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Abstract We present a mixture model that can be ap-
plied to the recognition of multiple objects in an image
plane. The model consists of any shape of submodules.
Each submodule is a probability density function of data
points with scale and shift parameters, and the modules are
combined with weight probabilities. We present the EM
(Expectation-Maximization) algorithm to estimate those
parameters. We also modify the algorithm in the case that

data points are restricted in an attention window.
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1 Introduction

When we must solve a certain problem, it is effective to divide the problem into subprob-
lems and then to integrate the results of the subproblems. Such a divide-and-conquer
approach has successfully applied to a large number of information processing problems.

On the other hand, statistical modeling is an appropriate method to deal with a large
number of data from real world environment, because those data are deteriorated by noise
and some data might be missing.

We consider a mixture model that is a statistical model consisting of submodules.
Each module is a parametric probability distribution and those modules are integrated
by taking a weighted sum. In order to make our discussion concrete, we consider the
application to an image recognition problem. Suppose there are scattered points in an
image plane and clusters of those points form objects. Our purpose is to fit a mixture
model to those objects, where each submodule corresponds to a model of some object. We
assume that objects in a real image are scaled or shifted from the original object model.

Recently, the EM (Expectation and Maximization) algorithm, which is a technique to
find a locally maximum likelihood estimation from incomplete data, has attracted much
attention because it can be applied the parameter estimation of a lot of models of neural
networks or related models, for example, Boltzmann machines with hidden units[3] and
stochastic multi-layer perceptrons[2]. The EM algorithm has been successfully applied to
hidden Markov model for speech recognition, which is known as Baum-Welch algorithm[4].

The EM algorithm can be also applied to a mixture model. Some kind of modules
such as normal distribution can be easily trained by the EM algorithm. M.I. Jordan
proposed hierarchical mixtures of experts model (HME) that is an extension of the mixture
model[6, 7]. The framework of HME is supervised-learning whose statistical model is a
conditional probability from inputs to outputs, and each module is designed to be a
generalized linear model (GLIM)[8]. There is a fast algorithm to estimate parameters of
GLIM, and the algorithm can be combined with the EM algorithm.

In this paper, we consider unsupervised learning, whose statistical model is an uncon-
ditional probability, and each module can be any kind of an object model. We adjust the
scale and shift parameters to fit the module to an object. Each module is approximated
by a normal mixture model and the parameters of the module are estimated in advance.

Another important technique to recognize multiple objects efficiently is attention.
When there are a lot of objects in a image, it is not easy to fit a complicated model.
However, if we restrict a region to estimate parameters, the data out of the region should
be treated as missing values. We can also apply the EM algorithm to this problem.

In section 2, we describe the mixture model and introduce some examples of sub-
modules. Mixture module with scale and shift parameters, which is the most important
module we are concerned with, is described in 2.3. In section 3, we explain a general
form of the EM algorithm. Fundamental equations of estimation by the EM algorithm
are given by (21) and (22). In section 4, we present the EM algorithm for mixture models.



Recurrence formulae in each EM step are given by (32), (37) and (41) in 4.2.2. In section
5, we extend the algorithm to the case that the parameter is estimated only in a restricted

region. The extended recurrence formulae are given by (49) and (50) and (54) in 5.5.

2 Mixture model

2.1 Mixture model

Suppose there are n probability density function g;(x | 8;) (: = 1,...,n), where 8;
denotes a parameter. For the sake of simplicity, random variable x is assumed to be one
dimensional vector, but it is easy to generalize to higher dimension as shown in section
6. Each ¢; is called “module”. Mixture model is a probability density function defined
as the weighted sum of those modules,
po 66 = <
where & = (&y,...,¢,) and 8™ = (64,...,8,).

The goal of the maximum likelihood estimation (MLE) is to estimate & and 8" that

maximizes the likelihood from given samples of z,

> logp(x | €.67), (2)

where the summation is taken over all samples.
Since it is difficult to estimate &€ and 8™ directly, let us introduce a hidden random
variable z € {1,2,...,n}, and observed x is generated from the module ¢g,.(z | 6,). The

joint distribution of (x, z) is given by

*\ 52’
p($72|€,9 )_ Zkfk

If we regard observed sample = as the incomplete data of (x,z), we can apply the EM

g-(v ] 8.). (3)

algorithm for the estimation.

It is also remarkable that we can combine any different type of modules. The difficulty
of the estimation only depends on the form of each module g¢; as long as the parameters
of the module is independent of each other.

In the following subsection, we introduce several kinds of modules. Especially, mixture
module described in subsection 2.3 can approximate a wide class of distributions. Param-
eters of all modules are successfully estimated by the EM algorithm in the sense that the
estimation 1is explicitly obtained in each EM step. The explicit form of the estimation
is described in section 4. In the following sections, we omit subscripts of g;(z | ;) as

g(x | 8) unless confusing.



2.2 Simple modules

Uniform distribution The most simplest case is that g(« | 8) is a uniform distribution.
In the application of object recognition, we can describe scattered noise by the uniform
distribution module. Since the uniform distribution has a compact support, the domain
of  must be bounded in order to keep the distribution regular. However, even if the

domain is not bounded, we can construct the estimation algorithm formally.

Normal distribution Normal distribution is defined as

o { -t )

where 8 = (y,0?). The normal mixture model, which is the mixture model consisting

g(z |8) =gz | p,0%) =
2ro

of normal distribution modules, is widely applied to image recognition tasks because
some kinds of objects in the image can be roughly approximated by normal distributions.
Moreover, the estimation of parameters is easy since normal distribution belongs to an
exponential family.

However, when it is desired to fit more complicated modules or completely different
type of modules from normal distribution, it is difficult to find out appropriate modules

so that the estimation of parameters is easy.

2.3 Mixture module with scale and shift parameters

In this subsection, we consider a class of density functions
{ag(ax +b) |0 < a, a,beR}, (5)

where g(x) is an arbitrary smooth density function, and a denotes a scale parameter and
b denotes a shift parameter.
Of course, it is difficult to estimate a and b in general. Therefore we approximate g(x)

in advance by normal mixture model as follows.

n 2N S CJ 2 g2
x| ¢ o )—;chkg( | 15, 0%), (6)

where ¢ = (C1, -y Cn)y = (ft1, -« ) and ? = (0f,...,02)

According to the result of the density approximation theory, g(x) can be approximated
by g(x | ¢, p, &) as precisely as possible with sufficient large m, when g(x) satisfies some
regularity conditions. The estimation of ¢,pt and &? is described in 4.1.

We adopt

{aglaz +b| (,p,0) |a,bER, a>0} (7)

as a module of mixture models instead of g. However, even if ¢ is used, the estimation of a
and b is not trivial, because ¢ and b are common parameters in normal modules included

in ag(ax + b |, p,0). The estimation is described in section 4.2.



3 The EM algorithm

In this section, we describe a general form of the EM algorithm, which is formulated by

Dempster et al[5].

3.1 Missing values and the EM algorithm

Observed data ¥y is considered to be an incomplete data of a complete data ®, where the
many-to-one map from @« to y is assumed to be known.

The EM algorithm is applied to find the local maximum of likelihood 34,[log p(y | 8)],
especially it is effective when the likelihood of the incomplete data is much more difficult
to maximize than the likelihood of the complete data.

The algorithm starts from an initial solution 8 and it develops solution 81, 8@ ... 8®
iteratively. Each iteration step consists of the expectation step (E-step) and the maxi-

mization step (M-step). In each iteration, the likelihood increases monotonously.

The EM algorithm

1. Let 89 be an initial solution.
2. Repeat the following two steps for t = 0,1,2,...,

(a) E-step :
Calculate the expectation value of log-likelihood of complete data conditioned

by observed samples and the current solution 8%,

Q8 16Y) =" [E [logp(x | 8) | y.69]]. (8)
Yy

where the summation is taken over all samples.

(b) M-step :
Let 8% be such @ that maximizes Q(6 | 8%).

3.2 Curved exponential family

An exponential family is a class of parametric probability density functions, and it is

written in the following form,
p(a | 8) = exp{Y 0, () — () + Cla)}, (9)
where 0; is called the natural parameter. Let us consider a parameter defined by

ni = E[Fi(w) | 6], (10)



which is called the expectation parameter. An exponential family (9) defines the
manifold whose local coordinate system is {6;}. {n;} is also a coordinate system. The
two coordinate systems are dual to each other[l], and they are related by the Legendre

transformation,

iﬁm»npn%<m,¢wz;yﬁ_wm "

b; =

Example 1 We show that the normal mixture model (6) with hidden variables belongs to
an exponential family. The density function with hidden variable w € {1,2,...,m}
is given by

plo,w) = C A (12)

- exp{loggw— _“w — log /202 — logZCk} (13)
— [Z {logg—%iz)} 1og\/ﬂ§jck] (14)

J

ﬂf%< ﬁ (27 52 )] (15)

Therefore, by putting

G 1 1
0: = log 22 _ i 0, . =" 0y = ——
J o o 20_]27 +7 0_]27 2m+g 20_]27

Fi(w,w) = 8(w —j),  Foyj(z,w) =ad(w—j),  Fasj(,w) = 2%6(w —j), (17)

where j = 1,...,m and 6 denotes Kronecker’s delta, we can show that p(x,w)

(16)

belongs to an exponential family. The expectation parameters are obtained by

straight forward calculations,
=G Mmti = Gy Mamty = Gl + o). (18)

An curved exponential family is defined as a submanifold of an exponential family.

Suppose the local coordinate system is {u;}, the probability distribution is written by
p(e | u) = exp{}_ O:i(w)Fi(z) — (B(u)) + C(x)}, (19)

where dim(u) < dim(8).
A lot of typical distributions belong to an exponential family or a curved exponential
family. Moreover a (curved) exponential family with hidden variables includes more in-

teresting distributions such as the normal mixture models, the stochastic perceptrons and

5



the hierarchical mixtures of experts. In that case, the EM algorithm is reduced a simple
form as shown below, which is one reason that the EM algorithm is widely applied.

Applying the E-step (8) to the curved exponential family (19), it follows

Qu |u) =3 Ellog p(x | ) |y, u]
Y
= 2{29 () | y,ul] = (8(u)) + E[C() | y,u(”]}- (20)

Next, we maximize Q(u | u?) with respect to u in the M-step. Differentiating by w;, it

follows

Z{Z Do @) |y, ul ]—m(U)}}ZO, (21)

where we used the relation (11). Equation (21) is the fundamental equation of the EM
algorithm for a curved exponential family. Especially, if the class of distribution belongs

to an exponential family, namely if % is identical to 8, explicit solution is given by
= x Z E | y7 ]7 (22)

where NV is the number of samples y.

4 The EM algorithm for the mixture model

4.1 Normal mixture model

As already shown in example 1, the normal mixture model belongs to the exponential
family with hidden variables. Thus we can use (22) for the estimation. The conditional

density function ¢(w | #,A) is given by

plz|A) kGl | . 0f)
where A = (¢, 1, 02), ¢ = (Chy o Cn)y 8= (ft1y -+ ftm) and % = (02,...,02).
Therefore from (16), (17), (18) and (22), we obtain the recurrence formula of the EM
algorithm,

q(w |z, A

1
G = F e AY), (24)

1
G = 5w, ), (25)
ISR CEVCANE I o S SR 2%
G )+ 07 = g (@A), (26)

where ¢;(z, )\(t)) =q(j |z, )\(t)), j=1,....,m and N is the number of observed samples.
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4.2 Scale and shift parameter estimation
4.2.1 Mixture model with mixture modules

In this section, we present the EM algorithm for the mixture model (1) with mixture
modules described in section 2.3. Each module g; is a normal mixture module (7) with
scale and shift parameters.

Suppose that observed sample z is generated from the w-th normal submodule of
the z-th module. w € {1,...,m} and z € {1,...,n} are hidden variables. Parameters

to estimate are the weight &;, the scale parameter a; and the shift parameter b;, where

i =1,...,n. Other parameters are fixed, The distribution of (x, z,w) is written as
52 Czw 2
plz,z,w | A) =plz,z,w | € a,b) = —a.g(a,x + b, | pow, 0 ,), 27
(om0 | X) = )= e Do

where A = (€,a,b), a = (a1,...,a,) and b= (by,...,b,).

Each module g; may have a different number of submodules. Since p(z,z,w | €, a,b)
belongs to a curved exponential family, it is not trivial to optimize parameters. If we
optimize a and b separately in each E-step, we can obtain an explicit recurrence formulae

as shown below.

4.2.2 Recurrence formulae for the weight and the scale parameters

In this section, we optimize @ with fixing b. The recurrence formulae are given in (32)

and (37).

ple,z,w € a) = eXp[25(Z—i)1ogé+Z5(Z—i)5(w_]’)xw

i 0%
a?

202

27]

- Z 8(z —i)é(w — j)a” W€ a)+Clx, z,w)|, (28)

where (€, a) does not depend on (x, z,w) and C(x, z,w) does not depend on £ and a.

It is the form of a curved exponential family with natural parameters

& a;(b; — pi ;) a;
02' =lo ) 02:77]7 ezm ':_—27 29
0 g a; " 02'2,]' ym+tg QU?J ( )
where ¢ = 1,...,n, 7 = 1,...,m and m can depend on i. Expectation parameters are
given by
fij — bi (1ig = bi)* + 0,
Nio =&, Nij =& ]a' Nim+; = &iCi ( ! " L. (30)

We apply the EM algorithm (21) to the above model. The conditional probability ¢(z,w |
x,A) of the hidden variables, where A = (€, @), is given by

Cz w 2
52 : a,gla,x + bz 29 O, w
ple.zw | A) = o #2002 9)

gz, | 2, A) = = . (31)

X =
plz | A) ka k. arg(arz + by) | Hk,laaz,l)
w1 o Gkl




As for &, we obtain
1
6 = 5 X (e, A, (32)
7 xT

where Qi,j(va) = Q(ivj | l’,)\)

From straight forward calculations for a, we get the equation,
XZ'CL? + Kai — ZZ == 0, (33)

where

xzqi,l(va(t))
X, =y Sl AT 31
7 xT

Tij

2
Tij

e Ve (2 AD
Y, = Zz(bz fi)Tqi(x, A) (35)
Zi = NV G (36)

Since a; > 0, we obtain the recurrence formulae for a,

/v2 7 Ve
(t+1) 1/2 +4X2Zz 1/2 (37)

a: =

! 2X;

4.2.3 Recurrence formula for the shift parameter

In this section, we optimize b with fixing a. The recurrence formula is given in (41).

In a similar way to the case of optimizing a,

ple,z,w|A) = exp [25(2 —)log& — 25(2 —2)6(w —j)ZT?M’
biai ’ ’
—Z(S(Z—i)(S(w—j)x T —'(€,b) + C'(x, z,w)|, (38)

where ¢'(€,b) does not depend on (z,z,w) and C'(x,z,w) does not depend on € and b.

It is the form of a curved exponential family with natural parameters

b} — 2bipu; ; bia;
0io =log&, 0, = _W’ O pii = gt (39)
27] 27]
where ¢ = 1,...,n, 7 = 1,...,m and m can depend on i. Expectation parameters are
given by
pij = b

Mo ="E M =E&Cgs Mime; = &Gy (40)

Applying (21) to the above model, the recurrence formula for £ is the same as (32). And

we obtain the recurrence formulae for b,

D

Sl=

: (41)



where
. (t)
i (T, A
U, = Y% % (42)
]‘ x 7,7
]‘ x

2
G4

5 Estimation in an attention window

5.1 Attention and missing values

Attention is an efficient method for the recognition of objects and the learning of environ-
ments. However, when we focus our attention to some region, the data out of the region
are censored. We can apply the EM algorithm in such a case. In this section, we show a
slight modification of the EM algorithm for that problem.

We can use the uniform distribution module by considering the attention region be-

cause the uniform distribution must have a compact support as shown in section 2.2.

5.2 Formulation

Let C' be the region of attention. Suppose random variable z is observed only when = € (',
and the number of data @ ¢ C' is unknown. We take the mixture model (1) as a model of
distribution.

Since the EM algorithm can be applied when the number of data is known, we consider
the following algorithm where the number of missing values are estimated in each EM

step.
1. Let (5(0), 9*(0)) be an initial parameter.
2. Repeat the following two steps for t = 0,1,2,...,

(a) Estimate M®, the number of missing values, with fixing (&,8%) = (ﬁ(t), 9*(t)).

(b) Apply an EM step based on N observed samples and M) missing data. Let
(é’(t"'l), 9*(t+1)) be the solution.

5.3 Estimation of the number of missing observations

When we fix parameters (€,8%), observations can be regarded as Bernoulli trials, where
each observation drops on C' in probability Pg) = / plx | £, 9*(t)) dz. The number of
c

samples on C is estimated by
(*)
MO = 1_“)0 N. (44)
P




5.4 The EM algorithm with missing observations

The EM algorithm described in section 3 is the case that all N incomplete samples are
given. In this section, we present the EM algorithm in the case that N incomplete samples

in (' are given and M incomplete samples in €' are missing.

Q(8 | 8Y) in (8) is modified as
Q6 6") =3 [E [logp(w | 8) | 4.69]] + ME [logp(= | 8) [ 69.C]. (1)
Yy

where the expectation of the second term is taken over y € C. The fundamental equation

for the curved exponential family in (21) is modified as

. {ZE ) |y, w"] + M E[Fi(x )Iu(t)a(f]—(NJrM)m(U)}:Oa (46)
and the equation for the exponential family is given by
1 _
: (*)
n = N—|—M{ZE )1y, 09] 4 ME[F(x) | 0 ,C]}, (17)

5.5 Mixture model with mixture modules

In this section, we give the explicit form of the above algorithm for the mixture model

with mixture modules.

Let m ()\ C) be the k-th moment of € C' defined by

| apla.ij | € a.b)da
_ JC

(A, C) = (13)
| pe & ab)de
c
where XA = (€, a,b).
From (32),
1 —
i = WZ{Z%J (e A MO0 e
from (37),
L) Y2 +4X,7Z; - Y;
where
(A} £ MO (A0, ¢
X, — ZZ{qu(l‘ )};r ,(AT0) (51)
; i
5 e AD)} 4 MORIAO, 0)
Yo o= D (b — ) : =y (52)
; i
Zi = (N—I_M H—l ZCZ] (53)
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And from (41),

= o, 51
where
S a0 (2, A+ MO (A0 )

= 2 2 ) (55)

j T4,

szﬂu— ©)gi,j (e, A} + MOLg; m (A, C) — a;m{ (A0, C))

(56)

O'Z]

The k-th moments (48) for £ = 0, 1,2 can be calculated from

Gule | pso®) = [ aga | o) da. (57)

Usually, the cumulative density function Gg can be provided in a lot of numerical libraries.

Golw | o) = [ sl | n,o%) da. (58)

By using Gg, higher order moments are given by

Gi(z | p,0%) = pGo(x | p,0") = o*g(x | u,0?), (59)
Ga(z | p,o®) = (0”4 0")Gola | p,0%) — (u+ x)o’g(x | p,0?). (60)

5.6 The EM algorithm for a uniform distribution module

Let us consider an additional uniform distributed module to the above model. If the
distribution is defined on €| there are no missing values out of C'. Let ¢ be the weight
value corresponding to the uniform module.

The recurrence formulae for other parameters of £, are unchanged from (49), (50) and

(54), if g(z,w | 2, A) of (31) is redefined by

fZCz,wg(akx + bk | Hzoaws Uz,w)

zyw |z, N) = . 61
dzw | @A) €/ S + Zkp iCraglans + be) | i, 0f ) (61
for z # 0, where S is the volume of C. For z = 0, let
o/ S
0]z, A)= ) 62
(0] ) §o/S + ki &iChaglare + bg) | pngs Uz,l) (62)
then the recurrence formula for & is given by
(Y = a0 (63)

N—I—M
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6 Extension to higher dimension

Although we have written in one dimensional form in the preceding sections, higher di-
mension is more interesting case (e.g. two dimension for image understanding). We can

generalize easily under the following assumptions.

e The correlation matrix of each normal distribution is a diagonal matrix.

o If we use an attention window, the window (' is a rectangle that is parallel to each

axis in order to calculate the moments explicitly by Go(z | g, 0?) in (58).

e Scale parameter « is not generalized to include rotation.

7 Conclusion

We have presented the EM algorithm for a mixture model with mixture modules that can
approximate any kind of the model of object. We also considered the case that data are
restricted in a region.

Let us conclude this paper by stating some problems and future works.

It is desired that the model is extended to the case of supervised learning. However,
the model distribution often becomes a highly curved exponential family and we cannot
obtain the explicit solution in each EM step.

About attention, we must consider how to decide the attention region. That problem
is related to the field of active vision or active learning, and it would be decided mainly
by the restriction of computational resources and the amount of expected information.

It is also a future task to apply our algorithm to real world images.
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