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Abstract

This paper demonstrates the possibility of solving planning problems in-
terleaving locomotion and manipulation in a non-decoupled way. We choose
three low-dimensional minimalistic robotic systems and use them to illus-
trate our paradigm: a basic one-legged locomotor, a two-link manipulator
with manipulated object, and a simultaneous locomotion-and-manipulation
system. The approach followed in the paper is 1) to depart from existing
motion planning and control methods initially designed for either locomo-
tion or manipulation tasks, 2) see how they apply to both our locomotion-
only and manipulation-only systems through parallel derivations, and finally
3) extend these methods to the simultaneous locomotion-and-manipulation
system. Motion planning is solved for these three systems using two differ-
ent methods, a geometric path-planning-based one and a kinematic control-
theoretic-based one. Motion control is then derived for dynamically realising
the geometric paths or kinematic trajectories under Couloumb friction hy-
pothesis using torques as control inputs. All three methods apply successfully
to all three systems, showing that the non-decoupled planning is possible.

Keywords:
Locomotion planning, Manipulation planning, Contact planning,
Humanoids

1. Introduction

Robots are traditionally categorized into fixed-base manipulators and mo-
bile navigation robots (wheeled or legged). Many of them, however, do not
fall strictly into one of these two categories as they feature both locomotion
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and manipulation capabilities and are designed for performing indifferently
both kinds of tasks, falling thus into a third locomotion-and-manipulation
category. Humanoid robots, which constitute the initial motivation that in-
spired this work, are typical examples of such locomotion-and-manipulation
integrated systems.

It is well known that, from a motion planning and control point of view, lo-
comotion and manipulation are conceptually the same problems. Their com-
monality comes from their inherent under-actuation that is solved through
the contact forces: a locomotion system is under-actuated in the sense that
the position of the mobile base is not controlled directly through actuators
torques, but rather results from both the actuation torques action and the
contact forces with the support environment; a manipulation system (by
manipulation system we mean both the manipulator and the manipulated
object) is also under-actuated in a strictly equivalent way: the degrees of
freedom of the manipulated object are not actuated and its position is an
indirect result of the actuation of the manipulator through the contact forces
that it establishes with the manipulated object. Besides, they both obey
Lagrangian dynamics, they both involve friction, and they both have contact
strata of various dimensions.

Though being equivalent, these two problems have never been tackled in
a non-decoupled way for integrated manipulation-and-locomotion systems.
A decoupled approach might be pertinent for classes of systems in which the
initial design imposes totally unrelated locomotion and manipulation com-
ponents, consider for example a particular wheeled mobile robot equipped
with a manipulator arm, in which the wheeled base is entirely dedicated to
the navigation task and the manipulator arm is solely devoted to the ma-
nipulation task. In that case the decoupled strategy is arguably the most
adequate one. However, for systems such as humanoid robots, the frontier
between the two kinds of tasks is more blurred, and it is restrictive to ex-
clusively assign upper-body limbs to manipulation and lower-body limbs to
locomotion. For instance, a humanoid robot might be required to use its
arms to climb a ladder or to crawl under a table, it might also need to use
its legs to push an object on the floor while walking. In such situations, de-
coupled approaches using an upper-body joint-space or task-space controller
for manipulation and an independent lower-body walking subsystem con-
troller for locomotion [1, 2] can be restrictive and not use the full potential
of the human-inspired design. Of course this is not a property of humanoid
robots exclusively, and, as an example among others, [3, 4] nicely demon-
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strate non-decoupled locomotion and manipulation capabilities of a tracked
mobile robot equipped with a manipulator arm.

Our driving objective is to erase high-level distinction between manipu-
lation and locomotion objectives, both in terms of specification of the task
and of the planning method to plan the motion to realise the task. In the
resulting motion, interleaved manipulation and locomotion should emerge
with no prior high-level distinctive formulation. See Fig. 1.
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Figure 1: Overview of the approaches.

The methodology chosen is to capture the locomotion and manipulation
problems into the lowest-dimensional possible systems. The systems are only
theoretical planar “toy” systems but we believe they are still pertinent enough
to illustrate our point. As such, this paper is primarily focused on this
theoretic and conceptual level and the extension to the above-mentioned
humanoid problems is beyond its scope. The three systems we chose are
representative of the three categories of robots we mentioned earlier:

e one exclusively locomotion-oriented system,
e one exclusively manipulation-oriented system,
e one hybrid locomotion-and-manipulation (L&M) system.

We then investigate two main existing motion planning methods from the
literature applicable to our systems:



e a geometric path planning approach based on a reduction property
proved initially in [5] and used in a randomized planning algorithm
in [6].

e a control-theoretic BVP (Boundary Value Problem) approach for kine-
matics systems based on a controllability theorem proved in [7] and a
BVP resolution algorithm developed in [8].

The first approach deals directly with the obstacle avoidance problem. The
second is more adequate for dealing with the velocity constraints and non-
holonomy which may not translate directly into geometric terms. To make
our study complete and self-contained we also tackle the dynamic trajectory
generation problem along the geometric paths resulting from these motion
planning algorithms, using the works of [9] and [10] as a basis. We derive
time-optimal open-loop torques control law that realizes a given contact mo-
tion.

Taking each one of these three motion planning and control techniques,
we first apply it the the locomotion system, then we show formal equivalence
with the manipulation system, before finally extending it to the locomotion-
and-manipulation system, which is the main contribution of this work.

Following this methodology, the rest of the paper is structured as follows:
section 2 introduces the three robots we will study with their configuration
spaces, section 3 applies the geometric path planning approach to our motion
planning problem, section 4 uses control theory for solving the motion plan-
ning problem seen as a BVP, finally section 5 synthesizes time-optimal control
law that realizes the geometric paths provided in previous sections. Each of
these sections is divided into three subsections: one for the locomotion robot,
one for the manipulation robot, and one for the locomotion-and-manipulation
robot.

2. Systems

Throughout this article we will thoroughly study three low-dimensional
planar mechanical systems:

e R;: alocomotion robot
e R,: a manipulation robot

e R3: a locomotion-and-manipulation (L & M) robot
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We have chosen these robots for they have the lowest-dimensional possible
configuration spaces but yet can capture higher dimensional locomotion and
manipulation related concepts. This low dimensionality allows visualizing the
configuration spaces in 3D at the expense of simple projections and home-
omorphisms. The other purpose of these low-dimensional planar systems is
to have explicit analytical expressions for our problems and their solutions.

For all these systems C denotes the configuration space, also known as
the “C-space”. A configuration is denoted ¢ € C, ¢ is the generalized co-
ordinates vector of the system [11]. An important mathematical property
in our study is the fact that C is a smooth manifold. This makes it suited
for being described inside the framework of differential geometry theory [12].
Velocities ¢ are as such elements of the tangent spaces and generalized forces
are elements of the cotangent spaces.

We can classify all the possible forms that the C-space can take for
systems commonly considered in robotics. A free-flyer yields the manifold
SE(3) = SO(3) x R? (semi-direct product). Let S™ be the n-dimensional
sphere. A revolute joint yields the manifold S!, a spherical joint yields S3.
Let T" = (S')" be the n-dimensional torus. A prismatic joint yields the man-
ifold R. In most robotics systems the configuration space C is a Cartesian
product of a given number of these elementary smooth manifolds, thus it is
a smooth manifold.

Let O be the obstacle region in the Euclidean workspace. O is a compact
subset of R2. Let Cyps be the image of O in the configuration space, consisting
of all configurations where the robot collides with O. Cg is a compact subset
of C [13]. Let Cee be the subspace of C consisting of all configurations that
are not in collision with obstacles, within the joint limits, and not in self-
collision. C. is an open subset of C [13].

We detail now the models and notations for each of the three robotic
systems.

2.1. Locomotion robot

The robot R; is made of a sliding base along the z-axis and a two-link
planar manipulator linked with two revolute joints, see Fig. 2. Two actuators
control the two revolute joints; the sliding joint is passive, 7.e. not actuated
and frictionless. The sliding of the base along the z-axis can be performed
by using friction of end-effector’s rubber on the ground.

The configuration space of the system is

C =R x T? (1)
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Figure 2: R; and its configuration variables. Rectangles symbolize a prismatic joint while
circles represent a revolute joint.

On the manifold C we use the following coordinates chart (£, 6y, 0,) € R3. We
denote by (z(q),y(q)) the end effector coordinates in the (x, y)-plane. We do
not take into account self-collision of the robot. There are no joints limits. [
denotes the length of the two links. The robot is not allowed to traverse the
ground, thus:

Cme:C\CobS:{qEC|91>0and291+92>0} (2)

T2, the 2-dimensional torus, is naturally embedded in R?® which means
that C is embedded in R*, thus Cpee is also embedded in R*. However a
projection trick will make it embedded in R®. We simply notice that the
projection of Cgee onto T? is a 2D manifold which is homeomorphic to a
subspace of (0,7) x S! and thus Cpe is homeomorphic to a subspace of
R x (0,7) x S! which is naturally embedded in R?, see Fig. 3.

The 3D representation of the C-space of Ry allows for an explicit repre-
sentation of C,,s for any obstacle O for which the frontier is a parametrized
2D curve 00 : s — (zo(s),yo(s))).

First let us consider a point obstacle O located at the (zo, yo) coordinates.
The configurations ¢ that make the robot in collision with O can be computed
by giving the inverse kinematics solution for the end-effector of a copy robot
of Ry, but with the second link having a parameter length A. Then we make
A vary in [0,], and we get all the configurations ¢ that make the second link
of the robot collide with O. We use the same method by removing the second
link, vary the length of the first link, and compute inverse kinematics for this
robot, which gives us the second component of Cu,s. See Fig. 4.

Now for the full obstacle 0O : s — (zo(s),yo(s))) we apply the method
we have just described by varying the parameter s.
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Figure 3: Embedding the C-space in R3. The blue part represents C.ce, the red part is
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(b) Cobs,2, corre-
sponding to the

(a) Cobs1, corre-
sponding to the

configurations that
bring the second
link into collision
with the point.

configurations that
bring the first link
into collision with
the point.

Figure 4: Components of Cyps for a point obstacle for the robot R;.

2.2. Manipulation robot

The robot Ry is a standard two-link planar manipulator fixed to the
ground, manipulating a sliding object. See Fig. 5. The manipulated object
is pictured in red; it consists of a theoretically infinitely long sliding platform.
The manipulator has to put its rubber end-effector on the platform and use
friction force to push or pull the object.

The configuration space of Ry is the same as R;

C=RxT? (3)



Figure 5: Rs and its configuration variables. Joints symbols are the same as Fig. 2. In
red the infinitely long sliding platform.

However we use a different notation for the coordinates chart («, 0y, 5) where
« denotes the horizontal position of any reference point on the red sliding
base. Similarly to R;, we consider no self-collision, no joint limits, and Fig. 3
provides a 3D visualization of Ry’s C-space (in the caption read “adding
the a dimension” instead of “adding the £ dimension”). The only difference
with R; is the representation of the obstacle region in the C-space, which
is basically the C.,s of a standard two-link manipulator, as detailed in the
following paragraph.

To get a parametric representation of Co,s we use the same trick that we
introduced in the computation of Ry’s Cops. For a point obstacle (zo, yo) we
compute the inverse kinematics solution of a robot similar to Ry but varying
the length of the second link as a parameter A\ € [0,[], then we extrude
in the a dimension (given that the obstacle region does not depend on the
position of the sliding base), we thus get a first component of Cys as a 2D
submanifold of C. The second component comes simply from removing the
second link and computing the trivial inverse kinematics of a one-link robot,
which reduces to a constant #;. See Fig. 6.

For an obstacle given by a parametrization of its contour s — (zo($), yo(s)),
we directly add s as a third parameter of our manifold, and we get the rep-
resentation depicted in Fig. 7 for a circular obstacle for example.

2.8. L & M robot

The robot R3 combines R; and R,. It is made of sliding two-link planar
manipulator manipulating a infinitely long sliding platform. See Fig. 8. Its
configuration space is

C =R?*x T? (4)
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Figure 6: Components of Cops for a point obstacle for the system Rs.
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Figure 7: Components of Cyps for a circular obstacle for the system Rs.

It is a four-dimensional smooth manifold that cannot this time be embedded
in R3. We skip the representation of the C-space and its obstacle region but
we will come back to this issue later (section 3) as we will restrain to a special
3D submanifold of the C-space.

3. Geometric motion planning approach

The systems introduced in the previous section are underactuated sys-
tems. We can geometrically visualize this underactuation as a foliated strat-
ification structure in the C-space.



Figure 8: R3 and its configuration variables. Rectangles symbolize prismatic joints and
circle represent revolute joints. The infinitely long sliding platform is pictured in red.

3.1. Locomotion robot

First let us consider the robot R;. Its configuration space R x T? is
stratified into two different strata, see Fig. 9. The first stratum Sy (zero
contact) corresponds to the situation in which the end-effector is not in con-
tact with the ground. It is a submanifold of C made of all the corresponding
configurations

80:{(5,91,92)6RX(0,7T)X [—7T,7T] |92>—291} (5)

The second stratum S; (one contact) is the submanifold corresponding to all
configurations that bring the end-effector in contact with the ground. It is a
2-dimensional submanifold of C

81:{(5,91,92)€RX(0,7T)X [—77',71'] |92:—291} (6)

On this submanifold we use the coordinates chart (¢, 6,)

§ = ¢
513 91 = 91 (7>
0y = —26,

Each of these two strata is foliated into a continuum of leafs. A leaf is a
submanifold of the stratum in which the robot is fully actuated. A single leaf
of Sy corresponds to a fixed position of the base £, meaning £ = constant.
We call this foliation the ¢-foliation, and for a given £ € R we denote the
corresponding leaf Q¢

Qoé = {(5,91,92) | (91,92) € (O,?T) X [—77',71'] and 92 > —291} (8)

10



On Qp¢, Ri can move its two links freely in their workspace but does not
slide. A single leaf of S; corresponds to fixed position x of the end-effector
on the ground, i.e. x = constant. We call this foliation the z-foliation. For
a given x € R we denote the corresponding leaf Q; ,

Ql,x = {(6701702) € R x (Oaﬂ-) X [_7?777-] |
Oy = =261 and £ + 21 cos(0;) =z} (9)
or, using the parameter #; as coordinate chart,

& = x—2lcos(by)
QL:C : ‘91 = 91 (10)
‘92 == —2 ‘91

On such a leaf the robot takes fixed support on the ground and the applied
torques result in the sliding of the base.

(a) Sp represents (b) &-foliation of Sy
the interior of the
blue region

(¢) The stratum S; (d) z-foliation of Sy

Figure 9: The strata Sy, S1 and their foliations for the robot R;.

The purpose of geometric motion planning is to plan a continuous path
in the C-space from an initial point to a destination point avoiding the Cgps
region. However in our foliated structure the actuators can only make the

11



robot move smoothly along an isolated leaf of the C-space, so the only valid
paths should be made of a finite succession of elementary paths along single
leafs. This makes the classical techniques of exploring the C-space [13, 14, 15]
not directly applicable to our motion planning problem. However, authors
in [6] provide a way to overcome this foliation structure and reduce the
problem to a classical motion planning problem in a non-foliated C-space.
In [6], a manipulation path through the C-space is defined as a sequence of
transit paths and transfer paths. A transit path is a path in which the object
lies at rest on the ground not being manipulated while the manipulator moves
freely in its workspace, a transfer path is a path in which the manipulator is
grasping the object at a fixed grasp location and the object is “stuck” to the
manipulator end-effector. These two kinds of paths are paths along two dif-
ferent strata of the configuration space, respectively the object-stable stratum
and the object-grasped stratum. The uncountable infinite stable positions of
the object resting on the ground define a foliation of the object-stable stra-
tum, and the uncountable infinite positions of grasps of the end-effector on
the object define a foliation on the object-grasped stratum. As shown above,
our robot R; fits directly inside this problem formulation. Following the ma-
nipulation planning terminology, we will call a path through a leaf of Sy a
transit path and a path through a leaf of Sy a transfer path. See Fig. 10.
The planning approach developed in [6] is the following: uncover the dif-
ferent connected components of SoNS; as if there was no foliation structure!
(this is done by building a roadmap and connecting the nodes with linear
edges thus violating the foliation structure), then try to connect these dif-
ferent components using only transit or transfer paths. In a post-processing
step, The reduction property allows to transform any collision-free path of
Sy N S into a finite sequence of transfer and transit paths. This reduction
property has first been proved in [5]. The following works (e.g. [6, 16]) based
on this property usually assume that the extension of the property is straight-
forward in their particular problem. However, we believe that the property
takes a very specific form in each particular problem and thus needs to be
proven on a case-by-case basis, inspired by the general principles of the initial
proof. We follow this approach in this section. Moreover, only a constructive
proof is candidate to be used as an actual motion planning algorithm.

In the remaining of this paper, we will denote by Sy N S; the stratum S; endowed
with both Sy and & foliation (S; is seen as a subset of the topological closure of Sp).
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space low)

Figure 10: Types of paths for the robot R;.

Fig. 11 and Fig. 12 represent the foliation structure on Sy N S;. The
representation of the obstacle region in Fig. 11 uses the technique presented
in section 2. Fig. 12 illustrates the application of the reduction property in
a simple case.

Problem 1. Given (gmitial, Gfinal) € Cio. find N € N, a sequence (k;)i=1. n €
{0, 1}, a sequence ((;)i—1.x € RY, and a sequence of continuous paths p; :
0,1] = Qi N Crree, such that po(0) = Ginitiat, PN(1) = Gnal, and Vi €

Proposition 1. If there exists for Ry a collision-free path in unfoliated SoNS;
from Giitial 10 Ganal then there exists a finite sequence of transfer and transit
paths that links Gitia and Ganal-

Proof. The two foliations of Sy NSy can be respectively represented by the
two families of functions:

fo:(0,1) — R

0 —E&=fu(0)=cste=a ,aeR (11)
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Figure 11: Example of an obstacle and its mapping in the foliated spaces.

T 2 3 T 2 3
o o

(a) Original path (black (b) Valid path
vertical path on the left)

Figure 12: Illustration of the reduction property. In the first figure the black vertical
linear path in the left of the figure violates the foliation. In the second figure the path is
deformed in order to comply with the foliation.

which represents the horizontal foliation (the &-foliation), and

gs:(0,m) — R (12)
0 —E&=gp(01) =—-2cos(01)+5 ,ER

which represents the curved inclined foliation (the z-foliation).
For more convenience in the notations we replace the (6;,&) coordinate
chart notation on Sy N'S; by the more usual plane coordinates (z,y). We
also denote C = (0, ) X R our ambient metric space, and the obstacle region
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O which is a non-empty compact (ie. closed and bounded) subset of C. The
complementary set of O that we denote O¢ = C \ O is an open subset of C.
The distance between two subsets A and B of C is defined as:

d(A,B) = aeill,llfeB d(a,b) (13)

The two foliations on C are now represented by the two families of func-
tions: fu(x) = «, a € R and gg(z) = g(z) + 5, f € R where g : (0,7) - R
is a continuous strictly increasing function.

In our demonstration we first consider the case of an initial vertical path.
Let p, : [0,1] — O° be a normal parametrization of our vertical path (arc-
length parametrization) from the bottom extremity, ie. p,(t) = (zo,yo+1t-1)
where [ is the length of the path. Let Tr(p,) = {p.(¢) | t € [0,1]}. Since
Tr(p,) and O are two non-empty compact subsets of C, their distance is
finite d(Tr(p,), O) < +o0. Since they are closed sets with empty intersection

Tr(p,) N O = @ their distance is strictly positive d(Tr(p,),O) > 0. Let
We will now give a recursive construction of a finite sequence of collision-
free transit paths and transfer paths that links (zo, o) to (zo,yo + ().
From the foliation definition we know that 3!5, € R, gg,(xo) = yo. Let
By be the closed ball of center (¢, y) and of radius . From the construction
of e we have By C O°. Let y = a(x) be the equation of the closed upper right
quarter circle boundary of By. We have a(xg) = gs,(z0) + € > gs,(x0) and
9p,(To+¢€) > gs, (o) = a(zo+¢). The intermediate value theorem applied to
the continuous strictly increasing function gz, —a (a being continuous strictly
decreasing function) gives us a unique point (x{, y;) of intersection between
the graphs of g, and a such that (z{, 1) € (zo, zo+¢) X (Y0, Yo+¢€). By being
strictly convex, the horizontal line segment between the points (z{,y1) and
(20, 1) is inside By. Let oy = y;. Finally we have constructed a sequence of
two paths
Transferg : [zg, zy] — O° (14)
x> (2, 9p(7))
and
Transitg : [—xp, —z9] — O°

r = (=, fag (=)

that link (xo,v0) to (zo,y1). Let d = y1 — yo. d > 0 from the above
definition of y;. let N = [L]. Repeating the previous procedure from

(15)
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the point (zg,y;) we define recursively a sequence of points along Tr(py),
(%0, Yn)o<n<n Where y,, = yo + nd and the corresponding sequences of paths
(Transfer,,, Transit,, )o<n<ny—1 that link (zo,yn) to (2o, yYn+1). To end the re-
cursion, Let yn11 = yo+1 and 2y = gﬁ_; (yn+1)- The last transit and transfer
paths of the sequence are defined as:

Transfery : [zy, 2] — O°

v o (2, gon (1)) (16)

and
Transity : [—2y, —xy] — O°

z = (=1, fay (=)

Finally, the sequence (Transfer,, Transit,)o<,<n link the initial and final
point of our vertical path p,, which ends the first part of the demonstra-
tion.

Let us now consider a given non-necessarily vertical path from (xg,yo)
to (xf,yf), p : [0,1] — O° We suppose that p is a normal (arc-length)
parametrization, otherwise we can re-parametrize under the condition that
p is regular, meaning that V¢ € [0, 1], p(t) # (0,0). Let [ be the length of
the path.

We will first show that we can find a finite sequence of collision-free
vertical and horizontal paths that link (zo,yo) to (z,ys). Once again we
define € = w. Let N =min{n € N| L <e}. We define the sequence
of points along Tr(p), (#n,Yn)o<n<n such that (2,,y,) = p(F), for 0 < n <
N. Now for each 0 < n < N—1 We define the following sequence of horizontal
and vertical paths:

(17)

Horizontal, : [z, zp41] — O°

= (2, Yn) (18)

and
Vertical, : [Yn, Yns1] — O°

y = (Tnt1,Y)

(the notations of the intervals above depends on the relative ordering of z,
and x,.1, and of y, and y,11). [(Zn,Yn), (Tns1, Yns1)] is the hypotenuse of
the triangle (2, yn), (Tni1,Yn), (Tni1, Yns1) so the length of the two paths
above are less than the length of the chord [(z,, yn), (Tn+1, Yn+1)] which is
less than the arc-length from (x,,, y,) to (€,41, Yns1) which is by construction

(19)
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equal to % < e. This means that the two sequences of paths Horizontal,, and
Vertical,, are effectively included in O¢, ie. are collision-free.

All in all we constructed a finite sequence of collision-free vertical and
horizontal paths from gipitia1 10 gana- Each horizontal path is already a transit
path. FEach vertical path can be decomposed using the first part of this
demonstration in a finite sequence of transfer and transit path. This means
that we constructed a finite sequence of transfer and transit paths that link
initial A0 Gfinal-

O

3.2. Manipulation robot

All the development provided in the previous section for R; is strictly valid
for Ry modulo some slight changes of referential and notations. The system
being a manipulation system, the terminology in [6] applies now directly to
RQ.

To adapt the development of the previous section from R; to Ry we first
need to replace all the occurrences of £ by «, so for example we call a-foliation
instead of ¢-foliation for Sy. For a fixed a € R, a leaf Qg , of this foliation
corresponds to a fixed location of the sliding platform while the manipulator
moves freely in its workspace.

For the stratum &; the foliation should correspond to the different possible
locations of the contact point which will be fixed in the inertial frame of the
sliding platform. So we introduce a new variable § = a — z (see Fig. 13a)
which becomes the new co-parameter of &; foliation, that we will call the
p-foliation (instead of the z-foliation for R;). See Fig. 14. For § € R, a leaf
Q) 5 is written as

Ql’ﬁ = {(04,91,92) c RX(O,W)X[-?T,?T] | ‘92 = -2 91 and2lcos(91)+ﬁ = Oé}

(20)
or, using the parameter ¢, as coordinate chart,
a = [+2lcos(b)
Qig:q h = 0, (21)

‘92 == —2 ‘91
Proposition 2. If there exists for Ry a collision-free path in unfoliated SoNSy

from Ginitial 10 Ganal then there exists a finite sequence of transfer and transit
paths that links Gitiar and Qgnal-
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(a) The stratum S; (b) p-foliation of
of Ry S

Figure 14: The stratum S; and its foliation for the system Rs.

Proof. For Ry, the two foliations of So NSy can be respectively represented
by the two families of functions:

fu:(0,m) =R

22
6y — a=f,(0) =constant =p, peR (22)
which represents the horizontal foliation (the a-foliation), and
Lo (0, — R
g+ (0, ) (23)

b wa=g,(61)=2cos(th)+v, veR

which represents the curved inclined foliation (the S-foliation).
The argument used in the proof of proposition 1 was that the function
g is a strictly increasing function which allowed us to apply the interme-
diate value theorem. Actually, we only need strict monotony to reach the
same conclusion. In our present case the corresponding function g is strictly
decreasing. So the proof of proposition 1 is valid for proposition 2.
U

3.3. L & M robot

We now consider the robot R3. Similarly to R, we define the variable
£ = a — x as pictured in Fig. 13b.
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The configuration space of the robot is 4-dimensional R? x T? parametrized
by (, 01,02, ). We still have only two actuators at the revolute joints, there-
fore the degree of underactuation is 4 — 2 = 2. However, we also still have
only one possible contact force to resolve the underactuation and reduce its
degree by one. One possible way of resolving the last remaining degree of
underactuation is to add a discrete switching control variable u; € {0, 1}
which will allow us to either block the manipulator’s base and release the
sliding platform (case uq = 0) or release the manipulator’s base and block
the sliding platform (case ug = 1).

Using the terminology of hybrid control theory, we will consider the fol-
lowing discrete “states” of the robot:

e The free mode. The manipulator’s base and the sliding platform are
fixed, i.e. £ = constant and o = constant. This defines a first state in
which the manipulator’s links (6, 65) move freely in their workspace.

e The manipulation mode. The manipulator’s base is fixed and the end-
effector is in contact with the sliding platform at fixed position in the
platform’s frame, i.e. & = constant and § = constant. This defines a
second state in which the manipulator pushes or pulls the platform.

e The locomotion mode. The sliding platform is fixed and the end-effector
is in contact with the sliding platform at fixed position in the platform’s
frame, i.e. o = constant and $ = constant. This defines a last state in
which the manipulator pushes or pulls itself.

We still have two strata: Sg = C and S; : 0 = —260;. However, & is
now a three dimensional submanifold on which we use the coordinate chart
(&, a,01). The two states locomotion and manipulation are both defined in
the stratum S; and represent two cross foliations of the same stratum at the
same time.

We thus get three foliations, one on Sy and two on &p, that we can
visualize in Sy N S; as represented in Fig. 15:

e On S we define the (a,§)-foliation and the leafs Qg ,¢ in green on
Fig. 15. A path along one of these leaves will be called a free path.

e On &; we define the (3, ¢)-foliation and the leafs Q; 3¢ in blue on
Fig. 15. A path along one of these leaves will be called a manipulation
path.

19



e On & we define the (o, §)-foliation and the leafs Q, , g in red on Fig. 15.
A path along one of these leaves will be called a locomotion path.

01

Figure 15: The foliations of the three strata for the system Rs3. In blue the (3, £)-foliation,
in red the (a, 8)-foliation, in green the (a, &)-foliation.

Proposition 3. If there exists for Rz a collision-free path in unfoliated SoNS;
from Giitial 10 Qanal then there exists a collision-free finite sequence of free,
manipulation, and locomotion paths that links Gitiai and Qgnar-

Proof. Let us consider the 3D Cartesian space R? x (0, 7) provided with the

system of coordinates («, £, #;) in which we consider a compact subset O and
the families of functions

fap:(0,1) —R3
«
0, — ¢ B—2cos(0;)) a,fER
0
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which represents the red foliation,

gpe: (0,m) — R3
B+ 2 cos(6,)

25
b — < & p,feR (2)
0
which represents the blue foliation,
haé : (O,?T) — R3

!
26
0, — 6 Oé,g eR ( )

01

which represents the green foliation.

First we will prove that any collision-free path parallel to the « axis can
be decomposed in a finite sequence of collision-free paths along the foliations.
Let that a-parallel path be defined by 6, = 6,, and & = &. The foliations
(9p.60)p and (hag,)a represent two foliations in the affine plan { = &, one
strictly decreasing and one constant, for which we can directly apply propo-
sition 2. Thus in that affine plan ¢ = &, we can decompose the a-parallel
path into a finite sequence of blue and green paths.

Similarly we prove that any collision-free path parallel to the £ axis can
be decomposed in a finite sequence of collision-free paths along the foliations.
Let that &-parallel path be defined by 6; = 6;, and o = «ap. The foliations
(fao.8)p and (hage)e represent two foliations in the affine plan a = «y, one
strictly increasing and one constant, for which we can directly apply propo-
sition 1. Thus in that affine plan a = oy we can decompose the &-parallel
path into a finite sequence of red and green paths.

Any collision-free path parallel to the #; axis is already a green path in
the foliation.

Now extending the same method that we used in the proof of proposition 1
we can prove that any collision-free path in Sy NSy can be decomposed in a
finite sequence of collision-free paths parallel to the axes «a, £ and 6;. O

One important remark has to be made at this point. The motion that we
get by this planning is a succession of isolated locomotion and manipulation
motions, with either a = constant or & = constant. However, we can plan
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a motion in which both o and £ are varying simultaneously, which would
be equivalent to a locomotion-while-manipulating conceptual motion. This
can be done simply by replacing one of the two foliations on &; with a new
foliation, let us call it the (A, Ag)-foliation, A\; + A = 1, for which we write a
condition \ja+ Ao = constant replacing one of the conditions o = constant
or £ = constant. The (A, \y)-foliation replacing one of the previous two on
S1 makes it still possible to explore all the foliated space using the reduction
property. Moreover, adding the (Aj, Ag)-foliation to the set of the previous
three adds redundancy in the system and gives multiple solutions for the
motion planning problem. Thus it is also possible to synthesize a locomotion-
while-manipulating motion.
Let us call a path through the (A1, Ay)-foliation a locomotion-while-manipulation

path. The previous remark translates into the following corollary

Corollary 1. If there exists for Rs a collision-free path in unfoliated Sy NS,
from Ginitial 0 Qanal then there exists

e a collision-free finite sequence of free, manipulation, and locomotion-
while-manipulation paths that links Gitia aNd Ganal -

e a collision-free finite sequence of free, locomotion, and locomotion-while-
manipulation paths that links Gnitia and Genal -

e a collision-free finite sequence of free, locomotion, manipulation, and
locomotion-while-manipulation paths that links Gitia and Qanal -

4. Kinematic control-theoretic approach

In the previous section we have seen the underactuation of the robots
as foliations in the C-space along which we need to cruise in order to reach
our goal. In this section we will rather see this underactuation as a non-
spanning distribution of control vector fields, our robots being considered as
driftless stratified kinematic control systems. We strongly advice the reader
to get to the two main references [7] and [8] since all what follows builds on
their result. The references [17, 18, 19] can also prove useful for the reader
unfamiliar with nonholonomic motion planning.
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4.1. Locomotion robot

First let us consider the robot Rj.

The aim here is to generate a trajectory (as opposed to path produced in
the previous approach) using nonholonomic control techniques but without
explicitly taking into account the obstacles. However, the philosophy remains
the same: planning a sequence of transfer and transit trajectories in Sp N S;.

For this we first need to model R; as a kinematic control system. Our
kinematic control inputs are u; = #; and u, = 6. No control input controls
directly &.

The system is stratified in the sense defined in [7]. If we denote by
® € €>°(C) the function that maps every configuration g € C to the height
of the end effector h = ®(q) = y(¢), then we can redefine Sy = C as the
top stratum and 8 = ®1({0}) as the bottom stratum. We have the trivial
inclusion chain & C & .

Two different equations of motion are acting on the two strata:

e On &, the base is fixed and we can write

; ¢ 0 0
% 91 = 1 U + 0 (%) (27)
65 0 1

e On &, the end effector is fixed as we consider a non-sliding contact,
and thus the equation of motion is written

d € 21 sin(é’l)
E 91 = 1 Uy (28)
6 -2

We can rewrite those two equations using the formalism of driftless con-
trol theory. Let x = (&,6;,05)T denote the state of our kinematic system
(Note: for the remaining of this section = denotes the state of the system
as usual in control theory and not the z-coordinate of the end-effector).
Let go1(z) = 8%1, Goz(x) = 8%2 be the two control fields acting on Sy and
gia(x) = 21 sin(@l)a% + 8%1 — 28%2. Then our stratified driftless system is
modelled by the two equations:
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T = go,l(x)ul + 9072(1’)u2 , T € 80 (29)
T = 9171(1’)U1 , T € Sy

Let us study the controllability of our system.

Proposition 4. The underactuated kinematic control system Ry is small
time locally controllable in int(Crree)

Proof. We consider xy € S; an element from the bottom stratum. Let

ASO |mo = span{go,l (x0)7 9o,2 (%)}

As, |z = span{gi1(xo)} (30)

’Qe the distriloutions associated with the control fields of each stratum and
As, |z and Ag, |z, be their involutive closure under Lie Bracketting. Since
(90,1, go,2) = 0 we have

ASO |mo = span{go,l (x0)7 9o,2 (%)}

As, |2y = span{g (7o)} (31)

we clearly have, for each zy € & such that 6y # kn

Asylze + Asylze = span{go1(20), go.2(0), g1.1(w0)} = TyeC (32)

and thus following the controllability theorem of [7] the system is small time
locally controllable from xg. O

Now let us address the issue of gait controllability. We consider the cyclic
gait
g = (817 807 Sl) (33>

in which the robot alternatively lifts its end-effector off the ground and then
put it back on the ground.

Proposition 5. R, is gait-controllable with the gait G.
Proof. We construct the gait distribution as follows:

Dl = A51 |$0
Dy = D1+ Asylag = TieC (34)
D3 — (D2 ﬁ TZ‘()Sl) + Asl |SC()
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we can parametrize S; by the equations

§ =¢
81 . 91 = ‘91 (35)
0, = —20,
which allows us to write
0 0 0
TySi = e
,S1 = span { € 06, o, } (36)

we can see that gy 1(x¢) € 13,81 and thus Dy = T;,)S; meaning that dim(Ds) =
dim(7,,S1), which proves, following [7]’s result, the gait controllability of

g. O

We want now to plan a motion from an initial state ginitia1 = (&, 61, —291i)T €
S1 to a goal state gana = (&7, Hlf, —291f)T € S;. To do so we first construct
a stratified extended system on S; by constructing a vector field from Ag,
that is tangent to ;. The vector field we consider here is g1 2 = go1 —2g02 =
8%1 — 28%2, so that our system becomes, on the bottom stratum Si:

T = gi11(x)ur + g12(z)us (37)

then we extend the system by adding a vector field from the Lie Algebra of
the two control fields we now have on S; to better condition the system. We
get the following stratified system on &y:

T = bl’Ul + bgvg + b3U3 (38)
where
b = g1
by = di2 € ASO N TSl (39)

bg = [bl, bg] =2l (308(91)82f

then we solve this system for the fictions inputs vy, vy, v3 given a straight line
trajectory linking ¢initiar and ganar:

V(1) = (), 0, (1), =270, (1) (40)
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where
”}/5(1‘,) = & -+ Agt
Yo, (t) = 911. + Afy .t

(41)
A = §f —&
A0y = 6,, — 0y,
meaning that we solve
Y(t) = bi(v(t))vr + ba(v(2))va + ba((t))vs (42)
which requires pseudo inverting a matrix
AE 2lsin(vg, (t)) 0 2l cos(ve,(t)) vy
Aﬁl = 1 1 0 (%) (43)
—2A91 —2 —2 0 V3
we choose the simplest solution of this system
1 (t) 0
va(t) | = Ab, (44)
A
U3 (t) 21 COS(’le ()

given these inputs we solve the formal ordinary differential equation in a
backward Philipp Hall basis of the Lie Algebra generated by by, bo, b (which
happens to be (by, by, b3))

S(t) = S(t) (blvl + b2'U2 + bg’Ug) (45)
for which we search for a solution of the form
S(t) = eh3(8)bs pha(t)b2 Sha (t)br (46)

by developing the formal exponentials to second order, we get the set of
equations for the h; functions:

ill (t) =1
ha(t) = vs (47)
hg(t) = hl (t)'Ug + U3

with the initial conditions h;(0) = 0 for i = 1,2, 3.
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Integrating those equations gives us the “durations” for following each
flow of the control field:

ha(1) = Ab, (48)
hg(].) = 2IAA§€1 In Cos(191f) +tan(91f)
if Af; #0, or
hi(1) =0
ha(1) = 0 (49)
h3(1) = %
it AG; = 0.

Let’s consider the case Af; # 0.
If we denote ¢? the flow associated with the field b;, the solution should
thus be: follow ¢ for t = 0Os, then follow ¢ for ¢t = A#;s, then follow

b for t = 21@%1 ln‘cos(lelf) + tan(ty, )|s. However, the flow associated with

by = [b1, be] starting from zq could be rewritten, for ¢ > 0,

¢1[tb17b2](a70) — ¢7§2 o QS;? o gbli% o qﬁi}z(Io) + O(t) (50)

Finally, denoting au; the command consisting in letting u; = 1 for a seconds
if @ > 0 and u; = —1 for —« seconds if @ < 0 and denoting two succes-
sive controls by the concatenation operation ff we get our final sequence of
commands (supposing for example that A& > 0):

A
OulﬂA91U2ﬂ\/2ZA€91 In

applied to the flows

cos(f1,) + tan(61, ) |(uifuzt — urf — uo) (51)

2(%0 + cos(fy,) — cos(t + 64,))

v (zo) = t+ 01, (52)
—2(t + 0y,)
and
€o
P2 (10) = t+ 0y, (53)
—2(t + 910)
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In the case Af; = 0 the solution is simply

e (54

The solution is pictured in Fig. 16 in which the red curve represents the

final output for an initial trajectory that is the red vertical line from 0 to 10.
t=6.0000 é-

124
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Figure 16: Solution in the (£,6;) plan. The initial trajectory is the thick black vertical
segment drawn on { axis. The resulting solution is the red trajectory. In blue the g2
control field, with its integral curves in yellow. In purple the g; ; control field, with its
integral curves in green.

4.2. Manipulation robot

For R, we have similar properties to R;. We just need to replace the
variable ¢ by the variable . So let’s consider the coordinate chart (v, 6y, 60s)
in our configuration space manifold.

The equations of motion that are acting on the two strata are:

e On &y, the platform is fixed and we can write

J o 0 0
a 191 = 1 Uy + 0 U9 (55)
05 0 1
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e On &, the end-effector is fixed in the platform’s inertial frame as we
consider a non-sliding contact, and thus the equation of motion is writ-

ten
J a —2l sin(6,)
% 91 = 1 U1l (56)
65 —2

The stratified driftless system is modelled by the two equations:

T =go1(x)ur + go2(z)us , x €Sy

. 57
T = g11(x)u , €S (57)
where 5

Jo(7) = 90,

go02(7) = 55 (58)

grai(x) = =21 sin(@l)aﬁf +2 —20

Proposition 6. The underactuated kinematic control system Ry is small
time locally controllable in int(Cee)

Proof. See proof of proposition 4. O
Let’s consider the gait G = (S1, Sp, S1)

Proposition 7. R, is gait-controllable with the gait G.

Proof. See proof of proposition 5. O

We want now to plan a motion from a given gt = (v, 01,, —261,)7 to
a given gpna = (ay, 01, —201,) in Cpee.

Using the exact same method as for Ry, for Af; # 0 and supposing for
example that Aa > 0, we get the solution:

A
OulﬁA91u2ﬁ\/ 5 AO; In
1

+ tan(@lf) (Ugjjullj - Uij - Ul) (59)

cos(61,)
applied to the flows

2(%2 + cos(t 4 61,) — cos(01,))
gl ([L’o) = t+ 910 (60)
—2(t + 0y,)
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and

o
b2 () = t+ 0, (61)
—2(t + 0y,)
For Af; = 0 we get:
Ao
W(Wﬁulﬂ — Ul — uy) (62)

4.8. L & M robot

R3, with the switching modes control strategy introduced in section 3,
can also be modelled as a stratified system.

Let us first see why R3 cannot be directly modelled as a driftless stratified
system if we do not consider this switching strategy. In this case when the
rubber end-effector is in contact at fixed location in the platform’s frame
£ = constant then the system evolves in the submanifold defined by the
implicit equation:

€+ 2lcos(by) + 5=« (63)

the derivation with respect to time t leads:
€ — 2lsin(6,)6; = & (64)

writing 6; = u; we get a system of the form
where A is a non invertible matrix and thus cannot be written in the desired
form

b= gix)u; (66)

Now back to the switching control strategy. The equations of motions
acting on the two strata are:

e on Sy:
£ 0 0
d 0, 1 0
% 92 = 0 U + 1 U9 (67)
« 0 0
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e on &, in manipulation state:

£ 0
d | 6 1
il = 68
it | 6, 2 “1 (68)
a —2lsin(6,)
e on &y, in locomotion state:
€ 2l sin(é’l)
d | 6 1
il — 69
it | 6, =" (69)
Q 0

As we can see, two different equations of motion are acting on the bottom
stratum &;. They correspond to two control vector fields defined on S;. Since
the solution produced by the method of [8] consists in following the vector
fields sequentially and never a linear combination of the vector fields, we can
use it for R3 to produce the control sequence with the state-switching control
nested in the solution.

So we want to steer the system from a given gitial = (&, 01,, —261,, a;) T
to a given ganal = (5, 01,, —201,, ay)?. We first derive equation the stratified
driftless system on the bottom stratum:

&= gi(x)ur + g2(x)uz + g3()us (70)
with
0 2l sin(6,)
1 1
a@) =| [ e@=] _
0 0
. (71)
1
gs(x) = _9
-2l sin(@l)

we then extend the system by adding vector fields from Lie(gy, g2, g3):
T = blvl + bgvg + bgvg + b4’U4 + b5'U5 (72)
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where

b1 =g
by = g2
bs = g3
2l cos(by)
0
by = [91,92] = 0 (73>
0
0
0
bs = [91,93] = 0
—2[ cos(6;)

(Note: we stop to second order and we do not need to add [ga, g3] = bs — bs),
then we solve this system for the fictitious inputs vy, ve, v3, v4, V5 given a
straight line trajectory linking ginitiar and ggnar:

(1) = (ve(t), 76, (1), =270, (1), 7al(t) " (74)
where

Ye(t) = & + A&t
Yal(t) = o + Aact
Yo, (t) = 911. + Aé’l.t
Ag = §f —&
Ao =5 —q;
AOy =0, — 0y,

(75)

so we solve

Y(t) = ba(y(t))vr + ba(y(t))va + b3(v(t))vs + ba(y(t))va + bs(y(t))vs  (76)

which requires pseudo inverting the matrix

AE 0 2lsin(ye,) 0 21 cos(s,) 0 .

v
N 1 1 0 0 ’
—ong | T[22 -2 0 0 o
A 0 0 —2[ sin(~y,) 0 —21 cos(g,) v
Vs

(77)
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once again we choose the simplest solution of this system

U1 (t) A91
va(1) 0
v3(t) | = 0 78)
Ag
v4(1) 20 cos (g, (1))
A«
vs(t) " 2l cos(re, (D)

given these inputs we solve the formal ordinary differential equation in a
backward Philipp Hall basis of the Lie Algebra generated by by, b, bs, by, bs
which is also (bl, bg, bg, b4, b5)

S(t) = S(t)(byvy + byvy + bsvs + byvy + bsvs) (79)
for which we search for a solution of the form

S(t) = 5 ()b pha(t)ba Sha(t)bs pha(t)b2 Shi(t)br (80)

by developing the formal exponentials to second order, we get the set of
equations for the h; functions:

( hl = U1
il,g = V2
713 = Us (81)

—hghl + hghg + jl4 = U4
\ —hghl - hghg + h5 = Us

with the initial conditions h;(0) = 0 for i = 1,2, 3,4, 5.
Integrating those equations gives us the “durations” for following each
flow of the control field:

h1(1> = A«91

ha(1) =0

ha(1) = 535 0 |y + tan(6y,)|
hs(1) = —QZAA%I In ‘ cos(lelf) + tan(@lf)‘

33



if Af; # 0, or

hi(1)=0

ha(1) =0

h3(1) =0 (83)
ha(1) = 57

hs(1) = %

if Af; = 0.
Finally, for Af; # 0 and supposing for example that A > 0 and Aa > 0,
we get the solution:

A@luljjOugjjOug

A 1
ﬁ\/QZAgél In| cos(@lf) + tan(elf)|(uljju2ﬁ — urf — ug)

ﬁ\/ Aa In | ! + tan(0y, )| (usfurf — usf — uy)

21A0,  “cos(01,)
(84)
applied to the flows
€o
t+ 6,
b1 — 0
CE) =1 o te)
Qo
2(%0 — cos(t + 61,) + cos(fy,))
b t + 910
2 = 85
() B (5
Qo
€o
t+ 6,
b3 — 0
(o) —2(t + 6,)
2(% + cos(t + 01,) — cos(by,))
For Af; = 0 we get:
A A«
25 (ntuat — wat — )ty S (et — ush — ) (86)
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The solution is pictured in Figs. 17 and 18.

Figure 17: Trajectory planning for R3. The colors used are the same as in Fig.15. The
initial trajectory, which violates the foliation, is the black diagonal segment on the left-
back face of the cube, the resulting trajectory is the red-blue-green trajectory that follows
the foliations.

5. Dynamic trajectory planning

In the previous sections we were primarily concerned by geometric path
planning, even though section 4 tackled the problem from a kinematic tra-
jectory planning perspective. In this section the objective is to generate
torque-driven dynamically valid trajectories in the state space T'C (the tan-
gent bundle of the smooth manifold C).

5.1. Locomotion robot

First let us study the case of the robot R;. We would like to generate
dynamically valid trajectories (open-loop control laws) for both the transfer
and the transit paths.

Problem 2. GiU@’ﬂ (qinitialu q'initiad)v (Qﬁnala Qﬁnal) c TCfroe and a geOmetriC path
p 1 [0,1] = Crree such that p(0) = Ginitial and p(1) = Ganal, findty € R and a re-
parametrization of Tr(p) v : [0,tf] = Cree Such that y realizes the dynamics

35



=0, 1= 10000

=2 1=3.0000

1=4.0000

=6 1=7.0000

=7 1= 80000

=8, 1=8.0000

Figure 18: Solution of the trajectory planning for the R3 system. The sliding of the
black rectangle and the red rectangle along the horizontal axis illustrate respectively the
locomotion and the manipulation components of the motion. The first column displays
snapshots of the motion taken at times of change of control fields (points where the curve
in Fig. 17 changes color). The second column represents the transition motions between
two successive snapshots.
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equations of motion of Ry along the path, under a Coulomb friction model
hypothesis.

T2

T2
I~ ~ i
i . 2
~ /-

(a) Free mode, stratum Sy (b) Contact mode, stratum Sy

Figure 19: Forces and torques in the two modes

The efforts applied on R; in each of the two strata representing the two
contact modes are portrayed in Fig. 19.
Using the Lagrangian approach, the dynamics of the system can be writ-

ten as
0

M(q)i+C(g:@)q+N(q,q) —J(@) fe=| 7 (87)

T2

which is in §; (contact mode) when f. # 0 and in &y (free mode) when
fe=0; M, C, N, J denote respectively the inertia matrix, the Coriolis and
centrifugal effects, the external efforts (gravity, joint friction) vector, and the
Jacobian matrix of the robot. )

In the free mode, we can notice that £ # 0 provided that the inertial
effects of moving the links will cause a dynamic reaction on the base. In the
following we will consider these links dynamics effects as perturbations and
neglect them, which means that on the free mode 5 = 0.

Let us now focus on the contact mode, which is our main concern in this
study; f. is the Lagrange multiplier associated with the Lagrangian model
of the system under the Pfaffian constraint J(q)¢ = 0. Solving the dynamic
and the Pfaffian constraint equations for f. and ¢ leads

fo=—(JM I IM (7 — C§— N) + Jg) (88)

where 7 = (0,71, 72)7.
To avoid sliding, f. has to lie within the Coulomb friction cone F:

foeF (89)
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and
F={(fer fy) €R?| f, >0 and |f.| < puf,} (90)

Now, we derive an open-loop control law ¢ +— (71(t), 72(t)) which steers the
system from an initial contact state (¢;, ¢;) to a final state (¢s, ¢¢) maintaining
a non-sliding contact with the ground. To do so we will adapt some of the
ideas that were introduced in [9].

To make the derivations easier we will neglect the masses of the links
and consider only the mass of the sliding base mg. The dynamics equations
become:

mOé = fac
fo-(sin(6r) + Usin(0; + 05)) — fy.(cos(6r) + cos(by + 62)) =7/l (91)
fu-sin(6y + 02) — fy.cos(6y + b)) = 1o/l

In a given contact mode, the system evolves in a one-dimensional sub-
manifold of the configuration space, a leaf of the stratum &;, that we will
parametrize with £. For example, if the contact is fixed at the abscissa 0 then
¢ = —2lcos(6,) and 0, = —26,. Solving equation (91) for f, and f, gives us

fx _ 1271
{ Lox (%2)
voo¢

and the friction cone condition f. € F, together with the maximum torques
conditions || < Tnax and 7| < Tinax yields the following torque cone condi-

tion
A (2) < b (93)
where
1 _p o 2
Virmg & i
— K
NZE 3 NZE
-1 0
Af = 94
¢ ) 0 (94)
0 -1
0 1




and

07 07 07 Tmaxu Tmax7 Tmax T ) > 0
(anaTmaxaoaTmameax) 76 <0
Finally, the open-loop dynamic trajectory planning reduces to
- T — 2 T2
= ”7‘ ”7‘ =
6 f(g 1 2) mo\/m
] (96)
under the constraint A < 1) < be
T2
. . . o 1
or, putting C¢ the line matrix C; = P T (1 —2),
. 1 . 1
£=0Ck ( ) under the constraint A, < ) < be (97)
T2 T2

projecting in the space of task freedom [9], using the change of control input

T .
u = C¢ 7_: , we get the simple double integrator ¢ = w where the torque

cone condition translates into bounds on acceleration iy (§) < U < Upax(£).
The time-optimal solution for this problem is known as the “bang-bang”
control law [10], which consists in applying maximal acceleration forward
from the initial state, maximal deceleration (ie. minimal acceleration) back-
ward from the final state, and switching between those two commands at the
intersection point of the two trajectories obtained, see Fig. 20.

5.2. Manipulation robot

Similarly to Ry, we now consider the robot R, in the contact stratum &;.
Let now mg denote the mass of the sliding platform.

Let f. = (fs, fy) € R? be the contact force applied by the sliding platform
on the end-effector of the manipulator.

Instead of writing the Newton’s second law of motion applied to the
platform and concatenate it with the Lagrangian dynamics of the manip-
ulator coupled with the non-sliding contact point kinematic condition, we
exhibit the equivalence with R; by directly writing the constrained La-
grangian problem for the whole system defined by its generalized coordinates
q = (a,01,05)T. We get a similar equation to (87) where f. must be seen
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Figure 20: Bang-bang control law synthesis

as the Lagrangian multiplier associated with J(q)¢ = 0, that we derived by
differentiating the holonomic contact constraint

h(q) = a — 2 cos(6;) + constant = 0 (98)

Thus, the following derivations follow the exact same scheme as for Ry,
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and we can control the variable a using the bang-bang control law.

5.3. L & M robot

The dynamics and control of R3 with the switching states control strategy
considered in section 3 simply reduce to the dynamics and control of R; and
R, separately in each of the states of the system, respectively the locomotion
and manipulation mode.

Here we will rather derive the dynamics of R3 in contact mode (stratum
Sp) without the switching control input strategy. This can be seen as the
dynamics of motion realized by taking a contact support on a mobile piece of
the environment by the robot R, performing manipulation and locomotion
at the same time.

Once again, instead of writing separately the dynamics of the subsys-
tems made of the locomotor/manipulator coupling them with the non-sliding
contact point kinematic constraint, we directly consider the whole system
q = (£,01,05,0)" and write its Lagrangian equation of motion under the
Pfaffian constraint which derives from the holonomic constraint

l 0 l 01+ 05) — tant
hq) = & + L cos( 1) + 1 cos( 1 + 65) a_+ constant} _ (99)
[sin(6y) 4 I sin(f; + 65) =0

So we get the following equation

0

M(q)i+ Ola, )i+ Na,d) — J@) fo= | (100)

0

Let us now generate a control law for R3 in contact mode under Coulomb
friction hypothesis. For the sake of clarity and without loss of generality we
suppose that the end effector is fixed at the location § = 0. Neglecting the
masses of the link gives us the following dynamics equation:

me 0 - 0\ /¢ 1 0 0

0o 0 . 0, . 0 a—¢ (f) K

o0 0 | |2 1— (552 2 [\ T

0 0 ma) \@ - 0 0
(101)
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If we introduce the new variable 6 = £ — « which expresses the displace-
ment of the locomotor in the platform’s inertial frame, we can rewrite the

equation as )
o+ fo =0
—0fy =7 (102)
1—%&—%]},:72
which are the same equations as the ones we got respectively for ¢ and «
in Ry and Rs, with a virtual mass mg = mg;ma. We can thus control the

variable § with the same control law, which is not any more valid for £ and
« separately.

6. Conclusion and perspectives

The motion planning and control problems for the systems R; (locomotion-
only), Ry (manipulation-only), and Rj3 (simultaneous locomotion and manip-
ulation) are solvable with the same tools. We proved the reduction property
for all three systems. This property reduces the path planning problem in
a foliated configuration space to a classical path planning problem in a non-
foliated space. The formulation of the motion planning problem as a BVP
was written for the three systems, and non-holonomic trajectory planning
techniques were used for solving this problem. Dynamics derivations ap-
peared also to be equivalent for the three robots. The Lagrangian approach
acting on one global system with generalized coordinates instead of different
subsystems as traditionally considered turned out to be a powerful unification
tool for making these derivations.

We thus successfully applied a set of three motion planning methods
for the three systems R;, R, and R3. By doing so, we showed that our ini-
tial paradigm, the simultaneous non-decoupled locomotion and manipulation
planning, holds using any of these methods.

Though being theory-oriented, the study was primarily motivated by the
practical humanoid robot motion planning issues, given that a humanoid
robot is a platform with both locomotion and manipulation capabilities.
However, the particular derivations presented here require low dimension-
ality that is not found is such humanoid systems. Nevertheless, scaling this
theoretical paradigm to practical real robots can be achieved by using ad-
equate complexity-reduction strategies (for example the planning method
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Figure 21: The objective is for the HRP-2 robot to advance 2m forward while simulta-
neously performing half rotation of the 5kg box, bringing the purple face up. Friction
coefficients between the hands and the box are set to = 1. The robot autonomously
re-grasps and rotates the box while walking.

of [6] is applied to multiple-dof manipulators using a sampling-based strat-
egy). As for humanoids, by adapting our paradigm to the contact-before-
motion strategy [20], it becomes conceivable to integrate and fuse works
done on humanoid locomotion planning [21, 22, 23] and dexterous manipu-
lation planning [24, 16, 25], or any other type of whole-body manipulation
planning [26, 27|, within one non-decoupled planning framework. We are
currently developing such a framework [28, 29]. As an example, Fig. 21
illustrates the non-decoupled locomotion and manipulation planning for a
humanoid robot as presented in these works. In this scenario, the goal confi-
guration is specified in terms of a goal global position of the humanoid robot
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and a goal orientation for the manipulated box. Our non-decoupled planner
plans a sequence of contacts between the three interacting entities (humanoid
robot, box, environment) in order to reach the goal.

Acknowledgement

This work was partially supported by Japan Society for the Promotion of

Science (JSPS) [Grant-in-Aid for Scientific Research (B), 22300071, 2010].

References

1]

K. Hauser, V. Ng-Thow-Hing, and H. Gonzalez-Banos. Multi-modal
motion planning for a humanoid manipulation task. In Proceedings of
the International Symposium on Robotics Research, 2007.

Eiichi Yoshida, Jean-Paul Laumond, Claudia Esteves, Oussama Ka-
noun, Takeshi Sakaguchi, and Kazuhito Yokoi. Whole-body locomotion,
manipulation and reaching for humanoids. In Motion In Games, 2008.

Pinhas Ben-Tzvi, A.A. Goldenberg, and J.W. Zu. Design and analy-
sis of a hybrid mobile robot mechanism with compounded locomotion
and manipulation capability. Transactions of the ASME, Journal of
Mechanical Design, 130:1-13, July 2008.

Pinhas Ben-Tzvi. Hybrid mobile robot systems: Interchanging locomo-
tion and manipulation. PhD thesis, University of Toronto, 2008.

Rachid Alami, Jean-Paul Laumond, and Thierry Siméon. Two manip-
ulation planning algorithms. In Proceedings of the Workshop on Algo-
rithmic Foundations of Robotics, pages 109-125, 1995.

Thierry Siméon, Jean-Paul Laumond, Juan Cortés, and Anis Sahbani.
Manipulation planning with probabilistic roadmaps. International Jour-
nal of Robotics Research, 23(7-8):729-746, July-August 2004.

Bill Goodwine and Joel Burdick. Controllability of kinematic control
systems on stratified configuration spaces. IEEFE Transactions on Auto-
matic Control, 46(3):358-368, March 2001.

44



8]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Bill Goodwine and Joel Burdick. Motion planning for kinematic strati-
fied systems with application to quasi-static legged locomotion and fin-
ger gaiting. IEEE Transactions on Robotics and Automation, 18(2):209—
222, April 2002.

Siddhartha S. Srinivasa, Michael A. Erdmann, and Matthew T. Ma-
son. Using projected dynamics to plan dynamic contact manipulation.
In Proceedings of the IEEE/RSJ Int. Conf. on Intelligent Robots and
Systems, 2005.

J.E. Bobrow, S. Dubowsky, and J.S. Gibson. Time-optimal control of
robotic manipulators along specified paths. International Journal of
Robotics Research, 4(3):3-17, Fall 1985.

Richard M. Murray, Zexiang Li, and S. Shankar Sastry. A mathematical
introduction to robotic manipulation. CRC Press, 1994.

Chris Isham. Modern Differential Geometry for Physicists, volume 61 of
World Scientific Lecture Notes in Physics. World Scientific, 2nd edition,
1999.

Jean Claude Latombe. Robot Motion Planning. Kluwer Academic Pub-
lishers, 1991.

Howie Choset, Kevin M. Lynch, Seth Hutchinson, George Kantor, Wol-
fram Burgard, Lydia E. Kavraki, and Sebastian Thrun. Principles of
Robot Motion: Theory, Algorithms, and Implementations. The MIT
Press, 2005.

Steven M. LaValle. Planning Algorithms. Cambridge University Press,
2006.

Jean-Philippe Saut, Anis Sahbani, Sahar El-Khoury, and Véronique
Perdereau. Dexterous manipulation planning using probabilistic
roadmaps in continuous grasp subspaces. In Proceedings of IEEE/RSJ
Int. Conf. on Intelligent Robots and Systems, 2007.

Gerardo Lafferriere and Hector J. Sussmann. A differential geometric
approach to motion planning. In Nonholonomic Motion Planning, pages
235-270. Kluwer, 1993.

45



[18]

[19]

[20]

[21]

[22]

[23]

[24]

Jean-Paul Laumond. Robot Motion Planning and Control. Springer,
1998.

Francesco Bullo and Andrew D. Lewis. Geometric Control of Mechanical
Systems. Springer, 2000.

Tim Bretl. Motion planning of multi-limbed robots subject to equi-
librium constraints: The free-climbing robot problem. International
Journal of Robotics Research, 27(4):317-342, April 2006.

Adrien Escande, Abderrahmane Kheddar, and Sylvain Miossec. Plan-
ning support contact-points for humanoid robots and experiments on
hrp-2. In Proceedings of the IEEE/RSJ Int. Conf. on Intelligent Robots
and Systems, 2006.

Kris Hauser, Tim Bretl, Jean-Claude Latombe, Kensuke Harada, and
Brian Wilcox. Motion planning for legged robots on varied terrain. Inter-
national Journal of Robotics Research, 27(11-12):1325-1349, November-
December 2008.

Karim Bouyarmane, Adrien Escande, Florent Lamiraux, and Abderrah-
mane Kheddar. Potential field guide for multicontact humanoid motion
planning. In Proceedings of the IEEE Int. Conf. on Robotics and Au-
tomation, 2009.

Masahito Yashima, Yoshikazu Shiina, and Hideya Yamaguchi. Ran-
domized manipulation planning for a multifingered hand by switching
contact modes. In Proceedings of IEEE Int. Conf. on Robotics and Au-
tomation, 2003.

Jijie Xu, John Koo, and Zexiang Li. Finger gaits planning for mul-
tifingered manipulation. In Proceedings of IEEE/RSJ Int. Conf. on
Intelligent Robots and Systems, 2007.

Katsu Yamane, James Kuffner, and Jessica K Hodgins. Synthesizing
animations of human manipulation tasks. ACM Trans. on Graphics
(Proc. SIGGRAPH 2004), 23(3), August 2004.

Claudia Esteves, Gustavo Arechavelata, Julien Pettré, and Jean-Paul
Laumond. Animation planning for virtual characters cooperation. ACM
Transactions on Graphics, 25(2):319-339, April 2006.

46



28] Karim Bouyarmane and Abderrahmane Kheddar. Static multi-contact
inverse problem for multiple humanoid robots and manipulated objects.
In Proceedings of IEEE-RAS Int. Conf. on Humanoid Robots, 2010.

[29] Karim Bouyarmane and Abderrahmane Kheddar. Multi-contact plan-
ning for multiple agents. In Proceedings of the IEEE-RAS Int. Conf. on
Robotics and Automation, 2011.

47



