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ABSTRACT

Population search algorithms for optimization problems such
as Genetic algorithm is an effective way to find an optimal
value, especially when we have little information about the
objective function. Baluja has proposed effective algorithms
modeling the distribution of elites explicitly by some statisti-
cal model. We propose such an algorithm based on Gaussian
modeling of elites, and analyze the convergence property of
the algorithm by defining the objective function as a stochas-
tic model. We point out that the algorithms based on the
explicit modeling of the elites’ distribution tend to converge
to unpreferable local optima, and we modify the algorithm
to conquer the defect.

KEYWORDS: probabilistic and statistical meth-
ods, optimization, population search

1. INTRODUCTION

When we want to optimize some complex function with
a lot of local optima, random search (Monte Carlo) algo-
rithms are effective to avoid converging to a non-global
optimum. In order to generate good candidate solu-
tions in random search algorithm, we need to extract
the structure of good solutions (elites), especially if we
don’t have enough knowledge on the function.

Stochastic gradient descent algorithms such as Gibbs
sampler are a class of popular random search algorithms,
but those only generate candidate solutions neighboring
a single current solution and it does not model the struc-
ture of elites.

On the other hand, Genetic algorithms[l] implicitly
model the structure of elites through the selection and
crossover operator. The structure called ‘schema’ is
fragile because the crossover operator often breaks the
schema.

Recently, Baluja et al[2, 3, 4] have proposed the algo-
rithm which explicitly model the statistical structure of
elites. The algorithm maintains a parametric distribu-
tion of elites, and repeats a Monte Carlo optimization
step based on the distribution as well as a learning step
to estimate the parameter of the distribution. They use
several kinds of statistical model such as special form
of Bayesian belief networks, and the algorithms shows
superior performance to other random algorithms.

In this paper, we propose a similar algorithm based on

Gaussian modeling mainly for the sake of simplicity of
analysis, while Bayesian belief network is difficult to an-
alyze because it includes combinatorial structure. We
model the objective (fitness) function as a statistical dis-
tribution to analyze the convergence property of the al-
gorithm. By the analysis, we found that the algorithms
based on a explicit modeling of elites tend to converge
to the é function even if elites are broadly distributed,
which causes a convergence to a non-global local opti-
mum solution. To deal with that problem, we introduce
an extension process of the variance.

2. BASIC ALGORITHM

The basic algorithm is similar to Baluja’s algorithm ex-
cept that the domain is Fuclidean space and the statisti-
cal model is Gaussian distribution in our algorithm. Sup-
pose N|[p, V] represent the Gaussian distribution with
mean g and the variance V.

Algorithm (before improved):

1. Initialize peq, Vp; Let ¢ := 0.
2. Generate population with respect to N[, V4].

3. Select the 100 x # % individuals from the popula-
tion according to their fitness values, where 8 is a
prefixed parameter.

4. Let pryy 1, Vig1 be the mean and the variance of the
selected individuals.

5. Let t := ¢4 1; Go to step 2.

By this algorithm, Vi converges to 0 matrix as shown
later, which can make the search space too narrow. We
provide an improved algorithm in section 6.

3. STATISTICAL MODEL FOR FITNESS
FUNCTION

We model the fitness function as a statistical distribu-
tion. Some fitness functions in the real world are stochas-
tic themselves. Even if the fitness function is deter-
ministic, we can sometimes regard the complicated mi-
crostructure of the function as stochastic noise. More-
over, we can consider a set of functions instead of special



forms of functions by statistical modeling and the analy-
sis becomes also easier. In the following, the convergence
of the algorithm is analyzed in the sense of the average
over ensembles of populations and fitness functions. This
corresponds to the average behavior of infinite popula-
tion. See [5] on a similar analysis on Genetic algorithms.

Suppose the probability that each @ becomes an elite is
proportional to (e, Vi),

plelite | ®) = q¢(x; p,,, Vi), (1)

and the probability that @ becomes a non-elite is given
by 1 — p(elite | @), where ¢(x,p,V) is a probabil-
ity density function of Gaussian, and ¢, p,, Vi are un-
known parameters. The coefficient ¢ must be less than
1/¢(0;0,V,) in order to keep the probabilities positive.

The fitness value F'(@) is taken from some unknown dis-
tribution go(F) if @ is an elite and gne(F') otherwise.
ge(F) and gne(F) are independent of @ itself. We as-
sume that elites have always larger fitness values than
those of non-elites,

min{F | ge(F) > 0} > max{F | gne(F) > 0}. (2)

In the following analysis, we don’t need explicit forms of

ge(F) and gne(F).

Let us summarize how the fitness is determined stochas-
tically: For each query «,

1. @ is determined to be elite or not in probability

plelite | &) and (1 — p(elite | ®)),

2. the fitness of @ is determined with respect to go(F)
when @ is an elite, or gne(F') when @ is a non-elite.

For the sake of simplicity, we use the one dimensional
notation z, ¢ and o2 instead of x, u and V below except
for section 6, since the result is essentially the same.

Let a; be the frequency of elites included in the popula-
tion generated in the step 2 of the basic algorithm, which
is given by

Q¢

/q¢(x;u*,af)¢($;ﬂt,0t2)dx’
= (0,07 + 07, (3)
where

Pa = it — fhx (4)

First we consider the case when a; is larger than 8 in
section 4, and then generalize it in section 5.

4. EASY CASE (a; > 0)

If a; > @, all selected individuals are elites. Therefore,
the mean and the variance of selected samples at the

(t + 1)-th step are given by

P = Bipu, (5)
1 1 1
— = =+, (6)
Ti41 oy Oy
where )
o
B, = . 7
! o2+ 02 (7)

The equation above implies that ¢ converges to 0 not
o2 and the distribution is getting close to § function. It
also makes the convergence of y; slow. Such phenom-
ena occur also in Baluja’s algorithm and the algorithm
sometimes can become weak against deceptive problems.

In order to overcome it, let us transform ¢, | to o7, =
207, and use it at the successive iteration. Then &7
converges to o2 and p; converges to g, exponentially.

This technique is generalized in the following section.

5. GENERAL CASE
In this section, we generalize the result of the previous

section to all range of a;.

If ay < 8, non-elites are included in selected individuals,
and the distribution of selected individuals is given by

p(z) = Z[vi(z) +

() =)}, (8)

le»—k

where ée(x) = oy, 07),
and ¥4 (x) = qéi(2)p(x; ps, 02). We can derive the mean
value of a random variable £ as

Eipilé] = (1 = G) Eglige €]+ CiE[E], (9)
where C; = (0 — a;)/{0(1 — a;)}, and E ;¢ is a mean

operator for elites which is given in the previous section.
By putting C; = 0, eq. (9) includes the previous section;
hence we redefine C} as

[H—Clt]_l_

Cy = m, (10)

to apply to any value of a;, where [s]4 equals to s if
s > 0 and 0 otherwise.

We obtain j;41 and o7, by straightforward calcula-
tions,

{1 —Ct)Bt+Ct}ﬁt, (11)
Yo

(1—Ct)Ct(1—Bt)t (12)

Myl =

oy = {1-(1-C)5r—

where By is defined by (7). In this general case, ¢ also
converges to 0 if p; converges to pi..

Since py converges to p, while 0 < Cy < 1, we concen-
trate to the estimation of o2. Since eq. (12) includes an



unknown parameter Cj, we have to estimate C; as well.
Let &tz and C; be the estimation values of Uf and Cy at
time ¢ respectively, where C, is a value of C} defined at

— 2 _ 2
it = ps and o7 = o},

If 62 = 02 and p; = ji., we have

14
Ut2+1 = 9 Uza (13)

from (12), therefore if Cy is a good approximation of C,

o2 can be estimated by

) 2
Ut2+1 = ragt2+1. (14)

If 67, > o7, C is considered to be smaller than C, in
order that 67 converges, and vice versa. Therefore, we
can construct an update formula for C; by

L (8
Ciy1=Ci+e &—tz—l ; (15)

where ¢ i1s a small constant. We can prove that equa-
tions (14) and (15) are locally stable around (07, C}) =
(02,C.).

6. IMPROVED ALGORITHM

The result obtained by the previous section can be gen-
eralized to a higher dimensional case in a similar way.
The improved algorithm is given as follows:

Algorithm (improved):
1. Initialize gy, Vo, Co; Let t :=0
2. Generate population with respect to N[, Vt]

3. Select the 100 x 6 % individuals from the population
according to their fitness values.

4. Let p; 1, Vip1 be the mean and the variance of the
selected individuals.

- 2
5. Let ‘/t-l—l = ré’t‘/t-l—l.

6. Let ét+1 =u

oz trace[f/t:l_l] 3
trace[V4]

1}] , where ¢

1s a small constant and

1 ifs>1
us]=¢ s f0<s<1 (16)
0 ifs<0

7. Let t := ¢t + 1; Go to step 2.

7. SIMPLE EXPERIMENT

We show a simple computer simulation to validate our
improved algorithm.

The domain is one dimensional space R. The fitness
function F'(x) is firstly defined on discrete points x3 =
k /1000 where k is an integer. F'(z) for other # is defined
as F(xy), where xy, is the closest value to . F(xy) is
randomly generated as described in section 4, and the
parameters are ¢ = 0.3, y, = 0.0 and 02 = 2.0%. The
distributions of the fitness ¢g. and gn. are uniform dis-
tribution on [1,2) and [0, 1) respectively. However the
result does not depend on g. and g, if eq. (2) is full-
filled.

The initial values of parameters for the algorithm are
determined as pg = 3.0, &g =2.0% and Cy = 1.0. The
threshold of selection § = 0.2 and the learning coefficient
e =10.5.

We tried 30 experiments for different random seeds, and
compared the performance of the improved algorithm,
the basic algorithm, and the random search based on
uniform distribution on [—15, 15].

Fig.1 shows the average of the function, I[t —t.], where
t. is the time when the optimal solution is found, and

I[s]=1if0 < s,and I[s] =0if s < 0.

The improved algorithm shows an apparently better per-
formance than the other algorithms. The convergence
property is shown in figs. 2 and 3. The standard devia-
tion in the basic algorithm converges 0 very quickly, and
the convergence of the mean parameter almost stops,
while the mean parameter is moving around 0 in the
improved algorithm.

The change of C is shown in fig.4. Since the value does
not converge until 100 steps, the standard deviation in
the improved algorithm also decreases, but the value is
distributed around 0.7 and 0.8, which avoids to converge
o? to 0 quickly.

8. CONCLUSION AND FUTURE WORKS

We have proposed a new algorithm based on Gaussian
modeling of elites. The algorithm converges to the true
model by introducing an extension process of the vari-
ance parameter. The algorithm is locally stable, but the
proof of global stability is a future problem.

In this paper, the domain is assumed to be Euclidean
space, but a similar algorithm can be derived in binary
domain. The analysis of the binary domain will be re-
ported in the forthcoming paper.

Our analysis is currently on the average behavior. In
practice, the dynamics of search deviates from the aver-
age because the population size is finite and the fitness
function is fixed. It is also necessary to verify that the
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Figure 1: Frequency of optimal solution found. I(¢ —1.)
are averaged over 30 experiments.

stochastic model of the fitness function is a good approx-
imation of the real world problems.
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