps >
..>pn >0. Then, the equation for t44 can be solved
as

A=UtUT, (3.22)
with
5is
A E— 3.23
Y 1= (HCp ( )
Introduce two-component vectors
a} = (a1 a2 - an)u;. (3.24)
Then we have
TAA 1 L t442q 1 L 2aja;+
S AngOC; ai; 7AngoCzj:1 C+Cpy
(3.25)

Unless all a;’s are same, eq. (2.84) shows rank A=2.
Therefore, we have p; =0 and a;- =0 for j=3,...,N.
Introducing two vectors using eq. (3.12), we can show
immediately that the T matrix is exactly same as that
in the case of two impurities given by egs. (3.15) and
(3.16).

When a;’s are all equal, the rank of A is reduced
further, i.e., rank A = 1, and consequently p, = 0 and
a, =0. Thus, the T matrix is exactly same as that in
the case of a single impurity.

3.2 Pair of impurities: AB

We shall consider the case of a pair of an impurity
at an A site r; and an impurity at a B site r; closely
spaced with each other. We have

tAA —1— Cgo_lgng —-‘rb'tBA,
tBA = —Cg5 gﬂAb*a A4 ( |
3.26

tBB =1 — C90 g]BZAbJra 4B

48 = —Cgy gjiBa+bitBB-
Therefore, we have
JAA _ BB _ 1

- - —1~ Y

+(Co0 357l b;)? (3.27)
(90 '93Pab; '

(BA _ _4AB _
14+(Cgo '554b a;)?’

where use has been made of ngiAz —g;‘;B.
First, we consider the case that the energy is away
from the band edge of the bands n==+1, i.e., £277y/L.
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In this case, we can safely assume that |go| ~ 1 and
|90 'g1| < L/a>>1.

In the case of a sufficiently weak potential |@]| < 1,
for which ¢ ~ 2itgg, we have t44 =tB8 ~ 1 and 84 =
—t4B~0, ie., TBATAB~( and

TSR BV R BV
AL AL
This is equivalent to the lowest Born result and shows
that the A and B impurities can be described by an
effective potential at a same lattice point r; ~r;.

The lowest Born approximation becomes invalid
when |Cg(;1§£3a;rbj |~1. The off-diagonal Green’s func-
tion is extremely large for impurities located at the dis-
tance of the order of the lattice constant and therefore
the critical ¢ is well approximated by { = 2itgg. Define
Ue by

(3.28)

1 AB BA
Qe = g’Lj +b] - 7.9]7, b+ (329)
Then, the above condition is written as |@| ~ |Gc|. We

have gl(x y) =~ (L/7)(x+iy) ' = (L/7dap) exp(—ifap),
where dap is the distance between the impurities and
04p is the direction angle from an impurity at a B site
to that at an A site. Then, we have from eq. (2.62)

QA-B - L COS[GABJF(Q&?*QSE)/Q] (3 30)
Yo mdap cosl(of —o7)/2] '
which gives
1
i, = T9AB . (3.31)

2L coslfap +(¢§4—¢f)/2]

Let V be a local site energy at an impurity and o be the
transfer integral in the nearest-neighbor tight-binding
model. Then, we have

(3.32)

Therefore, in terms of the local site energy, the critical
value is given by

V| wdap 1

W a Jeoslant(6f—oF)/2]
which is of the order of unity for impurities with d4p ~a.

For small @, we have (= 2itug(1—2itgy) and there-
fore

(3.33)

(AA _ BB L
A _ _yaB i/ |
— (/)2 +4itgo(t/te)?

This shows that t44, etc. exhibit a resonance behavior
at @ = £U.. The width of the resonance is given by
At =2u?x (a/L)? at e =0 and is quite narrow. At the
resonance we have [t44] ~ [tBB| ~ [tBA]| ~ |t4B| ~ 1.
The resonance is in agreement with that obtained in
numerical tight-binding calculations.33:34:35)

In order to see the resonance behavior at u = £,
more explicitly, we shall consider the AB impurities in
an armchair nanotube shown in Fig. 3(b). In this case
we have §4p =7 and qbffd)fzo (n=—n/2), which give
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identically

TKK =TK'K =tk =tk =0, (3.35)

according to eq. (2.88) and (2.89). This is a consequence
of the mirror symmetry with respect to a plane contain-
ing the axis.?6:3%) The other coefficients are

s —2ia1 - (i/ic)]e?’

—(@1/Tic)?+4idigo (@) Tc)?’
. — 24014 (@t ic) e~ 17

—(U/Tc)? +4iugo(a/tc)?’ (3.36)
fermer < 1 2ia(1— (a/tc)]

1- (a/ac)2+4ia90 (a/ﬂc)2 ’
b~ 2ia[1+ (/)]

1- (ﬂ/ﬂc)2+4iﬂgo(ﬂ/dc)2

They show that for @ ~ |t.| = —d., for example, the
resonance appears only in rg g and tx g due to cancel-
lation among different contributions and |rx /| ~1 and
further |tx x| ~ 0 at the resonance. The conductance
at the resonance is given by G = e?/mh. These results
explain the numerical results presented in §4 quite well.

Next, consider the case |@| > |t.|. In this case,
tAA=tBB <« |tBA| = [tAB| and

2174(:90
tBA = 48 ~ : 3.37
c (3.37)
Therefore, we have
TKK = TK'K' = 2€LCSIH[(¢;4*(Z%B)/2L (3 38)
rrK = Ui = —2ifc exp[—i(¢7+67) /2],
Therefore, the conductance becomes
2e?
G=— [1—4a2(1+sin®[(¢f —¢P)/2])].  (3.39)

This shows that the deviation from the ideal conduc-
tance 2e?/7h is proportional to (a/L)? and vanishes in
sufficiently thick nanotubes.

Consider the case that € ~ 27y/L for a strong s-
catterer |ii| > 1. In this case eq. (2.77) shows (gy ' ~

igh(e)~! — 0 because g{/(¢) — co. Therefore, t44 =8B
and tP4 = —t48 given by eq. (3.27) show a resonance

behavior at gj (¢) =g{;%a; b;|. The features of the reso-
nance are same as those at ©«==+u. discussed above and
consequently the conductance is reduced to G = e?/7h
at the resonance. Because |§£—B a;-"bj| is extremely large
in the case L/a>> 1, the resonance occurs at an energy
very close to 277y/L as will be demonstrated by numeri-
cal results shown in §4.

Consider a pair of AB impurities located along a
circumference direction with arbitrary distance dap in
an armchair nanotube. In this case, we cannot use
eqs. (3.26) or (3.27) because they are valid only in
the case dap/L < 1 and we have to start with egs.
(2.78) and (2.79). When ¢ = 0 and |a| > 1, with
the use of ¢1(z,y) given by eq. (2.63), the conductance
is shown to be given by the simple analytical formula
G = (e?/7h)[1+cos(2rdap/L)] in agreement with nu-
merical results obtained previously in a tight-binding
model.*?) Analytic formula can be obtained for AB pairs
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with a more general configuration but will not be pre-
sented here.

3.3 Impurities: An,Bn,

Let us consider the case of N, impurities at A
sublattice sites and Np impurities at B sublattice sites.
For simplicity, we assume that they are closely spaced
from each other (within a distance of the order of a) and
further consider the case of sufficiently thick nanotubes,
i.e., a/L—0, in the energy range |¢| < 277y/L. Equation
(2.83) can be rewritten as

(1 §+<A)tAA -1 +<2 2FAB(1 C+<B) IFBAtAA,
1=C+¢B)PP = 1+ (CPgp " TPA(1—(+CA) ' TAPEE,
1— C+<B)tBA _ 7<90—1FBAtAA’
1— C+CA)tAB _CgO—IFABtBB.

—~~

(3.40)

First, we consider the case N4 = Npg. In this case,

we have usually det A8 £0 and det B4 #£0. Therefore,
we have

—( 2R (MBI (1 —¢+¢B)(TAB) !
~+C gO(FAB)_l,
~~ 74. (FAB)_1(17<+<A)(]_"AB)—1 (341)

~ (¢ go(FBA)*1

These become extremely small when a/L < 1 and lead
to the ideal conductance G'~2¢?/rh.

Next, we consider the case Ny > Np. In this case,
the (Ng, Ng) matrix T'BA(1 —(+¢A)"'T48 is usually
not singular. Therefore, we have

~ —( 2 DPA(1—C+cA)TITAB

P (Tl (1=(=¢ATTAPA = +ca) AR

(3.42)
These become extremely small in the limit of small a/L
and can be neglected. On the other hand, the (N4, Na)
matrix '8 (1—(—(¢B)~'I'B4 is always singular and its
rank is usually Np (< Na) which is the rank of I'# and
B4,
We introduce a set of orthogonal vectors with Ny
components, u; (j=1,2,...,N4), such that

B4, =0, (1<j<Na—Npg) (3.43)
BAu; 0,  (Na—Np<j<Nj) '
and make an orthogonal transformation
A=UtUt, A=UAUT, (3.44)
where
U= (urus - un,). (3.45)
Define two component vectors a} through
a} = (a1 az -+ an,)u;. (3.46)
Then, we have
A = (ayay - aly,)T(alay - aly,). (3.47)
We have
(1=CHCAN =14 gy QY (3.48)
with
Q=UT*B(1—¢—(¢B)"'TBAU. (3.49)
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We separate the matrices as follows

ty t Ay Al Qo @1
r_ [t 1 r_ [ 4o _
r=(B ) =0 8) = (3 8):
(3.50)
where t,, A}, and Qo are (Na— Np) matrices,

etc. We have

Np,Na—

Qo=0, Q1=0, Q2=0,

and @3 is a matrix which is usually not singular. Then,
we have

S to 1

CAy  1-C+CA5 ) \ty 1

(1 0 2 —2(0 0 to t)
(o 1) e a.) (i )
In the limit a/L — 0, matrix elements and therefore

eigenvalues of Q3 become infinitely large, i.e., Q3 — oo,
we then have

(I—C+CApty = 1,
In the case Ny—Np >2, we have usually rank A) =2

(3.51)

(3.52)

th=0, th=0, t5=0 (3.53)

and A{ has only two nonzero eigenvalues. Let u3 be
eigenvectors of A, i.e.,
Apu; = pju] (3.54)

Then, we can arrange them such that p; > ps > 0 and
pj =0 for 3<j<Ns—Np. Define
aj = (a} - ay, n,)u;. (3.55)
Then, we have af #0, a3 #0, and a =0 for 3<j <
Ns— Np. We can define a; and as as follows
1 1

" ~ "

?al, a = ——a

"

(3.56)

a1 = 5

VD2

Then we have a1 g/ =a} g, Gox’ =5y, and |a1|=|az| =1.
By making another orthogonal transformation

th=U"t"U'", (3.57)
with U’'=(u} uy ... )y, 5, ), We have
1
t = ————— 0. 3.58
1) 1_C+Cp] J ( )
Therefore, we have
Na—Np ’ool
Wi Uk ..
—_— 1,j < Ng— Np),
0 (i,j > Na — Np),
(3.59)
and
—~Ng Na—Ng Na—
U’”U’lk‘u’mk‘um.] (360)

t* = Z ) Z
= 1—=C+Cpr
Therefore, the T matrix is

Na Na—Np Na—Np Na—Np 2a

LURD VDD DD D

ot ol a7t
Wil Uy Uy Umj @

G 2 1=C+Cpr
_ 2p1a1af 2pga2a§|r
1—C+¢p1 1—C+Cp2
(3.61)

This is formally the same expression as that of two
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impurities at A sublattice points. Using egs. (3.43) and
(3.60), we have t54 =0 and consequently 724 =0. When
the potential is sufficiently strong and (=1, the results
become completely same as in the case of two strong
impurities at A sublattice points.

When Ny—Np=2, t; becomes a (2,2) matrix and
therefore the T matrix becomes same as that of two
impurities at A sublattice sites and is given by the above
equation. When Ny — Np =1, ¢ is reduced to (1,1)
matrix and the T matrix becomes same as that of a
single impurity at an A site. Therefore, we can conclude
that in the limit a/L — 0 the conductance vanishes, i.e.,
G=0, for Ny\—Np>2, G=¢?/nh for No\—Np=1, and
G = 262/7Th for Ny — Np = 0. This explains results of
recent elaborate numerical study.3?)

84. Numerical Results

As a first example, we consider a pair of nearest-
neighbor A and B impurities, AB, located along the
circumference direction in armchair nanotubes shown in
Fig. 3(b). In this case, txk, tk'x, "K'k, and Tkxx
are nonzero and other elements vanish identically as
mentioned already. Figures 4 and 5 show numerical
results of reflection and transmission coefficients as a
function of u for n, =20 and 50, respectively, at € =0.
The lattice constant is chosen as a = L/n.. For small
@ both |rx k| and |rx /| increase with @ in proportion
to % in agreement with the lowest Born result given by
a dotted line. At @ = |i.| = 7Ta/2\/§L both tx/k and
ri/ i exhibit a resonance behavior discussed in §3. For
a sufficiently large value of @, both |rg/ k| and |rxx/|
approach a small value proportional to (a/L)?. These
results are in agreement with those of the analytical
treatment discussed in the previous section.

10! ey
F ng=20  ---e- Born Approximation 7
g [ anc/L=1.0 ]
T 100
s F E
5 r [tk ]
o) [ tore ]
S | [tcc]
c 10 =
. s E
& E ]
R i 4 1
[ / ]
E 102 Irkkl
= 3 Irkxl E
= F %kl Pkl 3
5 [ ]
g 10°F E
g E E
3 V] re=rcn=0 1
% 104 - rOKK:rOK'K’:O 75
14 E | tok=tk=0 A ]
N e ‘o ]
L tOK'K—tOKK'—O B o AB 1
10-5 MR B MR ST B
104 103 102 101 100 101
u/2yL

Fig. 4 Calculated reflection and transmission co-
efficients as a function of the potential strength
@ = u/2vyL in the presence of a pair of nearest-
neighbor AB impurities located along a circumfer-
ence direction in armchair nanotubes. n.=20 and
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a/L=n_1.
10 ey
F ng=50 - Born Approximation 7
g [ ang/L=1.0 |
T 100
s
5 [t
o tener
S | k]
- 101 | y .
o F %
2 .
R] [
E 102 Irekl
= E Irkkl E
= 4 O%kl, k|
'_
5 I 1
G 10° E
i F
8
o TKk=rkk=0
% 104 E| rOk=rk:=0 =
(12 E | tek=tk=0 A 1
L tOK'K=t0KK'=0 B; AB
10-5 MEEEETIT] BT ol ol
104 103 102 101 100 101
u/2yL

Fig. 5 Calculated reflection and transmission co-
efficients as a function of the potential strength

@ = u/2vL in the presence of a pair of nearest-
neighbor AB impurities located along a circumfer-
ence direction in armchair nanotubes. n.=>50 and

a/L=n;".

Figure 6 shows results for three A impurities sur-
rounding a single impurity located at a B site, A3B, il-
lustrated in Fig. 3(c) for e=0. A resonance appears at
a certain critical value of 4, which is much more compli-
cated than that of the AB pair. For @ smaller than the
critical value all the reflection coefficients are essentially
same as those of the lowest Born approximation. Above
the critical value, |rx/ k| (= |rxx/|) rapidly decreases
with the increase of @, while |rx k| (= |rk/k/|) increas-
es and approaches unity. Actually, |rk x| is almost the
same as the dashed line corresponding to |rx k| for three
impurities located at A sites surrounding the single B
site, i.e. Ag shown in Fig. 3(d).

101 T i B A
F ng=50 e Born Approximation 1
g [ an¢/L=1.0 -——- |rkkls Ireke| of Ag
O 100
= 10° E
o F
5 [twkl, |tK’K'|/(I
3 [tckl, Ikl
c 101 =
Q E
(9]
Q2 [
£ o2 Irkxls Irexl
= g IOkl Pkl
= Irkkl
be] I , |rKK'|
g 103 [P0k, 10|
c - ]
i)
=
0
= 104 ¥ —
) F
o
A e
i B: o Az
105 T BT EEETITT EEETTTTTT SRR
104 103 102 10t 100 101
u/2yL

Fig. 7 Calculated reflection and transmission coeffi-
cients as a function of the potential strength @ =
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u/2vL in the presence of A3B impurities in armchair
nanotubes. n.=>50 and a/L=n_"'. The dashed lines
represent the results for Az impurities illustrated in

Fig. 3(d).
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Fig. 8 Calculated conductance in the presence of a
pair of A and B impurities along the circumference
direction in an armchair nanotubes as a function of
their distance dag. n.=>50.

The origin of this behavior can easily be understood
by looking at the structure of the lattice. In fact, when
the local site energy at three A sites is sufficiently large,
the B site surrounded by the three A sites is separated
from the system and therefore the result should be inde-
pendent of the energy at the B site. It is quite interest-
ing that this is reproduced well even in the effective-mass
scheme which takes into account the lattice structure on-
ly in the form of the matrix Schrédinger equation.
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Fig. 9 Calculated conductance in the presence of
a pair of A and B impurities along the axis direction
in a zigzag nanotube as a function of their distance
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Fig. 10 Calculated conductance as a function of
the Fermi energy in the presence of a strong impuri-
ty at an A site in an armchair nanotube illustrated
in Fig. 3(a).

Figure 8 shows the conductance in the presence of
a pair of A and B impurities along the circumference
direction in an armchair nanotube as a function of their
distance dap. The conductance is given by the ideal
value G = 262/7Th for small dap, decreases with the
increase of d4p, and takes a minimum at dap=1L/2. In
the limit of a strong scatterer or a vacancy the minimum
value vanishes, which is closely related to the fact that
the vanishing of the off-diagonal Green’s function g (z, y)

at t=+L/2 and y=0.
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Fig. 11 Calculated conductance for an AB vacancy
located in the circumference direction illustrated in



4006

Fig. 3(b).
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Fig. 12 Calculated conductance for an A3B vacan-
cy illustrated in Fig. 3(c).

At dap = 0 the off-diagonal Green’s function van-
ishes and eq. (3.27) gives immediately t44=t55 =1 and
tAB = tBA = (0, which leads to the complete reflection
or the vanishing conductance. When d4p is comparable
to or larger than the cutoff distance a ~ L/n., on the
other hand, the off-diagonal Green’s function becomes
extremely large and the scattering is suppressed consid-
erably, leading to the ideal conductance G = 2¢?/rh.
Therefore, the conductance exhibits a singular behavior
in the vicinity of d4p=0. Actual lattices do not exhibit
such a singular behavior because d4p cannot be smaller
than the cutoff distance ~ L/n.

Figure 9 shows the conductance in the presence of a
pair of A and B impurities along the axis direction in a
metallic zigzag nanotube as a function of their distance
dap. The conductance is given by a value close to
G = 262/7rh for small dap, decreases with the increase
of dap, and approaches a quantized value G = e?/7h
for a sufficiently large dap, ie., dag/L ~ 1. This can
be understood by the fact that ¢1(0,y) ~ —isgn(y) for
ly|>L/m.

Figure 10 shows the conductance as a function of
the Fermi energy in the presence of a strong impurity
at an A site in an armchair nanotube illustrated in Fig.
3(a). The conductance becomes the half of the ideal
value G = e?/7h at € =0, increases gradually with the
increase of €, and reaches the ideal value G = 2¢2/7h
at e(2my/L)~' = 1. The results are in agreement with
those obtained in a tight-binding model®”) including the
dependence on n.~ L/a.

Figure 11 shows the corresponding result for a pair
of strong impurities located in the circumference direc-
tion illustrated in Fig. 3(b). The conductance is slightly
smaller than the ideal value G =2e?/mh and approaches
it with the increase of n.~ L/a except in the vicinity of
e =2mny/L. Near € =27my/L the conductance exhibits a
dip with G = e2?/7h, which moves to the higher energy
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side with the increase of n.~L/a. At e=2mvy/L the con-
ductance recovers the ideal value G=2¢?/mh. Figure 12
shows the result for the A3B vacancy illustrated in Fig.
3(c). The conductance vanishes at e=0 and reaches the
ideal value G=2¢%/7h at e(27y/L)~*=1. These behav-
iors are again in agreement with those in a tight-binding
model.>7)

§5. Discussion

We have shown analytically that in the limit of a/L
— 0 and a strong scatterer the conductance at € = 0
vanishes, i.e., G =0, for [Na—Np| > 2, G = e?/wh for
INaA—Np|=1, and G=2¢?/mh for Na4—Np=0, where N4
and Npg are the number of impurities at A and B lattice
sites, respectively. This may intuitively be understood
in terms of a reduction of the scattering potential by
multiple scattering from a pair of A and B scatterers.
In fact, multiple scattering between an A impurity at r;
and a B impurity at r; reduces their effective potential
by the factor ~ (nglgf}Ba;rbj)’Q. By eliminating AB
pairs successively, some A or B impurities remain. The
conductance is determined essentially by the number of
these unpaired impurities.

Unfortunately, such a direct procedure is not rigor-
ous mathematically. The reason is that there are many
different ways in the elimination of AB pairs. Further,
multiple scattering between unpaired and eliminated im-
purities cannot be neglected completely because of large
off-diagonal Green’s functions. The correct mathemati-
cal procedure given in §3.3 shows that a proper combina-
tion of A and B impurities lead to vanishing scattering
potential and the residual potential is determined by an-
other combination of remaining A or B impurities. This
does not modify the fact that the conductance is deter-
mined by the number of remaining impurities, however.

Consider a pair of impurities at an A site ry =
(xa,ya) and a B site rg = (zp,yp) closely spaced with
each other and having a delta potential with strength .
For £ =0, the Schrodinger equation is given by

ua(r) ePauy(r) fy(l;:xfil;: ) 0 KA
e Ay (r) ua(r) 0 (kp+iky) || FE'A _o
Y(ko+iky) 0 up(r) eeup(r) || FE2 )70
0 Ako—iky) e 9P up(r) up(r) /NP
(5.1)

with ua(r)=ud(r—ra) and up(r) =ud(r—rp). First,

we should note that

0 0\1 0 o\ 1
— i) = (=i = = —27id 5.2
(i@erliay) z (1636 18y) mio(r), (52)
where z=x+iy and z* =x—iy. For a wave corresponding

to the K point incident from the left hand side the above
equation can be solved approximately by putting

1 z
KA _ —QAL (1+fAszB),
FKB _ i ( n )
V2AL i€ ZA (5.3)
Ka_ _ 1 fA ZaB
V2AL —z3’
FK'B _ i ) RAB
V2AL Bz—z4’

where z4 =z +iya, zp=cp+iyp, and zap=24—2p.
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As long as fa, f4, fp, and fj are of the order of
unity and |z4p|~a, the correction terms proportional to
(2—24) 71, etc. are small except in the close vicinity of 4
or rp and the above wave functions satisfy the periodic
boundary conditions approximately in nanotubes with a
large circumference L/a>>1. We have

U ue'®s 21yzig 0 fa -1
u uel®a 0 2myzapel®s i —u -1
2nyzap 0 U uel?s fB | 1
0 2myz4pe?® u ue'?® i 1
(5.4)
This gives in the case t«=u/2yL>1, in particular,
* * ipp
o 2 2% g€
— ol ZAB p1 “AB _
I ZAB T4 zapeP +2} peios’ (5.5)
64 .
iba PAB 4 zABe'
=P 22 g — - —,
fB E fe=+ 2ABO9A T 27, el

which are independent of # and are of the order of
unity. It shows that the wave is transmitted without
any reflection and effects of two strong impurities give
only a small correction to the wave function except in
the extreme vicinity of their positions.

For a given energy ¢ satisfying the condition (2.44),
there are evanescent modes associated with bands with
n # 0. Define the corresponding decay or growth rate

+k, by
kn = V/K(n)?—(g/7)>

Then, evanescent modes are given by
I 1 14+kn/k(n)
710 = 7z (Vi)
K _ V1=kn/K(n) ex ik(n)z
R ) = 7 (Vo) o (’5];)

where + denotes modes decaying in the positive y di-
rection and — in the negative y direction. This shows
that when the energy approaches the bottom 27vy/L of
the first excited bands with n =41, the decay rate ki1
vanishes and the amplitude for A and B components be-
comes equal to each other. Therefore, the continuity of
the wave function at y = yo is satisfied by including a
single traveling mode

Fyi(r) = \/% <}) exp(iky),
with k = ¢/v, and the evanescent modes Flli and F
or FX 4 and F% | only. Further, by choosing the
phase of the evanescent modes appropriately, the A or
B component of the total wave function can be made
vanish at an arbitrary value xg of the = coordinate.
It means that such a wave is not affected by a short-
range impurity located at (zg,yo) and is transmitted
with probability one. The same is applicable to the
wave function associated with the K’ point. This is
presumably the reason that the transmission coefficient
always becomes unity at ¢ =27y/L in the examples of
the numerical results shown in §4.

Consider the case that n impurities V; (j=1,...,n)
are located at A sites within the distance much smaller
than L. In this case, only the diagonal Green’s function

(5.6)

> exp|—kny-+ir(n)z,

(5.8)
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go appears in the perturbation series for the T matrix.
Because gy does not vary with the distance so much, it
can be replaced by that for t=y=0. Then, the T matrix
is calculated as

(@T18) =£: 1= V0] Y Vil
Iz j

x exp|—i(ka—Hrp)ro —i(ka—ks)yol,

(5.9)

where (x,yo) is the center-of-mass of impurities. This
result shows that the effective potential is given by the
sum of the potential of each impurity. The same is true of
the case of impurities at B sites. It is possible therefore to
derive the results obtained in §3 for vacancies consisting
of same sublattice points using eq. (5.9).

It would be expected, intuitively, that for a pair
of nearest-neighbor A and B impurities, their positions
may be regarded as same because the distance is much
smaller than the typical electron wavelength which is
actually infinite at ¢ = 0. Because of the singularity of
the off-diagonal Green’s function, such an approximate
procedure becomes completely invalid when impurities
at A and B sites coexist, except in the case that the
potential is weak and the lowest Born approximation is
appropriate.
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