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Abstract. This paper provides an algorithm to compute the comple-
ment of tree languages recognizable with A-TA (tree automata with as-
sociativity axioms [16]). Due to this closure property together with the
previously obtained results, we know that the class is boolean closed,
while keeping recognizability of A-closures of regular tree languages. In
the proof of the main result, a new framework of tree automata, called
sequence-tree automata, is introduced as a generalization of Lugiez and
Dal Zilio’s multi-tree automata [14] of an associativity case. It is also
shown that recognizable A-tree languages are closed under a one-step
rewrite relation in case of ground A-term rewriting. This result allows us
to compute an under-approximation of A-rewrite descendants of recog-
nizable A-tree languages with arbitrary accuracy.

1 Introduction

In the tree automata theory, the following question has been asked frequently:
What are natural definitions of equationally and boolean closed tree languages?
The class of regular tree languages, which is the counterpart of regular word
languages, is known to be well-behaved, such as to be closed under boolean oper-
ations together with many positive decidability properties [4, 8]. However, under
consideration of several equational axioms, the equational closures of regular tree
languages are no longer regular [6]. Due to this problem, recently there have been
several attempts in which the tree automata framework is extended. Alternating
two-way AC-tree automata of Goubault-Larrecq and Verma [9] succeeded in the
sense that AC-closed tree languages can be recognized, while keeping decidability
of the intersection-emptiness problem. Lugiez and Dal Zilio coped with the same
question by inventing multi-tree automata [14]. Their extended framework is use-
ful for manipulating flattened -tree languages. Actually, the framework provides
the starting basis of this research, because the authors have shown that there
exists some subclass of regular tree languages closed under the AC-congruence
relation and under boolean operations. However, multi-tree automata for asso-
ciativity axioms are not powerful in practice. For instance, the multi-trees like



f(a, . . . , a, b, . . . , b), assuming the numbers of a and b are the same and f has a
flexible arity, are not recognizable with multi-tree automata. In the usual term
model the previous example can be represented as the A-closure of the lan-
guage recognized by a regular tree automaton with the following transition rules
f(qa, qb) → qf, f(qa, qf) → q, f(q, qb) → qf.

The past couple of years we have investigated in [16, 17] the recognizability
and closure properties of associative and/or commutative tree languages by intro-
ducing a new framework, called equational tree automata. This framework allows
us to handle equational tree languages, such as recognizable A-tree languages,
which are effectively closed under union and intersection. The same closure prop-
erty also holds in the AC-case. Our extension is useful for infinite-state model
checking based on algebraic description languages of concurrent systems [18].
For instance, in protocol verification, network messages consisting of sequential
data components are modeled with multiple lists, which are represented as terms
with A-symbols. Besides, it is known that the emptiness problem for A-regular
tree languages (i.e, tree languages recognizable with regular A-tree automata)
is decidable. Unfortunately, there is also a negative result on A-tree languages:
A-regular tree languages are not boolean closed. However, in the equational tree
automata setting, the class of recognizable A-tree languages is properly wider
than that of A-regular tree languages. So the remaining question arises again, as
to whether or not recognizable A-tree languages are closed under complementa-
tion.

In the paper we obtain the solution to the unsolved question, in the way that
A-tree languages are translated into sequence-tree languages. The translation is
performed by a flattening operation, which is the standard technique in term
rewriting, e.g. found in [2]. Intuitively, every non-empty and maximal context
consisting of an A-symbol is replaced by a special function symbol 〈 〉 which has
a flexible arity. For instance, the term f(a, f(f(b, c), d)) is interpreted as 〈a, b, c, d〉.
The resulting term is called a sequence-term (or sequence-tree). We thus need
a new mechanism that manipulates sequence-terms. In Section 2 we introduce
sequence-tree automata that allow a Galois connection to A-tree automata, even
that have a bijective correspondence in recognizability. The new tree automata
definition is inspired from Toyama’s membership conditional term rewriting sys-
tems [20]. Furthermore, our formalization of sequence-tree automata generalizes
Lugiez and Dal Zilio’s multi-tree automata of the associativity case. In Sec-
tion 3 we discuss the determinization of sequence-tree automata, which leads to
the desired answer, that is, the complement closedness of recognizable A-tree
languages. In Section 4 we demonstrate the usefulness of A-tree languages by
showing that recognizable A-tree languages are closed under one-step ground
A-rewriting. More precisely, since the tree language { s | t →∗

R/A s } can not be
handled with a decidable tree automata theory [6], we show in the paper that
{ s | ∃t ∈ L such that t →R/A s } is recognizable with A-tree automata, provided
L is recognizable with A-tree automata and R/A is a ground A-rewrite system
(i.e. rewrite rules in R are ground and equations in A are associativity axioms for
some binary symbols). This result is helpful in figuring out decidable subclasses
for the first-order theories of one-step rewriting [5].



In the paper we assume the readers are familiar with the basics of term
rewriting (explained, e.g., in [1, 3]). A subset FA of the signature F consists
of some binary function symbols. An equational system (ES for short) denoted
by A is a set of associativity axioms f(f(x, y), z) ≈ f(x, f(y, z)) for all f in
FA. An associative term rewriting system (A-TRS for short) R/A over F is the
combination of a TRS R and an ES A. We write s →R/A t if there exist terms s′

and t′ such that s ∼A s′ →R t′ ∼A t. The binary relation ∼A is the equivalence
relation induced by A. The reflexive-transitive closure and the transitive closure
of →R/A are denoted by →∗

R/A and →+
R/A, respectively. A term t reachable from

a term s with respect to R/A, i.e. s →∗
R/A t, is called an R/A-descendant of

s. A term t with s →R/A t is called a one-step R/A-descendant of s. The sets
{ t | ∃s ∈ L. s →∗

R/A t } and { t | ∃s ∈ L. s →R/A t } for some set L of terms are
denoted by (→∗

R/A)[L ] and (→R/A)[L ], respectively.
Next we fix our terminologies on tree automata. A tree automaton (TA for

short) A is the 4-tuple (F ,Q,Qfin ,∆) consisting of the signature F , a finite set
Q of state symbols (special constants with F ∩Q = ∅), a set Qfin (⊆ Q) of final
state symbols, and a finite set ∆ of transition rules in one of the following forms:

f(p1, . . . , pn) → q or f(p1, . . . , pn) → f(q1, . . . , qn)
for some f ∈ F with arity(f) = n and p1, . . . , pn, q, q1, . . . , qn ∈ Q. In the latter
form, the root function symbols of the left- and right-hand sides must be the
same. An associative tree automaton (A-TA for short) A/A is the combination
of a TA A and an ES A over the same signature F with FA. An A-TA A/A is
called regular if ∆ consists only of rules in the former shape f(p1, . . . , pn) → q.

An A-TA A/A is a special A-TRS. In fact, ∆/A defines an A-TRS over the
signature F ∪Q. We write s →A/A t if s →∆/A t. The binary relation →A/A over
T (F ∪ Q) is called the move relation of A/A. A term t in T (F) is accepted by
A/A if t →∗

A/A q for some q ∈ Qfin . The set of terms accepted by A/A is denoted
by L(A/A). A tree language L over F is some subset of T (F). A tree language
L is recognizable with A-TA if there exists A/A such that L = L(A/A). If L is
recognizable with regular A-TA, it is called A-regular. A tree language closed
under A-congruence relation is called an A-closed tree language, or simply called
an A-tree language.

2 Sequence-Tree Automata

We begin this section by introducing a new concept of tree automata, which is
called sequence-tree automata. The new framework enables us to accept (ground)
sequence-terms: Given the signature F , we say t is a sequence-term (or sequence-
tree) in s-T (F)
if t = f(t1, . . . , tn) such that f ∈ Fn and ti ∈ s-T (F) for all 1 6 i 6 n, or
if t = 〈t1, . . . , tm〉 such that m > 2 and ti ∈ s-T (F) and root(ti) ∈ F for all

1 6 i 6 m.
We assume 〈 〉 to be a special symbol with a flexible arity. Each function symbol
f in F has a fixed arity, which is represented by the mapping arity : F → N. A
subset Fn of F consists of function symbols f with arity(f) = n.



A sequence-tree automaton (s-TA for short) M = (F ,Q,Qfin ,∆) is defined
as an easy extension of the standard TA, by allowing transition rules for the
special symbol 〈 〉 with the following shape:

〈X〉 → q ⇐ concat(X) in L(G)
Here the capital letter X is called a sequence-variable [10, 13]. In the above
transition rule, X is expected to be instantiated to some sequence q1, . . . , qn

(n > 2) of states. So in the conditional part of the rule, the concatenation q1 · · · qn

of state symbols, denoted by concat(X), is examined whether it is accepted by
a word grammar G over Q. Each grammar in conditional rules is not necessarily
the same as each other grammar in different rules. If the membership condition
concat(X) in L(G) is satisfied for some instance of X, the left pattern can be
replaced by a single state q.

A word grammar G = (Σ,S, s0, Λ) over the alphabet Σ with S nonterminal
symbols and s0 the starting symbol is called (1) context-sensitive (CSG for short)
if |l| 6 |r|, (2) context-free if l ∈ S, (3) regular if l ∈ S and r ∈ { as | a ∈
Σ and s ∈ S } ∪ { a | a ∈ Σ } for all production rules l → r in Λ. We say G is a
monotone grammar if every rule in Λ has one of the following forms:

p → a or p → q1 q2 or p1 p2 → q1 q2

with p, p1, p2, q1, q2 ∈ S and a ∈ Σ.
An s-TA is called a monotone (resp. context-sensitive, context-free, regular)

s-TA if word grammars in the conditional part are monotone (resp. context-
sensitive, context-free, regular). In the paper we say an s-TA instead of a mono-
tone s-TA. A sequence-tree language recognizable with a monotone (resp. context-
sensitive, context-free, regular) s-TA is called monotone (resp. context-sensitive,
context-free, regular). In the literature, e.g. in [15], monotone grammars are
called Kuroda normal forms of CSG. Moreover, it is known that for every CSG,
we can compute an equivalent grammar in Kuroda normal form [12]. The expres-
sive power of sequence-tree automata is determined by the generative power of G.
In fact, we have the strict language hierarchy between the classes of monotone,
context-free, and regular sequence-tree languages.

Next we discuss the relationship between A-TA and s-TA. Hereafter we as-
sume FA = { f }. Moreover, we say a context of a term is an f-block if it is
a non-empty maximal context consisting of f only. For notational convenience,
we write C ′[Cf[[t1, . . . , tn]]] for C ′[C[t1, . . . , tn]] if C is an f-block. For instance,
g(Cf[[a, b, c]]) represents the terms g(f(a, f(b, c))) and g(f(f(a, b), c)).

We define the two mappings flat and unflat as follows: Let t be a term in
T (F),

flat(t) =

{
〈flat(t1), . . . , flat(tm)〉 if t = Cf[[t1, . . . , tm]],
f(flat(t1), . . . , flat(tn)) if t = f(t1, . . . , tn) and f 6= f.

Let F ′ = F − { f } and let t be a sequence-term in s-T (F ′),

unflat(t) =





f(. . . f(unflat(t1), unflat(t2)) . . . , unflat(tm))
if t = 〈t1, t2, . . . , tm〉,

f(unflat(t1), . . . , unflat(tn)) if t = f(t1, . . . , tn) and f 6= f.
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Fig. 1. Flattening by flat

An example of a flat-transformation is illustrated in Fig. 1. One should no-
tice that flat(unflat(t)) = t for any sequence-term t in s-T (F ′,V). However,
unflat(flat(t)) and t are not always the same, but unflat(flat(t)) ∼A t. For in-
stance,

unflat(flat( g(f(h(a), f(b, c)), d) )) = g(f(f(h(a), b), c), d) 6= g(f(h(a), f(b, c)), d)

although g(f(f(h(a), b), c), d) ∼A g(f(h(a), f(b, c)), d).
Using the mappings flat and unflat, we show that the classes of A-TA and

s-TA have a bijective correspondence in recognizability. More precisely, in the
remaining part of this section, we prove the next statement.

Theorem 1. Given an A-tree language L over the signature F with FA = { f },
there exists an A-TA A/A such that L(A/A) = L if and only if there exists an
s-TA M such that L(M) = flat(L). ut

In the above theorem A-closedness of L is essential. For instance, the tree
language { f(f(a, a), a) } is not recognizable with A-TA, because an A-TA which
accepts f(f(a, a), a) also accepts f(a, f(a, a)). On the other hand, we can easily
define an s-TA that accepts 〈a, a, a〉 only.

Let us explain the idea for the “only if” proof of the above theorem. We
consider the A-TA A/A with A = ({ f, a, b }, { p, q1, q2 }, { p },∆) where ∆ :

a → q1

b → q2

f(q1, q2) → p

f(p, p) → p

f(q1, q2) → f(q2, q1)
f(q2, q1) → f(q1, q2)

The A-TA A/A recognizes the tree language { t ∈ T ({ f, a, b }) | |t|a = |t|b }, i.e.
the set of ground terms t which have the same numbers of a and b in t. Now we
define the associated s-TA MA/A = (F ,Q,Qfin ,∆1 ∪∆2) as follows:

F : a, b
Q : p, q1, q2

Qfin : p
∆1 : a → q1, b → q2

∆2 : 〈X〉 → p ⇐ concat(X) in L(Gp)



where Gp = ({ p, q1, q2 }, {αp, αq1, αq2 }, αp, Λ) and

Λ = {αp → αq1 αq2, αp → αp αp, αq2 αq1 → αq1 αq2, αq1 αq2 → αq2 αq1 }
∪ {αp → p, αq1 → q1, αq2 → q2 }.

In the construction, a monotone grammar Gp has a production rule of the form
αp → αq αr if ∆ contains a transition rule f(q, r) → p ∈ ∆. Likewise, Gp has a
rule αp αq → αr αs if f(r, s) → f(p, q) in ∆. As a consequence, we obtain the s-TA
MA/A satisfying that: MA/A allows a one-step move 〈p1, . . . , pn〉 →MA/A

p if
and only if αp →∗

Gp
αp1 · · ·αpn . In fact, the above s-TA construction satisfies the

following property.

Lemma 1. Given an A-TA A/A with A = (F ,Q,Qfin ,∆). Suppose MA/A =
(F ′,Q′,Q′fin ,∆′) is the s-TA obtained by the above construction. Then, for all
p1, . . . , pn, q ∈ Q, Cf [[p1, . . . , pn]] →∗

A/A q if and only if αq →∗
Gq

αp1 · · ·αpn . ut
Using this lemma, we can prove the “only if” direction of Theorem 1.

Lemma 2. Given an A-TA A/A with A = (F ,Q,Qfin ,∆). Suppose MA/A =
(F ′,Q′,Q′fin ,∆′) is the s-TA obtained as in the previous lemma. Then, t ∈
L(A/A) if and only if flat(t) ∈ L(MA/A).

Proof. We show the “only if” part. The reverse can be proved in a similar way.
We assume t →∗

A/A q for some q ∈ Q. Then we show by the structural induction
that flat(t) →∗

MA/A
q. If t is a constant c, there exists a transition rule c → q ∈

∆. Then, by construction, c → q ∈ ∆′. If t = f(t1, . . . , tn) with f 6= f, then
ti →∗

A/A pi for some pi ∈ Q (1 6 i 6 n) such that f(p1, . . . , pn) → q ∈ ∆. By
induction hypothesis, flat(ti) →∗

MA/A
pi (1 6 i 6 n). Moreover, f(p1, . . . , pn) →

q ∈ ∆′. Thus, flat(t) →∗
MA/A

f(p1, . . . , pn) →MA/A
q. If t = Cf[[t1, · · · , tm]],

then ti →∗
A/A pi for all 1 6 i 6 m and Cf[[p1, . . . , pm]] →∗

A/A q. By induction
hypothesis, flat(ti) →∗

MA/A
pi (1 6 i 6 n). Thus, flat(t) = 〈flat(t1), . . . , flat(tm)〉

→∗
MA/A

〈p1, . . . , pm〉 →MA/A
q, because there exists a transition rule 〈X〉 → q ⇐

concat(X) in L(Gq). By Lemma 1, p1 · · · pm ∈ L(Gq) is guaranteed. ut
Next we show the reverse (the “if” part of Theorem 1). The proof is achieved

as in the previous lemma. Suppose M = (F ,Q,Qfin ,∆). Without loss of gener-
ality, we assume that for every rule of the form 〈X〉 → q ⇐ concat(X) in L(G),
nonterminal symbols of G are pairwise distinct from the other word grammars.
We define the associated A-TA AM/A as follows: AM = (F ∪ { f },Q′,Qfin , ∆′)
and FA = { f } where

∆′ = { l → r ∈ ∆ | root(l) ∈ F }
∪ { f(α, β) → f(γ, δ) | 〈X〉 → q ⇐ concat(X) in L(G) ∈ ∆, γ δ → α β ∈ G }
∪ { f(α, β) → γ | 〈X〉 → q ⇐ concat(X) in L(G) ∈ ∆, γ → α β ∈ G }
∪ { f(α, β) → q | 〈X〉 → q ⇐ concat(X) in L(G) ∈ ∆, γ → α β ∈ G,

and γ is a starting symbol of G }
∪ { f(p1, . . . , pn) → α | f(p1, . . . , pn) → p ∈ ∆ with f 6= f,

〈X〉 → q ⇐ concat(X) in L(G) ∈ ∆, α → p ∈ G }



The set Q′ of new nonterminal symbols is Q together with nonterminal symbols
of all word grammars of conditional rules in ∆. Then we can prove the next
lemma.

Lemma 3. Given an s-TA M over the signature F such that f /∈ F . Suppose
F ′ = F∪FA with FA = { f } and AM/A is the A-TA over F ′ obtained from M by
the above construction. Then, t ∈ L(M) if and only if unflat(t) ∈ L(AM/A). ut

Bijective correspondence between s-TA and A-TA is beneficial: For instance,
the proof of the emptiness problem for A-TA (Corollary 1 in [16]) can be sim-
plified. We prove the same undecidability for s-TA below: Given a monotone
grammar G = (Σ,S, s0, Λ), we define the s-TA MG = (F ,Q,Qfin ,∆) associated
with G as follows. F = { ca | a ∈ Σ }, Q = Σ ∪ { q } with q /∈ Σ, Qfin = { q },
∆ = { ca → a | a ∈ Σ } ∪ { 〈X〉 → q ⇐ concat(X) in L(Gq) } Then L(MG) = ∅
if and only if L(Gq) = ∅. It is known that the emptiness problem for monotone
grammars is undecidable, and thus, the problem is also undecidable for s-TA.

Using our transformation (from s-TA to A-TA, and the reverse), it can also
be proved that the class of monotone sequence-tree languages is effectively closed
under union and intersection, because the class of A-tree languages is also effec-
tively closed under union and intersection (Theorems 2,3 in [16]). The additional
benefit from using Theorem 1 is that a complexity result in one framework yields
the same result in the other framework.

Theorem 2. The membership problem for s-TA is PSPACE-complete. ut
Proof (Outline). The nontrivial part, showing the PSPACE-hardness, of this
theorem can be achieved by reducing from the membership problem for CSG,
which is known to be PSPACE-complete. ut

As an immediate consequence, we obtain the complexity result for A-TA.

Corollary 1. The membership problem for A-TA is PSPACE-complete. ut

3 Determinization of Sequence-Tree Automata

We show in this section that context-sensitive sequence-tree automata can be
determinized using the algorithm in Fig. 2. The algorithm is obtained by gen-
eralizing the standard subset construction technique. This implies that recog-
nizable sequence-tree languages and hence A-tree languages are closed under
complementation, which provides a positive answer to an important remaining
question in [16, 17].

Lemma 4. Given some subsets Ai (1 6 i 6 n) of a set S, for every subset I of
indices { 1, . . . , n }, we define CI =

⋂
i∈I Ai−

⋃
i∈({1,...,n}−I) Ai. Then CI ∩CJ =

∅ if I 6= J . ut
Lemma 5. Md is a complete and deterministic s-TA.



Let M = (F ,Q,Qfin , ∆) be an s-TA. We assume without loss of generality
that ∆ does not contain different conditional rules for the same right-hand
side q. In case ∆ contains 〈X〉 → q ⇐ concat(X) in L(G1) and 〈X〉 → q ⇐
concat(X) in L(G2) with G1 6= G2, they can be merged to a single rule 〈X〉 →
q ⇐ concat(X) in L(G3) such that L(G3) = L(G1) ∪ L(G2).

Next, for every conditional rule 〈X〉 → q ⇐ concat(X) in L(Gq) in ∆, we
define a monotone (but not necessarily deterministic) grammar Gd

q as follows:
Let Gq = (Σ,S, s0, Λ), then Gd

q = (2Σ ,S, s0, Λ
′) where

Λ′ = (Λ− {α → a | a ∈ Σ }) ∪ {α → A | α → a ∈ Λ, A ∈ 2Σ , a ∈ A }.
Finally, we define an s-TA Md = (F ,Qd,Qdfin , ∆d) as follows:

Qd = 2Q

Qdfin = {A ∈ Qd | A ∩Qfin 6= ? }
∆d = ∆d1 ∪∆d2 ∪∆d3 where

∆d1 : f(A1, . . . , An) → A

for Ai ∈ Qd (1 6 i 6 n) and

A = { q | f(q1, . . . , qn) → q ∈ ∆ such that qi ∈ Ai (1 6 i 6 n) },
∆d2 : 〈X〉 → A ⇐ concat(X) in L(GA)

for A ∈ (Qd − {? }) and

L(GA) =
T

q∈A L(Gd
q )−Sq∈Q−A L(Gd

q ),

∆d3 : 〈X〉 → ?⇐ concat(X) in L(G0),

where L(G0) = {w ∈ Q∗d | |w| > 2 } −Sq∈Q L(Gd
q ).

Fig. 2. Determinization of sequence-tree automata

Proof. First we show that Md is a deterministic s-TA. By Kuroda’s Lemma
([12]), given a context-sensitive grammar, there effectively exists a monotone
grammar with the same generative power. Moreover, monotone languages are
effectively closed under boolean operations [11, 12]. Thus a language L(GA) of a
conditional rule in ∆d2 can be defined by a monotone grammar. The same holds
for L(G0) of ∆d3. So we can compute an s-TAMd. Next we show the determinism
of ∆d. By definition, there is no overlapping at the root position in the left-hand
sides of two different rules in ∆d1. For transition rules in ∆d2, we take two rules
〈X〉 → A1 ⇐ concat(X) in L(GA1) and 〈X〉 → A2 ⇐ concat(X) in L(GA2) in
∆d2. By Lemma 4, we obtain L(GA1) ∩ L(GA2) = ∅. Then there is no instance
t of 〈X〉 such that t ∈ L(GA1) ∩ L(GA2). For ∆d3, the intersection of {w ∈ Q∗d |
|w| > 2}−⋃

q∈Q L(Gd
q ) and

⋂
q∈Q L(Gd

q ) is empty. Hence, there is no overlapping
between ∆d3 and ∆d2.

Next we show that Md is complete. By definition, for every f ∈ F and
A1, . . . , An ∈ Qd, there exists a transition rule of the form f(A1, . . . , An) → A
in ∆d1. For another pattern 〈A1, . . . , Am〉 with A1, . . . , Am ∈ Qd and m > 2, we
take L =

⋃
A∈(Qd−{∅}) L(GA). Then we can show that

⋃
q∈Q L(Gd

q ) is the same



as L. This implies L ∪ L(G0) = {w ∈ Q∗d | |w| > 2}. Hence, if A1 · · · Am ∈ L,
there exists a transition rule 〈X〉 → A ⇐ concatX in L(GA) in ∆d2 that is
applicable to 〈A1, . . . , Am〉; otherwise, ∆d3 is applicable. ut
Lemma 6. Suppose 〈X〉 → A ⇐ concat(X) in L(GA) is a transition rule in
∆d2. Let LA = {A1 · · ·Ak ∈ Qd

∗ | q ∈ A if and only if ∃qi ∈ Ai(1 6 i 6
k) and q1 · · · qk ∈ L(Gq) }. Then L(GA) = LA. ut
Lemma 7. L(M) = L(Md).

Proof. We show that for every sequence-term t ∈ s-T (F) and state symbol
A ∈ Qd, if t →∗

Md
A then A is the same as the set { q ∈ Q | t →∗

M q }.
We use the structural induction on t. If t is a constant, Md has a transi-
tion rule t → { q ∈ Q | t → q ∈ ∆ }, and Md has no other rule for t. We
suppose t = f(t1, . . . , tn) with f ∈ F . Then, ti →∗

Md
Ai (1 6 i 6 n) and

f(A1, . . . , An) → A ∈ ∆d. By Lemma 5, Md does not allow the move rela-
tion for t except t →∗

Md
f(A1, . . . , An) →Md

A. By definition, A = { q ∈
Q | ∃f(q1, . . . , qn) → q ∈ ∆ such that qi ∈ Ai (1 6 i 6 n) }. On the other
hand, by induction hypothesis, we obtain Ai = { qi ∈ Q | ti →∗

M qi }. Then,
A = { q ∈ Q | ∃f(q1, . . . , qn) → q ∈ ∆ such that ti →∗

M qi (1 6 i 6 n) } =
{ q ∈ Q | f(t1, . . . , tn) →∗

M q }. Next we suppose t = 〈t1, . . . , tm〉 such that
m > 2 and ti →∗

Md
Ai (1 6 i 6 m). By Lemma 5, Md does not allow the

move relation for t except t →∗
Md

〈A1, . . . , Am〉 →Md
A. By construction, the

last move relation 〈A1, . . . , Am〉 →Md
A is made by the rule 〈X〉 → A ⇐

concat(X) in L(GA) in ∆d. By Lemma 6, q ∈ A if and only if ∃qi ∈ Ai (1 6 i 6 m)
and q1 · · · qm ∈ L(Gq). Hence, by induction hypothesis, A is the same as the set
{ q ∈ Q | ∃qi ∈ Q such that ti →∗

M qi (1 6 i 6 m) and 〈q1, . . . , qm〉 →M q }.
The rest of the proof is easy. By Lemma 5 for every t ∈ s-T (F) there exists

a (and only one) state A ∈ Qd such that t →∗
Md

A. From the above property,
A ∈ Qdfin if and only if t →∗

M q ∈ Qfin for some q ∈ A. ut
Theorem 3. Given an s-TA M, we can compute a complete and deterministic
s-TA Md such that L(Md) = L(M). Thus monotone sequence-tree languages
are effectively closed under complementation. ut
Corollary 2. Tree languages recognizable with A-TA are effectively closed under
complementation.

Proof. Given an A-TA A/A over the signature F with FA = { f }, by Lemmata 2
and 3 and Theorem 3, we can compute B/A such that t ∈ flat(T (F)−L(A/A))
if and only if unflat(t) ∈ L(B/A). Note that s-T (F − FA) − flat(L(A/A)) =
flat(T (F) − L(A/A)). Thus, by showing that B/A recognizes the A-closure of
unflat(flat(T (F)−L(A/A))), we know that the complement of A/A is recogniz-
able with B/A. ut

4 Recognizing One-step A-Rewrite Descendants

In order to validate a safety property with model checking approach, reachability
is a fundamental problem to be handled. Nevertheless, it is proved in equational



term rewriting that, there is no algorithm capable of deciding s →∗
R/A t even if

R is ground. Due to this fact, we know that the tree language (→∗
R/A)[ {s} ] is

no longer effectively recognizable. However, these negative results do not imply
incomputability of (→n

R/A)[ {s} ] for an arbitrary but fixed n. In fact, we show
in this section that, given a ground A-TRS R/A and an A-TA A/A, the tree
language (→R/A)[L(A/A)] is effectively recognizable with A-TA.

In case that R is ground, every rule l → r in R can be simulated by decom-
posed rules f(c1, . . . , cm) → c0 and d0 → g(d1, . . . , dn), where ci (0 ≤ i ≤ m)
and dj (0 ≤ j ≤ n) are fresh constants. The nontrivial case to be considered in
the proofs occurs in the rewrite relation made by a rule f(c1, c2) → c0 with f an
associativity symbol. First we consider in the following the string rewriting case.
We then generalize this result to the A-term rewriting case.

Lemma 8. Given a monotone grammar G = (Σ,S, s0, Λ) and a string rewrite
system R = {a b → c} with a, b, c ∈ Σ, we can compute a monotone grammar
that recognizes (→R)[L(G) ].

Proof. We assume without loss of generality that in Λ, (1) there is only one
transition rule whose left-hand side is s0 and (2) s0 does not appear in the
right-hand sides. We define a monotone grammar G′ = (Σ,S ′, s0, Λ′) as follows:
S ′ = S ∪ { [p q] | p, q ∈ S } and

Λ′ = { s0 → c s0 →∗
G a b } · · · (1)

∪ { s0 → [p q] r p, q, r ∈ S such that s0 →∗
G p q r } · · · (2)

∪ { [p q] → c p → a, q → b ∈ Λ } · · · (3)

∪ { p → a p → a ∈ Λ, p 6= s0, a ∈ Σ } · · · (4)

∪




[p q]
[q p]

p

→
→
→

[p1 p2] q
[q p1] p2

p1 p2

p → p1 p2 ∈ Λ, p 6= s0, q ∈ S


 · · · (5)

∪




[p1 p2] q
q [p1 p2]

p1 p2

→
→
→

[q1 q2] q
q [q1 q2]
q1 q2

p1 p2 → q1 q2 ∈ Λ, q ∈ S


 · · · (6)

∪
{

[p q] r
p [q r]

→
→

p [q r]
[p q] r p, q, r ∈ S

}
· · · (7)

Rules in (1) and (2) are computable, because the membership problem is decid-
able for monotone grammar. The rest of the proof is done by case analysis. ut

In Lemma 8, each of the letters a, b, c is not necessarily different from each
other. Moreover, we can take a string rewrite rule, such that the length of the
left-hand side is more than 2. In fact, if R = {w → c} such that w ∈ Σ+ and
|w| = n (> 2), we define Λ′ as follows: (1)–(3) are replaced by

{ s0 → c s0 →∗
G w } · · · (1′)

{ s0 → [p1 · · · pn] q s0 →∗
G p1 · · · pn q ∈ S+ } · · · (2′)

{ [p1 · · · pn] → c pi → ai ∈ Λ, w = a1 · · · an } · · · (3′)



Rules in (5) are replaced by, e.g.

[p1 · · · pi · · · pn−1 pn] → [p1 · · · q1 q2 · · · pn−1] pn

if 1 6 i 6 n− 1 and pi → q1 q2 in Λ. For pn → q1 q2 in Λ,

[p1 · · · pn−1 pn] → [p1 · · · pn−1 q1] q2.

Likewise, rules in (6) and (7) are modified. Using the general version of G′, we
can show that (→R)[L(G) ] is a monotone language for R = {w → c }.
Lemma 9. Given an A-TA A/A and a ground TRS R = {f(a, b) → c} over
the same signature F with FA = {f}, we can compute an A-TA that recognizes
(→R/A)[L(A/A) ].

Proof. Suppose MA = (F − {f},Q,Qfin ,∆) is an s-TA associated with A/A.
Without loss of generality, we assume that for all a → p, b → q ∈ ∆ with
a, b ∈ F0, a 6= b implies p 6= q. Let ¦ be a fresh symbol with ¦ /∈ F ∪ Q
and W = { p q | a → p, b → q ∈ ∆ }. We write →c for the binary relation
induced by the string rewrite system (SRS for short) {w → ¦ | w ∈ W} over
the language (Q ∪ {¦})+. Similarly, →¦ for the induced binary relation of the
SRS {p → p¦ | p ∈ Q}. Define M′

A = (F − {f},Q′,Q′fin ,∆′) as follows: Q′ =
Q∪ {¦} ∪ {q¦ | q ∈ Q}, Q′fin = {q¦ | q ∈ Qfin} and

∆′ = ∆ ∪ { c → ¦ }
∪ { c → q¦ | 〈X〉 → q ⇐ concat(X) in L ∈ ∆, L ∩W 6= ∅ }
∪ { f(p1, . . . , pi¦, . . . , pn) → q¦ | f(p1, . . . , pi, . . . , pn) → q ∈ ∆ }
∪ { 〈X〉 → q¦ ⇐ concat(X) in (→¦)[ L ] | 〈X〉 → q ⇐ concat(X) in L ∈ ∆ }
∪

{
〈X〉 → q¦ ⇐ concat(X) in (→c)[ L′ ]

〈X〉 → q ⇐ concat(X) in L ∈ ∆
L′ = L−W

}

By Lemma 8, a monotone grammar generating (→c)[ L′ ] is computable. Further-
more, for every 〈X〉 → q ⇐ concat(X) in L in ∆, a monotone grammar generat-
ing (→¦)[ L ] is computable. So it can be proved by the structural induction that
the s-TA M′

A recognizes the sequence-term representation of (→R/A)[L(A/A) ].
ut

Theorem 4. Given a ground A-TRS R/A over the signature F with FA = {f}:
(1) For every A-TA A/A over the same signature F , we can compute an A-TA
that recognizes (→R/A)[L(A/A) ]. (2) In case that A is regular, we can compute
a regular A-TA that recognizes (→R/A)[L(A/A) ].

Proof. For (1), let l → r be a rewrite rule in R. We define the ground TRS

Rl→r = { f(cp·1
t1 , . . . , cp·n

tn
) → cp

f(t1,...,tn) | p ∈ pos(l), l|p = f(t1, . . . , tn) }
∪ { dp

f(t1,...,tn) → f(dp·1
t1 , . . . , dp·n

tn
) | p ∈ pos(r), r|p = f(t1, . . . , tn) }

It can be proved that for every s, t in T (F), s = C[l] and t = C[r] if and
only if s →+

Rl→r
C[cε

l ] and C[dε
r] →+

Rl→r
t. Moreover, this statement is gen-

eralized as follows: s ∼A C[l] and t ∼A C[r] if and only if s →+
Rl→r/A C[cε

l ]



A0 := A; i := 0; j := 0;

S := pos(l);

T := pos(r);

while S 6= ? do
select p ∈ S such that @p′ ∈ S. p′ Â p

let l|p = f(t1, . . . , tn) and

compute Ai+1/A such that

L(Ai+1/A) = (→{f(cp·1
t1

,...,cp·n
tn

)→cp
l|p
}/A

)[L(Ai/A) ]

i := i + 1;

S := S − {p};
od

compute B0/A such that

L(B0/A) = (→{cε
l
→dε

r}/A)[L(Ai/A) ]

while T 6= ? do
select q ∈ T such that @q′ ∈ T . q Â q′

let r|q = f(t1, . . . , tn) and

compute Bj+1/A such that

L(Bj+1/A) = (→{dq
r|q→f(d

q·1
t1

,...,d
q·n
tn

)}/A
)[L(Bj/A) ]

j := j + 1;

T := T − {q};
od

Bl→r := Bj ;

return Bl→r/A

Fig. 3. One-Step A-Rewrite Descendants for One-Rule Case

and C[dε
r] →+

Rl→r/A t. Using this fact, we define the procedure in Fig. 3. If
the root symbol f of a decomposed rule f(c1, . . . , cn) → c is an A-symbol, we
know that the one-step A-rewrite descendants are effectively recognizable by
Lemma 9; otherwise, the one-step A-rewrite descendants (→Rl→r/A)[L] are the
same as A((→Rl→r

)[L]), which has been noted by Dauchet and Tison [5]. Then
the procedure is capable of computing an A-TA Bl→r/A that recognizes the tree
language

Ll→r =
{

t ∈ T (F) s ∈ L(A/A), s →+
Rl→r/A C[cε

l ] and C[dε
r] →+

Rl→r/A t
}

.

Since (→R/A)[L(A/A) ] =
⋃

l→r∈R Ll→r and tree languages recognizable with A-
TA are effectively closed under union, we can compute an A-TA that recognizes
(→R/A)[L(A/A) ].

The second statement can be shown in a similar way. First we prove that
context-free languages are closed under one-step string rewriting of { a b → c },
that corresponds to Lemma 8. Then we apply the result to the A-tree case. In



the construction of context-free grammars, we use different transition rules. The
set of transition rules Λ′ of G′ consists of (1), (3), (4) and the following rules:
{

s0
s0

→
→

[p q] r
p [q r] p, q, r ∈ S such that s0 →∗

G p q r

}
· · · (2′)





[p q]
[p q]
[q p]
[q p]

p

→
→
→
→
→

[p1 p2] q
p1 [p2 q]
[q p1] p2

q [p1 p2]
p1 p2

p → p1 p2 ∈ Λ, p 6= s0, q ∈ S





· · · (5′)

In this case, transition rules (6) and (7) in Lemma 8 are unnecessary. ut

5 Concluding Remarks

We have shown in this paper that A-tree languages recognizable with A-tree au-
tomata are closed under boolean operations. The newly obtained closure prop-
erty is a direct consequence of (1) complement closedness of monotone sequence-
tree languages (Theorem 3), and (2) bijective correspondence between A-tree
automata and sequence-tree automata (Theorem 1). The theorem is also helpful
for simplifying the proof of undecidability of the emptiness problem for A-tree
automata. The new framework introduced in Section 2, called sequence-tree au-
tomata, enables us to have an easy proof of the complexity of the membership
problem for A-tree languages (Corollary 1).

In the previous section, we also showed that recognizable A-tree languages
are closed under one-step ground A-rewrite descendants (Theorem 4). This al-
lows us to provide an under-approximation algorithm for computing A-rewrite
descendants of A-tree languages with arbitrary accuracy, which is useful in prac-
tice, e.g. for infinite-state model checking [7].

In this paper, we introduced a special symbol 〈 〉 for translating A-tree lan-
guages of a singleton FA case. But, for many arbitrary associative symbols, the
sequence-term model has to be allowed to contain more special symbols, e.g.
〈 〉1, . . . , 〈 〉n. More precisely, by modifying the definition of sequence-terms and
indexing the special symbol 〈 〉 as above, Theorems 1–4 and Corollaries 1–2 can
be extended to the general case.

By restricting grammars in the conditional part of transition rules, as men-
tioned already, we obtain the language hierarchy, which is illustrated in Fig. 4.
The outermost square represents the class of sequence-tree languages recogniz-
able with the context-sensitive s-TA. The second largest square is the class of
context-free s-TA. Since it has the bijective correspondence to regular A-TA, the
class in the usual term model is the same as the A-congruence closure of regular
tree languages. The third largest square, i.e. the class of regular s-TA, is iden-
tical to multi-tree automata for associativity axioms only [14]. This class and
the class of CS s-TA are closed under boolean operations and the A-congruence
relation. Furthermore, the third class is important in the following sense:



CS s-TA
(A-TA)

CF s-TA
(regular A-TA)

regular s-TA

(regular TA)

¾ A-closed
regular TL

¾ A-closure of
regular TL

¾
¢

¢
¢

¢
¢¢®

boolean closed
& A-closed TL

Fig. 4. Relationships in sequence-tree automata

Theorem 5. Given a ground A-TRS R/A over the signature F with FA = {f},
the set of normal forms with respect to R/A is effectively recognizable with regular
A-TA. In the sequence-term model, the language is effectively recognizable with
regular s-TA.

Proof. Let l → r be a rewrite rule inR. We define an s-TAMl→r that recognizes
the sequence-term representation of the A-closure of terms C[l], where C is an
arbitrary ground context: Ml→r = (F − {f},Q,Qfin ,∆) such that Q = { q }∪
{ qt | p ∈ pos(l), t = l|p }, Qfin = { ql } and ∆ consists of the transition rules

〈X〉 → qt ⇐ concat(X) in {qt1 · · · qtn
} if t = Cf[[t1, . . . , tn]] is an f-block of l,

f(qt1 , . . . , qtm
) → qt if t = f(t1, . . . , tm) E l and f 6= f

together with 〈X〉 → ql ⇐ concat(X) in {w | w = q∗ql q
∗ and |w| > 2 },

〈X〉 → q ⇐ concat(X) in {w | w = q∗ and |w| > 2 }, f(q, . . . , ql, . . . , q) → ql

and f(q, . . . , q) → q for all f ∈ F − { f }. Observe that the membership test in
each conditional rule can be represented by a regular grammar. Let MR be an
s-TA that recognizes

⋃
l→r∈R L(Ml→r). The (sequence-term representation of)

set of normal forms of R/A is the complement of L(MR). Determinizing MR
with subset construction results in a regular s-TA M′

R, and it is computable,
because the conditional part of a transition rule of M′

R is represented as follows:
concat(X) in

⋂
i∈I L(Gi) −

⋃
i∈(K−I) L(Gi), where Gi is a regular grammar for

every i ∈ (K ∪ I). Therefore, the set of normal forms of R/A is effectively
recognizable with regular A-TA. ut

The larger dotted square in Fig. 4 denotes the class of regular tree languages.
This square contains the subclass allowed to be A-closed (and thus, it is both
regular and A-closed). Since it can be shown that every regular and A-closed tree
language is recognizable with regular A-TA, the innermost dotted square has no
overlapping with the class of CS s-TA, i.e., there is no example that is regular,
A-closed, and recognizable with A-TA, but not recognizable with regular A-TA.
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