TR-92-37

Optimal Decay Rate of Connection
Weights in Covariance Learning

Shotaro Akaho *
akaho@etl.go.jp

Received 10 November 1992

Electrotechnical Laboratory
1-1-4 Umezono, Tsukuba,
Ibaraki, 305, JAPAN

Abstract  Associative memory of neural networks can
not store items more than its memory capacity. When
new items are given one after another, connection weights
should be decayed so that the number of stored items does
not exceed the memory capacity. This paper presents the
optimal decay rate that maximizes the number of stored

items, using the method of statistical dynamics.
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1 Introduction

This paper addresses the memory capacity of an associative memory model of neural
networks with weight decay.

Neural network is an adaptive system that is trained with sample items that are given
from outer environment. It can store items up to some number, which is called memory
capacity. We consider the on-line type learning scheme (cf. batch type learning) where the
learning is proceeded every time a new item is provided. This learning has the advantage
that needed memory is a little (memory for all items is not necessary) and it can adapts
itself well to the change of the environment. However, when new items are given one
after another, it cannot be judged whether the number of stored items is more than the
capacity or not, because the stored items are memorized implicitly on connection weights
and moreover the network has no memory for the number of items. One method to avoid
exceeding the capacity is decaying connection weights to remove older items. If we want
to store items as many as possible, connection weights should be decayed as slowly as
possible, but if the decay is too slow, old items affects the recall of newer items. Thus
there is an optimal decay rate that maximizes the number of stored items.

In this paper, we analyze an associative memory model and present the optimal decay
rate. In section 2, we state the learning of associative memory with decay. In section 3
and 4, we define the problem and shows the main theorem. In section 5, we show some

simulation result.

2 Associative memory model

The associative memory model is originally proposed in 1972 and analyzed by many
researchers[10][4][6][12][3]. Recently, it has attracted more attention because of sparse
coding scheme, where most of components of pattern vectors are 0 and only a small ratio
of those are 1. It was shown that if the ratio of 1s of output pattern is O(logn/n) where n
is the number of neurons, its memory capacity becomes O(n?/(logn)?), while O(n/log n)
in non-sparse coding[13][1][7]. Sparse coding scheme is also supposed to act an important
function in the brain memory such as hippocampus[11], and some important experimental
results are coming out[9].

The autocorrelation associative memory! is trained by a simple Hebbian rule as follows

(we consider the case of discrete time).
wii(t +1) = (1 — e)wy(t) +esi(t)si(t), 1 #7, (1)
D<e<l, 0<e

where w;; is a connection weight from j-th input to ¢-th neuron, s;(¢) is :-th component

of pattern learned at time ¢, ¢ and ¢ are time constants (we assume ¢ = 1 without loss of

I'We consider autocorrelation type associative memory, but the result is exactly the same for the
crosscorrelation associative memory



generality) and 1 — ¢ denotes the decay rate. By the learning scheme above, connection

weights become

wij(t) =Y (1 —e)si(t — p)si(t —p), 1 # ] (2)

u=0
Each pattern component s;(¢) takes binary value and there are two possible models.
One is 0-1 model and the other is &1 model. Amari has shown that 0-1 model is superior
in the sparse case and +1 model is superior in the non-sparse case[l]. In order to treat

both cases, we shall encode patterns as follows.

l1—a Proba

silt) = { —a Prob 1 —a (3)
where « is called the activity. Each s;(t) takes binary value independently according to
the above probability. This coding works as 0-1 model in sparse case and +1 model in
non-sparse case and it also makes mathematical analysis easier.

Output @ for input s is given by

1 n
Xy = 1a(g Zwijsj - h)v (4)
7=0
where h is a threshold value and 1, is a binary threshold function
l—a u>0

3 Memory capacity and optimal decay rate

Let us define the capacity of the model described in the previous section. For some given

item s(t — p), if it is recalled correctly, namely, if

n

Y wijs; — h), (6)

i=0

1
S; = la(—
n
holds, pattern s(t—pu) is said to be stored. A memory capacity M is defined as the maximal
number of m, such that most recently learned m items s(t),s(t—1),...,s(t —m+1) can
be recalled correctly. Since the patterns are randomly generated, we consider the case

that items can be stored with a probability 1 asymptotically for sufficiently large n[5].

Theorem 1 The optimal decay rate of an associative memory with n neurons is given

asymptotically by
8e(2 + d)a(l —a) logn

1 —eopy = 1 —

, (7)

n
where d = —log, a and the memory capacity is given by
1 n
Moy, = = : 8
Pt 2e0pt 16€(2 4 d)a(l —a) logn (8)



When ¢ = 1/2 (non-sparse case), the capacity is n/(8elogn), while it is n/(4logn) in
the case that the network learns only finite number of patterns without decay (e.g. batch
type learning). On the proof and more details of this theorem, see section 6. In general,

the capacity of this model is 1/2¢ times the capacity in the batch type learning.

4 Some properties of recalling each pattern

Theorem 1 ensures the correctness of recalling patterns up to the capacity M. However,
the correctness does not drop so soon for older patterns than the capacity since the decay
is very slow. In this section we investigate the recall of each pattern and estimate the
error rate.
Let ¢ be a form as follows.
goa(l — a)logn

co (9)

where ¢ is a constant order value when the decay rate is optimal.

Let us consider the recall of m-th pattern, where
mon . mMo€o

m (10)

- a(l —a)logn ¢
When ¢ is a constant order, mg of the capacity is also a constant order.

We can estimate the frequency of incorrectly recalled components of the m-th pattern.

Theorem 2 The frequency of error components for m-th pattern is asymptotically given

by

r(gg, mg) = O(n‘TO(EO’mO)), (11)

where )
ro(cg.mg) = 2RE2E0m0), (12)

and o and mq are defined by (9),(10) respectively.

Figure 1 is a numerical plot of R for some decay rates, where the number of neurons
is 1000. It shows that the correctness for recent patterns becomes higher as ¢q increases,
but the correctness for patterns older than memory capacity becomes worse.

Next, we analyze the error correction capability. Consider the noisy version of m-th
pattern as follows. Asymptotically, we can say that na components of m-th pattern are
1 — a and the others are —a. To make the noisy version of the pattern with keeping the
activity a, we pick up randomly naf¢ components of 1 — a and flip them into —a, and

similarly flip na¢ components of —a into 1 — a. If £ = 0, the pattern includes no noise.

na n(l—a)
l—al—a -~ 1—a —a —a --- —a : original pattern s
—_—— —_———
na& na& (13)
U U U U
—a —a l1—a l—al—a —a :noisy pattern §™
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Figure 1: Error frequency versus normalized pattern number(mg); o = 4,8,16,32,64; n

= 1000
Theorem 3 The frequency of error components for noisy version of m-th pattern is
asymptotically given by
r(eo, mo; §) = O(n7el0mo), (14)
where
eg exp(—2eomo) (1 —a — 5)27 (1)

re(€0,mo) = 3 (1—a)?

€0, Mo are defined by (9),(10), and & is a noise parameter defined by (13).

5 Simulation results

In this section, we show some simulation results to ascertain the theorems described in

preceding sections.

Figure 2 shows the capacity for some values of € normalized by the theoretical optimal
value, where we stored ten times as much as the theoretical capacity. We take the newest
pattern incorrectly recalled as the capacity. We can see that the decay rate that maximizes
the capacity is close to the theoretical value for all cases. Figure 3 shows the collection of
the maximal number of capacities in the same simulation as above. Theoretical capacities

seems rather strict than the simulation, but it fits the simulation well. Figure 4 shows
the error frequency plot for each pattern. Pattern number is normalized by theoretical

capacity. There seems to be a critical point around 2 where the error suddenly increases.



(o
(]
2 o
g 2 -
o
@
O
o |
N
o -
0.0 0.5 1.0 15 2.0 25 3.0
Relative decay rate
o |
™
2 o |
(&) N
@
Q.
©
O
o |
—
o -

T T T T T T T

0.0 0.5 1.0 15 2.0 2.5 3.0

Relative decay rate

Figure 2: Capacity versus decay rate (¢). Decay rate is normalized by the optimal one.
Up: a=0.1 (sparse case); Down: a=0.5 (non-sparse case)



*
a:ol *
O *
O ] | | *
* o
* i x %
> * *
: * i ) o
Q * { \capaC\
8 § : theoret\ca
* -
SR
o
T ‘ | | ‘
200 400 600 500 -
Neuron number
* *
* % :
o a=05 * :
o ] | *
* *
* jf— %
* *
*
*
2 o | x * *
2 9 * *
CU x * .
| | i * acity
O | * S theoret\ca\ cap
o | %
-
o
T ‘ | | ‘
200 400 600 800 1000

Neuron number

Figure 3: Capacity versus the number of neurons. we tried 5 simulations for each neuron
number. Up: a = 0.1 (sparse case); Down: a = 0.5 (non-sparse case).



0.5
0.5

0.4
0.4

Error frequency
0.3

Error frequency
0.3

N N

o o

=

2 J

o | o |

o T T T T T T o T T T T T T
0O 2 4 6 8 10 0O 2 4 6 8 10

Pattern number / Theoretical capacity Pattern number / Theoretical capacity

o v

o | o

S <

o o

Error frequency
0.3

Error frequency
0.3

N N
o o
‘-! ]
o | o
o | o |
o T T T T T T o T T T T T T
0O 2 4 6 8 10 0O 2 4 6 8 10
Pattern number / Theoretical capacity Pattern number / Theoretical capacity

Figure 4: Frequency of error components versus pattern number. Pattern number is
normalized by theoretical capacity. Neuron number: 500, 1000



6 Proof of theorems

In this section, we prove the theorems stated in the preceding sections, using the statistical
neurodynamics method([3].

To begin with, we shall show that the capacity is n/logn order.

Lemma 1 The optimal decay rate of an associative memory with n neurons is bounded
asymptotically by
8e(2 + d)a(l —a) logn 8ea(l — a) logn

1— <loe , <1- 16
n > Copt > n (16)

and the memory capacity is bounded by

n n
< M, < : 17
16¢(2 + d)a(l —a) logn = = " = 16ea(l — a) logn (17)

where d = —log,, a.

(m)

Proof. Let us consider the recall of item s(t—m). For convenience, let s;" denote s;(t—m).

(m)

Since s;" is a random variable with mean 0 and variance a(1 — «), a sum of the inputs

for 7-th neuron is

% Zn: wijsgm) =(1- f—:)msgm)(l —a)a+ N; (18)
7=0
where? )
N; = - > Z(l - 5)“%@ (19)
pnFEmM jF#
ZZ(]“) = Sgﬂ)sgﬂ)sgm). (20)
ZZ(]“) is a mutually independent variable with mean 0 and variance (1 — a)®a®. By using

the central limit theorem, N, is asymptotically normally distributed,

N, NN[O,%{E S (1= )"} (1 - @] = N0, 02, (21)
where L1 )
o = 5{2 — (1 —&)"}1 —a)’a® ~ E(l —a)’a’. (22)

Output value is given by
ri = 1,[(1 —&)™s'™(1 = a)a + N; — h). (23)
This pattern is recalled correctly if

(1—¢)"(1—a)’a+ N;—h >0 (24)

irst term of right hand side of this equation is not exact and it must be multiplied by 1 — u; /n where
u; 1s an asymptotically normal variable with mean 0 and variance 1. However it is negligibly small, when
n is large.



when 5™ =1 — a, and if

—(I—&)™(1 —a)a®> + N;—h <0 (25)

when s(™ = —a. We shall take the threshold value & at the midpoint between (1 —

7

e)™(1 —a)?a and —(1 — ¢)™(1 — a)a*. Namely, h satisfies
h=(1-e)"(1—-a)a— A, =—(1-2)"(1—-a)d®+ A,, (26)

hence, the value A,, becomes

(1—2)™(1— a)a‘

A, =
2

(27)

Remark that the exact value of h cannot be given since it depends on unknown m.
However, if it is determined such that na components of output vector become 1 — a, it
satisfies (26) asymptotically .

Then the probability that s(™ is recalled correctly is given by

T (25)

where ® is the error integral function,

O (u —E12 (29)

==/
= — e
27 Ju
Thus the probability Py, that s, ..., s™=1 can be recalled correctly is
Prr = popr -+ par-1- (30)
Since 1 > pg > -+ > par—1, Par is bounded by
M
(prr-1)™ < Py < pua (31)

Let us evaluate py(~ pas—1) at first. Using the fact that

O(u) 2 = exp(~5 — logu). (32)
for large u, we can get

logpar = nlog{1 — &("0)) (33)

~ _ncp(%M) (34)

~ —\/%exp{logn - %(%M)? ~log %M}. (35)

3This activity control can be done by a simple competitive network[2].

9



It we consider only the higher order of the capacity, the last term inside the exponential

function of equation (35) is negligible. Substituting Ay, and o by their values, we get

log par =~ exp{logn — mm—:(l — )My, (36)
In order to py; converges to 1 as n tends to infinity,
1 < ——ne(1—e)M 37
ogn < 50 _a)am—:( £) (37)
should be satisfied. Thus,
1 logn
2M < —— log{8(1 — 38
< oo o8 — ) (39)
1 ne
~ -] . 39
€ Og{S(l—a)alogn} (39)

Using the fact that the function log(bx)/x takes maximal value b/e at @ = e/b, we get

the optimal value of € is given by

8e(l —a)alogn

Y

(40)

E =
n

and the capacity is given by
B logn
~ 16e(1 —a)an’

This provides the upper bound of the capacity.

(41)

On the other hand, we evaluate (pa)™(~ (papr—1)™). Analogously, we get

ne

(1 —a)alog(nM)

2M < élog{s L (42)

This equation can be solved asymptotically and if ¢ = n™9,

1 ne

2M < -1 . 43
¢ Og{S(l—a)a(Q—l—d)logn} (43)

The optimal value of ¢ is given by
o 8e(l —a)a(2 + d)logn (44)

n
and the capacity is given by
logn

= 45
16e(1 —a)a(2+ d)n (45)
This provides the lower bound of the capacity. Thus the lemma has proved. a

Next, we shall prove the main theorem including higher order terms. Theorem 1 is

presented as a corollary of this theorem.

10



Theorem 4 When n is sufficiently large, the optimal decay rate of an associative memory

with n neurons is given by

5loglogn + C' a(l —a) logn

ooy =1—8e(2+d— : 46
Sopt e(2+ 2logn n (46)
and the memory capacity is given by
1 1 n
M pt — — (47)
© 5log | C — ’
2(C;Opt 166(2 _I_ d _ Og Og n —I_ ) a(l Cl) log n
2logn
where d = —log,, a, C' is asymptotically constant.

Proof. We evaluate R, the expected number of incorrectly recalled components among M
patterns. Since the probability that each component s is recalled incorrectly is given by

®(A,, /o) where ®, A,,, 0 is defined in the proof of lemma 1. Thus

M
R=n)_ ®(A,/0) (48)
m=0
Approximating summation by integration,
M
Ren / O( A, o) dm, (49)
0

and using the approximation (32), we get

M 1
Rzn/ exp{—D(1 —&)*"} dm. 50
i el Dl e (50)
where
ne
D= ——. 51
8(1 —a)a (51)
According to the result of lemma 1, we can let
o 60@(1 — a) log n7 M= Mgn _ €0M07 (52)
n (1 —a)alogn €

where ¢ and M, are constant order values (see also (9),(10)). From (51) and (52), we get

1
p="" ggn. (53)

Since

1—eM<1—-e)m <1 0<m<M (54)

b
and (1 — &)™ ~ e==Mo i5 constant order, we can write
M

R~ #Df/o exp{—D(1 — =)} dm, (55)

11



where f is a constant order variable bounded by
(1-oM<r<t (56)

Then
B n  Ei(=D(1 — 6)2M) — Fi(—D)
= \/Mf 2log(1l —¢) (57)

where Fi is the exponential integral function

t

Ei(z) = / “a, (58)

—oo

and when z is sufficiently large,

Fi(—x) ~ — " (59)
Using this fact we get
n e—D(1—5)2M b
f = 4ﬁf€D3/2{ (1 —e)2M —ek (60)

Because from (53) D is logn order that goes to infinity as n increases and (1 — ¢)?M is

constant order,

e—D(1—5)2M 5
m > e . (61)
We shall find the condition that
R <6, (62)

for some ¢, which denotes the expected number of error components asymptotically. From

the equation

n —D(1—6)2M — 5 63
47 fe D321 —6)2M€ 7 (63)
we get
| n
08 3/2(1 _ o\2M
oM = 1 log 47 feD32(1 — g)2M§ (64)
log(1 — ¢) D
| n
0g
1 3/2(1 _ o\2M
~ —Liog 4/ feD3?(1 —¢) (5‘ (65)
€ D
Thus )
€o
WMy = —1 : 66
7 o Og82 d_5loglogn—|—0 (66)
(2+ 2logn )

where C' is asymptotically constant. ey that maximizes M is given by

5loglogn + C
2logn

g0 =8e(2+d —

); (67)

12



and My is given by

1 1
My = — = . (68)
5log] c

2% jge(pqd— o8Nt Oy

2logn

These values ey, My are the values of theorem 4 and they converges to the values of

theorem 1 very slowly. O
Asymptotically constant value C' in the proof above converges to
C = 2log{32(2 + d)**\/z**(1 — a) f6}. (69)
as n tends to infinity, where f is bounded by
1
—5 Slogf <0 (70)

from (56). However, the convergence rate of C'is so slow as My and ey tends to the values
of theorem 1.

Next, we shall prove theorem 3 that includes theorem 2 (the case of noise zero).

Proof of theorem 3. For the noisy pattern égm) defined in (13), a sum of the inputs for ¢-th

neuron 1s

1 n
S wyd = (1)1 —a = Eat N (71)
nj:o

where N; is arandom variable that behaves just the same as (19). Thus the error frequency

for s becomes

r(€07 mo) = (I)(A;H/O'), (72)
where o is defined by (22) and

A = (1-— f—:)ma(Ql —a— 5)7 (73)

(cf. (27)). Substituting variables by their values ((9),(10)) and using the approximation
(14 1/2)" ~ e when a is large, we get

r(eg, mg) =~ (\l foe ool —a - £)? log n) ) (74)

2(1 —a)?

Then from (32), we get the formula of the theorem. O

13



7 Conclusion

We presented the optimal decay rate of associative memory model that maximizes the
memory capacity, and also we showed some simulation in order to ascertain the theoretical
results.

Mézard et al. got a similar result using the replica method under the assumption of
replica-symmetry[8], whose reliability is not assured enough by the mathematical analysis.

In learning from examples such as neural network learning, the most necessary prop-
erty is the generalization rather than the capacity. As a future subject, we will analyze not
only associative memory model but also more general type neural networks, and estimate

the optimal weight decay in terms of the generalization property.
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