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Abstract
We extend the framework of ICA (independent compo-
nent analysis) to the case that there is a pair of infor-
mation sources. The goal of MICA is to extract sta-
tistically dependent pairs of features from the sources,
where the components of feature vector extracted from
each source are independent. Therefore, the cost func-
tion is constructed to maximize the degree of pairwise
dependence as well as optimizing the cost function of
ICA. We approzimate the cost function by two dimen-
stonal Gram-Charlier ezpansion and propose a gradient
descent algorithm derived by Amari’s natural gradien-
t. The relation between MICA and traditional CCA
(canonical correlation analysis) is similar to the rela-
tion between ICA and PCA (principal component anal-

ysis).

Introduction

Recently, ICA (independent component analysis) has
attracted a lot of attention because of its applica-
tions to brain science. One important application
is data analysis for biomedical recordings (e.g. EEG,
MEG, fMRI), in which artifactual noise components
can be eliminated by ICA to extract pure neural brain
activity[5]. Another application is extracting features
in vision systems. Several kinds of image filters such as
edge detector can be learned from natural images by
ICA[4], which is also considered to be a model of early
vision in the brain.

In the present paper, we consider to extract com-
mon features from two sets of multidimensional inputs,
whereas ICA deals with only one set of the inputs. It
is the case, for example, that we have simultaneous
recordings of EEG and MEG.

Traditionally, CCA (canonical correlation analysis) is a
widely known method to analyze the correlation struc-
ture between two sets of variables (see for example
[1]). CCA maximizes the correlation coefficient be-

tween each pair of extracted features. Although this is
equivalent to maximizing mutual information when giv-
en variables are jointly Gaussian-distributed, any non-
singular transformation in the canonical space does not
change the amount of the mutual information. In CCA,
the problem is partly solved by restricting the covari-
ance matrices of feature vector to identity (sphering
condition). However, the freedom of rotation transfor-
mation still remains for two axes in which the correla-
tion coefficients are identical. Those assumptions and
freedom can make difficult to analyze or to visualize
each component of extracted features.

The freedom of rotation also occurs in PCA (principal
component analysis), and it has been solved by intro-
ducing the independence criterion in ICA instead of the
sphering condition. We adopt that criterion in MICA,
and furthermore the maximization of correlation coef-
ficients is replaced by the maximization of mutual in-
formation itself to deal with non-Gaussian signals and
nonlinear relation.

In the following sections, first we formulate the frame-
work of MICA, next we derive the gradient descent
algorithm and show some simulation results, and we
conclude the paper by mentioning further applications
and the relation to other methods.

Formulation

MICA can be formulated in a similar way to ICA except
that MICA deals with a pair of sources (fig. 1): Let us
consider unknown pairs of source signals (u(¢), v;(t)),
i = 1,...,n, where u}(¢) and v;(¢) are statistically
related to each other at any fixed time ¢, while vec-
tor components of {u;(¢)} and {v;(¢)} are mutually
independent respectively. We assume (u*(¢), v*(t)) is
stationary and generated from unknown distribution
p(u*,v*). The condition of the independence can be
written by
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Figure 1: MICA

The degree of dependence between u; and v} can be
measured by mutual information as formulated later.

The models of observations ®, y are given by

y(t) = Wo'(¢), (1)

where ¥V and W are unknown 7 X n nonsingular mixing

matrices 1.

z(t) = Vu* (1),

The goal of MICA is to recover the source signals by
taking linear transformations of observations,

o(t) = By(t). (2)

Although there remains the ambiguity of the order of
pairs and the amplitude of signals, we expect to recover
pairwise relation between u;(¢) and v;(t).

u(t) = A=(t),

Additive cost function
We have two kinds of constraints: One is to maximize
the degree of the statistical dependence between u; and
v;, and the other is the independence of vector compo-
nents {u;} and {v;} respectively.

Let us define negative mutual information as a measure
of statistical dependence between recovered signals by

Edep = — Z K [p(us, vi)||p(us )p(vi)], (3)
i=1
where
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LFor the sake of simplicity, we assume that the dimensionality
of the observation and the source are identical

denotes Kullback-Leibler divergence which measures
the difference between two distributions, and —E&q.p is
Shannon’s mutual information measuring the amoun-
t of information that u; contains about v; (and vice
versa).

On the other hand, the measure of independence can
be defined in the same way as ICA,

n n

Ema = K[p(w)|| [T p(wi)] + Klp(o)l| [ p(v:)),  (4)

i=1 i=1

which is equal or larger than zero, and zero is achieved
if and only if {u;} and {v;} are independent respective-
ly. Note that &,q = 0 can not be achieved in general,
which is a different situation from the sphering condi-

tion in CCA.

Therefore, we have two functions £4.p and &ing to be
minimized. A simple way of minimizing two functions
simultaneously is to minimize their linear combination,

gtot = 5ind + 7(t)5depa (5)

where v(t) > 0 is a weight value. &, can be written
in terms of entropy as

Eor = —H(=)— H(y) —log|A| —log|B]
(1= 4) S H () + H(v:)})

=1

+7ZH(uivvi)v (6)

=1

where H(x) = E[log 2] is a entropy of .

Approximation of the cost function

In order to obtain the gradient descent algorithm, the
cost function must be expressed as a function of pa-
rameters A and B. In the present paper, we approx-
imate the entropy by using Gram-Charlier expansion.
Whereas just one dimensional Gram-Charlier expan-
sion is necessary in ICA for one dimensional marginal
entropy H(u;) and H(v;) (see Yang et al 1996 in de-
tail), two-dimensional Gram-Charlier expansion is also
necessary in MICA | which is complicated in general. In
order to get rather simple form of the expansion, first
we translate (u;, v;) into uncorrelated variables (r;, s;)
and the gradient is calculated based on H(r;, ;).

Decorrelation technique
Without loss of generality, we can assume Efu;] =
Elv;] = 0 and Var[u;] = Var[v;] = 1. When they have

nonzero means and different variances, we can rescale



them so as to satisfy these conditions.

Since the general form of two-dimensional Gram-
Charlier expansion is complicated, we decorrelate

(i, vi), . |
()-FHE) o

—pi) %2,

ot = {0+p)V?+ (1
2 - pi)71}/2,

= {1+p)?-(1
E[uivi].

By this procedure, we obtain

1
H(ui,vi):H(Tiasi)+§10g(1_pz?)a (8)

and
Elr;s;] =0, Var[r;] = Var[s;] = 1.
Two dimensional Gram-Charlier

expansion
We use the following truncated Gram-Charlier expan-
sion,

p(ri,s:) = ¢ {1+

;l(ﬁ3oh3o 382Lp2gab 2Lt 4 g0BR08) 4

1
11 (8T + 4B Y 6872 Y7 ¢
481°h;° + B4},

where ¢; is 2 dimensional standard Gaussian distribu-
tion of r; and s;, and ,Bf’l is a joint cumulant defined

by
B k1
B = El(r)*(s:)'] - B (9)
3 ifk=4o0rl=4,
ﬁg”:{l ifk=1=2,
0 otherwise,

when k£ 4+ 1 < 4, and r; and s; are normalized and un-
k1
correlated; h;”

of degree (k,1),

is two dimensional Hermite polynomial
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The joint entropy of r; and s; is approximated by
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up to the second order approximation? of ,Bf’l

Stochastic gradient descent algorithm
Now we obtain the gradient descent by differentiating
the approximated cost function.

Learning rule of A is written in the form,

0A 0& ot

= )1 - (1-7)e*(u)uT + &4 (u, v)u”

AT A

+ydiag[sh* (u, v) + p)RT| 4, (11)

which is a natural gradient algorithm proposed by
Amari, and ¢4 is just the same which appears in ICA
and the other terms are the original/unique terms in
MICA as explained later in detail (fA,d:A,p and R
are defined in (19), (20), (13) and (14) respectively).

Learning rule of B is given in a similar form.
Eq.(11) is an on-line version or stochastic gradient of
the algorithm, which is derived by eliminating the aver-

age operator E after calculating derivatives (remaining
E leads to batch learning).

Linear term
We obtain the gradient for the term (1/2)log(1 — p2)
in (8) easily, which leads to the last term in (11),

_{Z 2aA log(1 — p?)}ATA = diag[p]RTA (12)

where o
. (13)

and R denotes the covariance matrix of » and v,
R = E[uvT). (14)
Note that p; is equal to the diagonal element R;;.

Nonlinear term
The derivative of H(r;, s;) can be expressed as

aH(Ti,Si) Z aH(Tiasi)
_ = —)—F X

0Ais ke Bﬁf’l
A(rs)* (s:) om A(r:)(s:) Bs;

E 1
|: (97%' (9A” + aSi aA’L] ,( 5)

2We need study further whether higher order terms are nec-
essary (the third order consists of 22 terms) from the viewpoint
of computational complexity, accuracy, and robustness.



where K is a set of all indices (k,!) which appear in

(10). Then, let

fi _ _ Z BH(T‘i, Si) a(Ti)k(Si)l (16)

)
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where aH/a,Bf’l is obtained easily since H(r;,s;) is
expressed as the polynomial of 3; in (10), (e.g.
OH (7, si)/aﬁf”o = —,8?’0/6); hence f; and g; are poly-
nomial ofﬁf’l, r; and s;. On the other hand, the deriva-
tive of (74, s;) by A;; is obtained as

0 T; dfu; +d; v cf
g (1) = (i) mowes (5 ) o

(18)

where
df = {1 +p)7¥ 4 (1= p) %4,
di = —{(1+p)7? = (1-p;)"?}/4.
As a result, we obtain the terms in (11),
& = o fit+ca (19)
vt = (&t di ) fi 4 (7 wi + df vi)gi. (20)

Adaptive online algorithm
The algorithm derived in the previous sections depends
on the cumulants ,Bf’l and covariance matrix R, which
are not known in advance when on-line learning. Those
values can be estimated by the following adaptive al-
gorithms:

kL
d%i = —p®8" - (m)*(s:) + 85"} (21)
df:j = —p(t)(Rij — wivg), (22)

where p1(t) is a learning rate.

Simulation
We applied the algorithm for a pair of 3 mixed signals.
The source signals u* used are
(1) uniform random number on [—1, 1],
(2) sin(27800¢ + 6 cos(2760¢)),
(3) sin(2790t),
where ¢t is sampled by 10kHz(At = 107*%). Sig-
nals »* corresponding to »* are taken by v»* =
(|lu], |us], [us)T. A part of u* and v* are shown in
fig. 2. Those signals are mixed by random matrix whose
elements are generated from the uniform distribution
on [—1, 1]. Mixed signals are shown in fig. 3.
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Figure 2: Original signals (left : ], right : v})
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Figure 3: Mixed signals (left : a;, right : y;)

We compared two algorithms:
(1) Alg-ICA: running ICA for # and y independently,
(2) Alg-MICA: running MICA

First, we presphered the whole data by CCA, which is
almost equivalent to the presphering by PCA in this
case since the correlation coefficient between u; and v}
is almost zero. Then, we ran each algorithm in their
on-line form. The parameters are set as follows: time
interval 0.8[secs], weight value ¥(¢) = 0.2/(¢/At + 1),
learning constants n(¢) = 1000.0, x(¢) = 50.0. As time
was going on we decreased 4(t), because dependence
relation is tend to be preserved, once it is acquired in
the early stage of learning.

Recovered signals « and v for ¢t = [0.77,0.8] are shown
in fig. 4 for Alg-ICA and fig. 5 for Alg-MICA. The pair-
wise correspondence of signals is recovered correctly in

fig. 5.

In literature of ICA, the following error index is often
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Figure 4: Recovered signals (Alg-ICA. left : u;, right :

vi)
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Figure 5: Recovered signals (Alg-MICA. left : w;, right

DY)

used to measure the performance of algorithms.

n n

| P
fioa = 1Ly
on = 2|\ X pal )t
i=1 \j=1
n n _PI:»
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where P = P4 = AV for ® and P = PE = BW for
y, and &jca is equal to zero when P is equivalent to
identity matrix except for permutation and scaling.

In order to evaluate the performance of MICA, let us
define the following error index,

n n
Eaca =)D
i=1j=1

P4 PE;;
maxy |PAik| maxy |PBik| ’

(24)

which is equal to zero when P4 and PZ are identical
except for scaling.

The independence index &ga is shown in fig. 6, and
&1ca of Alg-ICA tends to be rather smaller than in

Alg-MICA, though they converges to almost zero. On
the other hand, the dependence index Eumica is shown
in fig. 7, where Eyica of Alg-ICA is much larger than
Alg-MICA.

Concluding remarks
We have proposed a new learning algorithm to extract
features from two sets of observations. It maximizes the
degree of pairwise mutual information, and the features
for each modality are statistically independent. It is
straightforward to extend the framework to the case
there are more than two sets of observations.

By numerical simulation, we confirmed the algorith-
m to extract features that are nonlinearly dependent.
Another approach to find such a nonlinear relation be-
tween two sets of observations is nonlinear CCA, which
extends CCA by allowing nonlinear mapping to get fea-
tures. Asoh et al[2] has proposed the learning algorithm
of nonlinear CCA for neural networks. Although that
approach is effective in some cases, the features are not
independent and it is not clear how the maximization
of correlation coefficient is related to the maximization
of mutual information without Gaussian assumption.

As stated in the beginning, ICA can be considered to
be a model of lower systems in the brain (e.g. early vi-
sion), in which only one modality exists. On the other
hand, Becker[3] has proposed the algorithm to maxi-
mize mutual information itself for discrete domain as a
model of cortical self-organization, in which the system
receives signals from several kinds of lower systems (e.g.
auditory system and vision system). MICA integrates
those algorithms in a sophisticated manner, and it is
possible to construct a model of higher systems as an
extension of lower levels.
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