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Abstract. Equational tree automata provide a powerful tree language
framework that facilitates to recognize congruence closures of tree lan-
guages. In the paper we show the emptiness problem for AC-tree au-
tomata and the intersection-emptiness problem for regular AC-tree au-
tomata, each of which was open in our previous work [20], are decidable,
by a straightforward reduction to the reachability problem for ground
AC-term rewriting. The newly obtained results generalize decidability of
so-called reachable property problem of Mayr and Rusinowitch [17]. We
then discuss complexity issue of AC-tree automata. Moreover, in order to
solve some other questions about regular A- and AC-tree automata, we
recall the basic connection between word languages and tree languages.

1 Introduction

Tree automata theory has been studied with much attention as the basis of
computational model dealing with terms. Recently tree automata techniques
are applied in a particular domain for automatically solving security problems
of cryptographic protocols (network protocols with some cryptographic primi-
tives) [7,10,19]. This is a natural phenomenon resulting from the background
of tree automata, in which complexity issues, especially on decidability, have
been investigated with considerable efforts. In fact, applications based on tree
automata theory, e.g. for program and system verification [9, 22], depend deeply
upon decidability results and closure properties.

Regular tree languages, which is the counterpart of regular word languages,
are known to be well-behaved, in the sense that they are closed under boolean
operations and their decision problems are computable in many cases. Moreover,
in term rewriting there are some useful subclasses in which rewriting closures
preserve regularity [24, 25]. But, on the other hand, it causes the situation where
questions of non-regular tree language are considered to be troublesome. For
instance, because term algebra modulo equational theory is not handled with
regular tree automata (e.g., AC-congruence closure of a regular tree language is
not regular [3]), the standard tree automata technique can not be applied for
modeling cryptographic primitives like Diffie-Hellman exponentiation and one-
time pads [23]. The difficulty of system verification allowing AC-operators is also
found in another algebraic approach [18].



Over the last decade tree automata framework has been generalized. So far
we can find several extensions, such as tree automata with constraints (e.g. [1,
13]), tree set automata [14] and timed tree automata [12]. Each of the extensions
covers a wider class of regular tree languages, while keeping the benefit of some
decidability results and closure properties. Equational tree automata proposed in
our previous paper [20] is the recent extension, with which congruence closures
of recognizable tree languages are recognizable. We also proved that in certain
useful cases, recognizable equational tree languages are closed under union and
intersection operations. However, there are several important questions remain-
ing open in the previous work. Our goal of this paper is to find the answers to
the open questions. More precisely, we show the following results:

(1) decidability of emptiness problem for AC-tree automata,

(2) decidability of intersection-emptiness, subset and universality problems for
regular A- and regular AC-tree automata, and

(3) closure properties, intersection and complement, of A-regular and AC-regular
tree languages.

Moreover, we show the computability of equational rewrite descendents. This
result gives rise to the decidability of reachable property problem for ground
AC-term rewriting.

The rest of the paper is organized as follows. In the remaining part of this
section we fix our terminologies and notations on term rewriting. In Section 2 we
recall equational tree automata. And we show a positive answer to the problem
(1), by generalizing the decidability result of Mayr and Rusinowitch [16]. Using
this result we show the computability of ground AC-rewrite descendents. In
Section 3 we discuss the complexity issue on some AC-tree automata problems.
The problems (2) and (3) for A-regular tree languages are (negatively) solved
in Section 4. We then partially solve the same questions for AC-regular case in
Section 5. Finally we conclude this paper by summarizing decidability results
and closure properties of A-, C- and AC-tree languages.

We assume familiarity with the basics of term rewriting. An equation over the
signature F (a finite set of function symbols f whose arity is denoted by arity(f))
and a set V of variables is a pair (s, t) of terms s,t € 7(F,V). An equation (s, t)
is denoted by s & t. An equation [ ~ r is called linear if neither [ nor r contains
multiple positions of the same variable. We say [ = r is variable-preserving if a
multiset occurrence of each variable x in [ is the same as a multiset occurrence
of z in r. A ground equation is an equation whose left- and right-hand sides
do not contain any variable. An equational system (ES for short) £ is a set of
equations. Given two sets Fa, Fc of some binary function symbols in F. The
intersection of Fj and F¢ is denoted by Fac. An ES consisting of associativity
axioms f(f(z,y),2) = f(z, f(y,2)) for all f € Fy is denoted by A(Fy). An ES
of commutativity axioms f(z,y) ~ f(y,z) for all f € F is C(Fo). We write
AC(Fac) for the union of A(Fac) and C(Fac). If unnecessary to be explicit, we
simply write A, C and AC. A binary relation —¢ induced by an ES £ is defined as
follows: s —¢ t if s = C[lo] and t = Clro] for some equation | ~ r € £, context
C € C(F,V) and substitution o. The symmetric closure of —¢ is denoted by



He. In the paper we do not assume r =~ [ € £ifl =~ r € £, so —g # Hg. The
equivalence relation of —¢ (i.e., the reflexive-transitive closure of Hg) is written
by ~E.

A term rewriting system is an ES whose equations [ & r are called rewrite
rules and are denoted by I — r. An equational TRS (ETRS for short) R/E
is a combination of a TRS R and an ES £ over the same signature F. To
emphasize the signature of an ETRS, it can be denoted by the pair (F,R/E)
of two components. An ETRS is called ground if the TRS consists of ground
rewrite rules. Note that £ is not necessarily ground. We write s — ¢ t if there
exist terms s’ and ¢’ such that s ~¢ s’ —x t' ~¢ t. As a special case, if £ = A
(€ =C, & =AC, respectively), R/E is called an A-TRS (C-TRS, AC-TRS).

Given an ETRS R/E. A term s reachable from a term ¢ with respect to R/E,
ie. t H;z/g s is called a descendent of t. For a set L of terms, descendents of

terms in L, i.e. {t[3s € L. s =% o t}, are denoted by (=% ¢)[L].

2 AC-Tree Automata and Emptiness Problem

A tree automaton (TA for short) A = (F, Q, Qfin, A) consists of a signature F,
a finite set Q of states (special constants with F N Q = @), a set Qp, (C Q) of
final states and a finite set A of transition rules in one of the following forms:

f(p1,,pn)ﬂq or f(plvvpn)g)f(qlvvqn)

for some f € F with arity(f) =n and p1,...,Pn,¢,G1,---,qn € Q. In the latter
form, the root function symbols of the left- and right-hand sides must be the
same. An equational tree automaton (ETA for short) A/€ is the combination
of a TA A and an ES & over the same signature F. We often denote the 5-
tuple (F, Q, Qfpin, A, &) for A/E. An ETA A/E is called regular if A consists
of transition rules in the shape of f(p1,...,pn) — ¢q. We say A/E is an A-TA
(associative-tree automaton) if € = A. An ETA R/E with £ = Cis called a C-TA
(commutative-tree automaton). Likewise, if £ = AC, it is called an AC-TA.

We write s — 4/¢ t if there exist a transition rule | — r € A and a context
C € C(FU Q) such that s ~¢ C[l] and t ~¢ C[r]. The relation — 4/¢ on
T(FU Q) is called move relation of A/E. The transitive closure and reflexive-
transitive closure of — 4/¢ are denoted by H;/f and Hfé\/f' For a TA A, we

simply write — 4, —>:£ and —%, instead. A state ¢ is called accessible with A/E
if there exists a term ¢ in 7 (F) such that ¢ Hj\/g q. A term t is accepted by
A/€ift € T(F) and t —7 ¢ q for some ¢ € Qgip. Elements in the set L(A/€)
are ground terms accepted by A/E. A tree language L over F is some subset
of T(F). We can easily observe that: membership problem for an ETA A/€ is
decidable if £ is length-preserving, i.e., if £ is variable-preserving and for every
Il ~ r € &, the number of function symbols occurring in [ is the same as the
number of function symbols in r.

We write E(L) for {t | 3s € L. s ~¢ t}. The set E(L) is called E-congruence
closure of L. A tree language L is E-recognizable if there exists A/E such that



L = L(A/E). In certain useful cases, E-recognizable tree languages are closed
under union and intersection:

Lemma 1. If £ is a variable-preserving ES, the union of £-recognizable tree
languages L1 and Lo is E-recognizable. Moreover, if € = A (or & = AC), the
intersection of L1 and Ls is E-recognizable. a

A tree language L is called £-regular if L is £-recognizable with a regular
ETA A/E. If £ = @, the tree language L is called regular. Every recognizable
tree language is regular, i.e. every TA is transformed to a regular TA with the
same expressive power. However, £-recognizable tree languages are not £-regular
in general.

In the previous paper [20] we studied decidability on equational tree au-
tomata. Especially we focused on emptiness problems, i.e. a question of whether
L(A/E) = @. In case & is linear, this question for regular £-tree automata can
be reduced to the same question for regular tree automata by using the commu-
tation lemma:

Lemma 2. Every regular ETA A/E with & linear satisfies E(L(A)) = L(A/E).
O

Since £(L(A)) = @ if and only if £L(A) = &, the following property is a direct
consequence of Lemma 2.

Corollary 1 ([20]). Emptiness problem for regular £-tree automata with € lin-
ear is decidable. O

Thus the same problem for regular A-, C- and AC-tree automata is decidable.
In contrast, the non-regular A-case is undecidable (Corollary 1, [20]). The non-
regular AC-case remains open in the previous paper.

In the following part, we show the positive answer to this open question. First
of all, we introduce a recent work on reachability problem for ground AC-TRS
of Mayr and Rusinowitch [16].

Proposition 1. Reachability problem for ground AC-TRS, i.e. a question of
whether s H;‘Z/AC t for an arbitrary ground AC-TRS R/AC and terms s,t, is
decidable. a

Next we state the following property.

Lemma 3. Given two ground AC-TRSs (F,R/AC) and (G,S/AC), where Fac =
Oac- If FoNGy = 9, i.e. F and G do not share any constant symbol, then for all
terms s,t € T(FUG), s HZFRUS)/AC t if and only if s H;‘Z/AC s’ and s’ —%5/act
for some s’.

Proof. Since the “if” part is trivial, it suffices to show the “only if” part. Suppose
u —g/ac V —r/ac W. Then u ~ac Ci[l1] and v ~ac Cy[ry] for some Iy — ry € S,
and v ~ac Cofla] and w ~ac Csre] for some Iy — ro € R. By assumption, 7
is a term in 7((FUQG) — Fy) and Iz is a term in 7 ((F U G) — Gp). This yields



a context D such that D[rq,ls] ~ac Ci[r1] and Dlry,ls] ~ac Ca[l2], and thus,
U ~AC D[ll,lg] —S D[T‘l,lz] —R D[T‘l,Tg] ~AC W. Hence u ~AC D[ll,lg] —R
DJly,r9] —s D[r1,r2] ~ac w. This implies _’?RUS)/AC - —>;‘2/AC-—>:§/AC. ad

In the previous lemma, by taking an AC-TA (F, Q, Qpn, A, AC) as a ground
AC-TRS (FU Q, A/AC), we can extend Proposition 1 as follows.

Lemma 4. Given a ground AC-TRS (F,R/AC) and tree languages L1, Ly over
F. If L1 and Lo are AC-recognizable tree languages, it is decidable whether there
exist some s in Ly and t in Lo such that s —>;‘3/AC t.

Proof. Suppose L1 = L(A/AC) and Ly = L(B/AC) where A = (F, P, Ppin, A1)
and B = (F, Q, Qfin, A2), such that PN Q = &. Here we assume without loss
of generality that p,q are state symbols such that Pg, = {p} and Qp, = {q}.
Then we obtain

ds € Ly, 3t € Lo. 3%%/Act o (A)
if and only if

EU,UET(.F). UHZ/ACP A fU;’?ﬁ/ACq A UH;{/ACU' (B)
Moreover, using Lemma 3 twice, (B) holds if and only if

pH?RuA*UB)/AC q. ER(®)

Due to Proposition 1, we know (C) is decidable, and so is (A). O

Given a term t, a predicate P and a binary relation — on terms, a ques-
tion of whether there exists some s in (—*)[{t}] with P(s) is called reachable
property problem. Here P(s) can be replaced by the membership test s € [P].
Mayr and Rusinowitch showed in [17] that if P is a so-called state formula, this
problem is decidable within their framework called process rewrite systems. In
term rewriting setting, it corresponds to the following result:

Proposition 2. Reachable property problem is decidable for ground AC-TRSs
if [P] is a regular tree language. O

Due to Lemma 4 we know that (=% ac)[L1] N Lz = @ is a computable
question, provided R/AC is a ground AC-TRS and L1, Ly are AC-recognizable.
Therefore the above proposition is generalized by our equational tree automata
framework.

One should notice that even if L; and/or Ly are regular, the above decid-
ability holds. Note that regular tree languages are not AC-recognizable: Suppose
Fac = {f} and L = {f(a,b)}. The tree language L is regular, but it is not AC-
recognizable (and not AC-regular), because every AC-TA A/AC accepting f(a, b)
also accepts f(b, a).

On the other hand, as easy instances of Lemma 4, we can show the positive
answers to our open questions:



Corollary 2. Emptiness problem for AC-TA is decidable.

Proof. Let A/AC be an AC-TA over the signature F. In Lemma 4, by taking
R =@, L1 = L(A/AC) and Ly = T(F), we know that L; # @ if and only if
there exist s € L1 and t € Loy such that s —>;‘3/AC t. O

Corollary 3. Intersection-emptiness problem for regular AC-TA is decidable.

Proof. Along the same lines of the previous case, we take R = &, L; = L(A/AC)
and Ly = L£(B/AC) such that A/AC and B/AC are regular AC-TA. O

But an important remark for the above results is that Mayr and Rusinowitch
did not actually show in [16] the proof of the general case of Proposition 1, i.e.
there is no proof of decidability of the reachability problem for ground AC-TRS
with arbitrary many AC-symbols. In other words, as far as the above proofs
depend upon Proposition 1, the newly obtained result (e.g. Lemma 4) works
only for the single-AC case.

So in the next section, by showing the original procedure, we generalize our
results (Corollaries 2 and 3) together with doing estimation of the complexity of
emptiness questions.

3 Complexity of AC-Tree Language Problems

Let us introduce a special notation for AC-tree languages: Suppose f is a function
symbol in Fac. An f-block of a term t is a non-empty maximal context in ¢
consisting only of f. For notational convenience, if t = C'[C[ty,...,t,]] such
that C is an f-block, we write C'[C¢[t1,...,t,]]. For instance, g(f(a, f(b,c)))
is represented as g(Cyla, b, c]).

First we state the basic property of the procedure in Fig. 2. This procedure
is defined as in the way of Garey and Johnson [5].

Lemma 5. At the step 2 in Fig. 2, for every q € Qs, if ¢ *)‘*S/Ac(f) q, there
exists a term t € T(Q1 U{[f}) such that ¢ =3 ac(p) t =R ac(s) 4-

Proof. Let R1 = {¢ — f(c,¢)} and Ry = {¢ — ¢ | ¢ € Q1}. Since ¢ does not
appear in the right-hand sides of rewrite rules of a ground TRS R U R,, we

can prove that —(ruRr,)/AC(f) " —R1/AC(H) S R /AC(f) " (RUR2)/AC(F)- BY the
same reason, TR/AC(f) T TR2/AC(f) - T R2/AC(f) T TR/AC(S)- Thus we obtain a
rewrite sequence ¢ —>;‘31/Ac(f) t —>;‘32/Ac(f) to —>;‘3/Ac(f q. Since rewrite rules
in R are ground and do not contain ¢, the number of occurrences of ¢ does
not change in to —% ac(y) ¢- This implies |ta]c = 0, because ¢ # c. Similarly,
since R1 U Ry is ground and consists of function symbols in Q1 U {f}, we have

to € T(Q1U{f}U{c}). Hence t; € T(Q1 U{f}). 0

Next we show soundness of the main procedure.

Lemma 6. For every AC-TA A/AC, a state q is accessible with A/AC if and
only if q is in Qgee-



Input A: TA (F, Q, Qfin, 4), Fac: AC-symbols.
Output Qgc.: set of accessible states.

Step 1. Let A":={l—re A|root(l) € Fac }, Qo, Qacc: =9, k:=0.
Step 2. Compute Q’: set of state symbols
feeQl3t e T(FUQk). t =4 A q}
Step 3. Compute Qp1: the union of @’ and
U aux({l - r € A" |root(l) = f}, f, 9, Q).
FeFac
Here aux is a function call to the auxiliary procedure.
Step 4. If Qiy1 # Qi then k is increased by 1 and go to Step 2;
otherwise, return Qgcc by letting Qqec := Qk.

Fig. 1. Procedure: STATE SYMBOLS ACCESSIBLE WITH AC-TA

Input R: ground TRS, f: binary function symbol,
Q1, Qa: sets of constants such that Q1 C Qs.

Output P: set of state symbols
{g€Q |3t eTHfIUQL). t =R acs) 7}

Step 1. Select a fresh constant c.

Let S:=RU{c—q|lqe Q1}U{c— f(c, )}
Step 2. Compute P:={q € Q2 |c—5/acs) q}-
Step 3. Return P.

Fig. 2. Auxiliary Procedure

Proof. Let A= (F, Q, Qfin, A). Using the induction on the loop-counter k of the
procedure in Fig. 1, we show that ¢ € Qy for some k if and only if ¢ is accessible
with A/AC. First we prove the “if” part. The base case is trivial, because Qy = &.
For induction step, we suppose ¢ € Q. We divide into the three cases as follows:
(1) If ¢ € Qp with ¥ < k, the lemma holds by induction hypothesis. (2) If
q ¢ Qp for any k' < k but ¢ € Q" at Step 2, the lemma also holds by induction
hypothesis and the definition of Step 2. (3) If ¢ ¢ Qy for any k¥’ < k but g € QO
at Step 3 then ¢ —>g/AC(f) q for some f € Fac. By Lemma 5, we have a term
t € T(Q U{f}) such that t =% ac; ¢ where R = {l —r € A root(l) = f}.
From the previous cases, since Q" at Step 2 is a set of accessible states, so is ¢
(as " —7% jac t for some t € T(F)). For the “only if” part, we take a state ¢ € Q
such that ¢ —7% /zc ¢ for some ¢ € 7(F). By induction on the number of blocks in
t, we show that ¢ is in Qj, for some k. If there is no block in ¢, by letting k£ = 0 the
lemma holds obviously. For induction step, we assume without loss of generality
that t = C'[s1,...,8i—1,C¢[t1, .-, tu], Si+1s- - -, Sm], where C" € C(F —Fac). C’



is possibly the empty context. By assumption, t —7% /ac C'lp1,...,pm] —% qand
Crlt1, .. tn] _)fA/AC Crlars--- 5 an] —>:‘4/AC p; for some p1,...,Pm,q1, .., Gn €
Q. By induction hypothesis, ¢; € Qp, for some k; (1 < j < n). Moreover,
p; € Qk; for some k; (1 < j < m) if j # 4. By definition of the procedure in
Fig. 1, we obtain p; € Qy,...+1 where kmax = max{k; | 1 < j < n}. Hence, by

letting Ky, = max({k} | 1 < j < mandj # i} U{knax+1}), ¢ € Qx;, or
q € Q at the (k .+ 1)-th loop. 0

Theorem 1. Emptiness problem for AC-TA with arbitrary many AC-symbols
is decidable. O

The procedure in Fig. 1 needs at most (|Q|? x | Fac|)-auxiliary function calls,
and each computation is reachability test of a Petri net instance. Reachability
problem for Petri nets is EXPSPACE-hard [15].

In contrast, the emptiness problem for regular AC-TA is solved in linear time,
due to Lemma 2. From the similar observation, the complexity of membership
problem can also be obtained.

Corollary 4. Membership problem for reqular AC-TA is NP-complete.

Proof. We show that this problem is in NP. Let A/AC be a regular AC-TA.
From Lemma 2, a term ¢ is accepted by A/AC if and only if there exists a term
t' accepted by A and t' ~ac t. Thus the following procedure is sound:

(1) Guess a term t’ such that ¢’ ~ac t.
(2) Check whether or not t' € L£(A).

Since the membership problem for regular TA is solved in linear time, the above
algorithm is in NP. On the other hand, membership problem for commutative
context-free grammar, which is known as an NP-hard problem [4], is reduced to
this problem by assuming F = {f}UX with Fac = {f}. Here X is the alphabet of
a grammar. Hence the membership problem for regular AC-TA is NP-complete.

O

On the other hand, because AC-recognizable tree languages are closed under
intersection (Lemma 1), we can extend another decidability result.

Theorem 2. Intersection-emptiness problem for reqular AC-TA with arbitrary
many AC-symbols is decidable. a

4 Yet Negative Results on A-Tree Languages

In this section we discuss decidability of A-tree languages. In the previous paper
we showed that emptiness problem for A-TA is undecidable in general. Using this
result with the same proof argument of Lemma 4, we can prove the following
undecidability.

Proposition 3 ([3]). Reachability problem for ground A-TRS is undecidable.



Proof. We use the following fact (Corollary 1, [20]): Emptiness problem is un-
decidable for A-TA. We take an A-TA A/A. Here we assume without loss of
generality that A = (F, Q,{q}, A1) like in the proof of Lemma 4. Define the
TA B = (F,{p},{p},A2) where Ay = {f(p,...,p) — p | f € F}. Obvi-
ously, L(B/A) = T(F). Similar to the proof of Lemma 3, we obtain — 4/a
- —p-1/A S —p-1/a - —.4/a. This implies that p _’ZﬁAuBfl)/A q if and only if
P —5-1/at —a a for some ¢. By definitions of Aand B, t € T(FU{p}), and
moreover, t € 7 (FUQ). Thus t is in 7 (F) if there exists. Since it is undecidable
whether ¢ HfA/A q for some ¢t € 7(F), so is p H?AUBfl)/A q. O

Other problems, such as subset and universality problems, are also unde-
cidable for A-TA. However, decidability of the two problems for regular A-TA
remains open in [20]. In the following part, we show these decidability results by
reducing to the same word problems.

A grammar G is the 4-tuple (X, Q, qg, A), whose components are the alphabet
X, a finite set Q of state symbols such that 2’NQ = @, an initial state g (€ Q)
and a finite set A of string rewrite rules (called production rules) in the form
of I — r for some I,7 € (XU Q)". A grammar is called context-free if | € Q
for all rules I — r € A. A regular grammar is a context-free grammar whose
right-hand sides of rules are in (XU Q) X*. A word generated by G is an element
w in X* such that qo —¢ w. Note that G does not generate the empty word e.
The language generated by G, denoted by L£(G), is a set of generated words.

A relationship between word languages and tree languages can be found in
the literature, e.g. in [2,6]. A study of leaf languages is one of the examples:

Proposition 4 ([6]). The following two statements hold true:
1. For every CFG G there exists a reqular TA A such that L(G) = leaf(L(A)).
2. For every regular TA A there exists a CFG G such that leaf( L(A)) = L(G).
O

A leaf-word leaf(t) of a term ¢ over the signature F is a word over the alphabet
Fo (a set of constants in F), that is inductively defined as follows: leaf(t) = t if
t is a constant; leaf(t) = leaf(¢1) ... leaf(t,,) if t = f(t1,...,t,) and arity(f) > 1.
We use the same notation leaf for the extension to tree languages, i.e. let L be
a tree language over F, then leaf(L) = {leaf(t) | ¢ € L}. We say leaf(L) is a
leaf-language of L.

One should notice that the following statement is not true: If leaf(L) is CFG
then L is a regular tree language. For instance, let us consider the following
example. We take G; = ({a, b}, {«, 8, 7v},7, A1) where A;:

vy — af a — a a — baa 8 — b 8 — app

v — ba a — ay 8 — by

By induction on the length of words, we can prove that for every non-empty
word w over the alphabet {a, b},

a —g, w if and only if |w|, = |w|p + 1,

B —¢, w if and only if |w[, = [w|s + 1,

v —§, w if and only if |w[, = |w]p.



This implies £(G1) = {w | |w|]a = |w|p}, i.e. G1 generates the set of words w
such that the number of occurrences of a in w is the same as the number of
occurrences of b in w. On the other hand, we consider a tree language over a
signature F such that Fo = {a, b}. If F contains at least a function symbol f
with arity(f) > 2, a tree language L = {t | |t|a = |t|p} is no longer a regular tree
language, due to PUMPING LEMMA.

Now we discuss the relationship between word languages and equational tree
languages. The following properties are obtained as an easy observation of leaf-
operation.

Lemma 7. Given an arbitrary signature F. For all terms s,t € T(F) and tree
languages L over F,

1. leaf(s) = leaf(t) if s ~a t. The reverse holds if F = FoU{f} and Fac = {f}.
2. leaf(L) = leaf(A(L)).

Suppose F = Fo U {f} and Fac = {f}. If L1, Lo are tree languages over F, the
following statements hold true:

3. leaf(L1 U Ly) = leaf(L1) U leaf(Ls),
4. leaflA(L1) NA(Ls)) = leaf(L1) N leaf(Ls),
5. A(Ly) C A(L2) if and only if leaf(L1) C leaf(Ls).

Proof. To prove the property 1, we observe that
Ieaf(C[f(f(tl, tg), t3)]) = w1 Ieaf(tl) Ieaf(tg) Ieaf(tg) wo = Ieaf(C[f(tl, f(tg, tg))})

for some wy,ws € F§. It can be proved by the structural induction of C'. This
implies that if s ~a ¢ then leaf(s) = leaf(t). For the reverse, we define the
mapping tree as follows: tree(w) = a if w € Fy; tree(w) = f(a, tree(w’)) if w =
aw' for some a € Fy and w’ € Fy . Then it suffices to show that for all u in
T(F), tree(leaf(u)) ~4 w. It can be proved by the structural induction of w.
The properties 2 and 3 are easy. Note that union (U) is distributive over set
comprehension, i.e. {leaf(t) |t € Ly ULy} = {leaf(t) | t € L1} U{leaf(t) | t € La}.
Next we show the property 4. We suppose w € leaf(A(L1) N A(Lz)). By defi-
nition, there exists ¢ € A(L1) N A(L2) such that w = leaf(¢). Moreover, leaf(t) €
leaf(A(L1)) and leaf(t) € leaf(A(Lz)). Thus w € leaf(A(L1)) N leaf(A(Lsz)). Due
to the property 2, w € leaf(L1) Nleaf(Lz). For the reverse inclusion, we suppose
w € leaf(A(Ly)) N leaf(A(Lz)). Note that leaf(L1) = leaf(A(L1)) and leaf(Lg) =
leaf(A(L2)). Then there exist t1 € A(L1) and t2 € A(L2) such that w = leaf(¢1)
and w = leaf(t2). Due to the property 1, t; ~a to, and thus, t; € A(Lz2) (and t5 €
A(Lq) as well). Hence t; € A(L1) NA(L2). This implies w € leaf(A(L1) NA(L2)).
Finally we show the property 5. The “only if” part is trivial. To show the
reverse, we suppose t € A(L1). Then leaf(t) € leaf(L1) (as leaf(t) € leaf(A(L1))),
and thus, leaf(t) € leaf(L2). This implies that, due to the property 1, there exists
s € Lo such that s ~a t. Hence t € A(L3). ad



One should note that leaf(L;NLsy) # leaf(L1)Nleaf(Lsy). For example, suppose
L, = {f(f(a,b),c)} and Ly = {f(a,f(b,c))} such that F = {f,a,b,c} and Fa =
{f}. Then leaf(L; N Ly) = &, but leaf(Ly) Nleaf(L2) = {abc}. Furthermore, we
see that leaf(L;) C leaf(Ls) does not imply Ly C Lo.

We show an extension of Proposition 4 (1). In the extension, mazimality of
tree languages refines the relationship to word languages.

Definition 1. A tree languages L over F is maximal for a word language W
if for all terms t in T(F), leaf(t) € W if and only if t € L. An ETA A/E is
mazimal for W if L(A/E) is mazimal for W.

Lemma 8. Given a CFG G over the alphabet X. Then there exists the associated
regular A-TA Ag/A that is mazimal for L(G).

Proof. Let G = (X, Q,qo,4). Suppose A is in Chomsky Normal Form. We take
F = Y U{f} and Fa = {f}. Define the regular A-TA Ag/A as follows: Ag =
(F,Q{ao}, 4") where A" = {f(q1,¢2) = ¢l¢—~qng@eAUfa—qlg—ac
A}. It is easy to show that for every (non-empty) word w € X%, qo —§ w if and
only if tree(w) Hf‘lg/A qo- Here tree is the mapping defined in the previous proof.
For maximality we use Lemma 7 (1) and the following property: leaf(tree(w)) =
w for every w € X. Then we can prove that for every term ¢t € 7 (X' U {f}) and
word w € X*| leaf(t) = w if and only if ¢t ~a tree(w). Thus, if leaf(t) € £(G) then
t ~a tree(leaf(t)) and tree(leaf(t)) —7_ /s do- Hence t € L(Ag/A). 0

We consider the CFG G2 = ({a, b}, {o, o/, 8,0',7,9,£}, 7, Az) where As:

vy — 68 a — a a — &a B — b B8 — 68 6 — a
¥y —=€&a a =0y o - aa B &y B = BB § b

Note that Gs is in Chomsky Normal Form, and £(G2) = {w | |w|. = |w|p}
because Go is essentially the same as G;. Then the associated A-TA Ag, /A over
the signature F = {f,a,b} and Fa = {f} recognizes a tree language maximal for
L(G2) and for £(G1).

Next we extend Proposition 4 (2) as in the previous way.

Lemma 9. Given an regular A-TA A/A over the signature F. Then there exists
the associated CFG Gy such that L(Gasa) = leaf(L(A/A)).

Proof. From Proposition 4 (2), for the language leaf(£(.A)) there exists a CFG G
such that £(G) = leaf(£L(A)). On the other hand, from Lemma 7 (2), leaf(L(A)) =
leaf(A(L(A))). Since L(A/A) = A(L(A)) by Lemma 2, we obtain leaf(L(A)) =
leaf(L(A/A)). By letting G4/a = G, it satisfies that L(Ga/a) = leaf(L(A/A)). O

In this case, A/A is not always maximal. For instance, we take an A-TA A/A
such that £(A/A) = {a} over the signature {f, a}. Obviously there exists a CFG
Gaya such that £(G4/a) = {a}. But then, A/A is not maximal for £L(Ga/a),
because f(a) is not in L(A/A).

Corollary 5. The following two statements hold true:



1. For every CFG G there exists a reqular A-TA A/A such that L(A/A) is a
mazimal tree language for L(G).

2. For every reqular A-TA A/A there exists a CFG G such that leaf(L(A/A))
= L(G). In case the signature F = Fo U {f} and Fp = {f}, L(A/A) is a
mazimal tree language for L£(G).

Proof. An immediate consequence of Lemmata 8 and 9, except the case that
F = Fo U {f} and Fp = {f} in the latter statement. In the particular case, it
holds that tree(leaf(s)) ~a s for any s in 7 (F). Thus, if leaf(¢t) € L(G), there
exists s € L(A/A) such that leaf(s) = leaf(t). Moreover, s ~a t by Lemma 7 (1).
Hence t € L(A/A). 0

Thus A-regular tree languages inherits the negative results of context-free
languages.

Theorem 3. A-regular tree languages are not closed under intersection or com-
plement.

Proof. Given CFGs G; and G5 over the alphabet Y. Due to Lemma 8, there are
regular A-TA A/A and B/A over F, where F = X U {f} and F4 = {f}, such
that £(G1) = leaf(L(A/A)) and L(G2) = leaf(L(B/A)), respectively. Suppose to
the contradiction that A-regular tree languages are closed under intersection.
Then there exists a regular A-TA C/A over F such that L(C/A) = L(A/A) N
L(B/A). Moreover, due to Lemma 9, there exists a CFG Gs such that £(Gs) =
leaf(L£(C/A)). From Lemma 7 (2) and (4), we obtain £(G3) = leaf(L(A/A)) N
leaf(L(B/A)) = L(G1) N L(G2). However, it contradicts to the fact that context-
free languages are not closed under intersection. Hence A-regular tree languages
are not closed under intersection.

To show not being closed under complement, we use the previous fact to-
gether with De Morgan Law. O

Theorem 4. The following questions are undecidable in A-reqular tree lan-
guages: Given A/A and B/A are reqular A-TA over the signature F, then

- L(A/A) C L(B/A)? (subset)
- L(AJA) =T(F)? (universarity)
- L(A/A) N LB/A)=2? (intersection-emptiness)

Proof. Given CFGs G; and Gs over the alphabet Y. Due to Lemma 8, there
exist regular A-TA A/A and B/A over F such that £(G1) = leaf(L(A/A))
and L£(G2) = leaf(L(B/A)). Here the signature F = X U {f} and Fa = {f}.
Due to Lemma 7 (2) and (5), we know that L£(A/A) C L(B/A) if and only
if leaf(L(A/A)) C leaf(L(B/A)), because L(A/A) = A(L(A)) and L(B/A) =
A(L(B)), respectively. This implies the question if £(A/A) C L(B/A) is unde-
cidable, because the question if £(G1) C £(G2) is undecidable [8]. Similarly, using
Lemma 7 we can prove that

— L(A/A) = T(F) if and only if leaf(L(A/A)) = leaf(T (F)),
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Fig. 3. Some decidability results and closure properties

— L(A/A) N L(B/A) = @ if and only if leaf(L(A/A)) N leaf(L(B/A)) = @.

Hence the other two questions are also undecidable, because universality and
intersection-emptiness problems for context-free languages are undecidable. O

Additionally, we can prove that equivalence problem for regular A-TA is un-
decidable: We take two regular A-TA A/A, B/A. The subset problem L£(A/A) C
L(B/A) is represented as L(A/A) U L(B/A) = L(B/A). By Lemma 2, we have
L(A/A) U L(B/A) = A(L(A)) UA(L(B)), and then, A(L(A)) U A(L(B)) =
A(L(A)UL(B)). The A-congruence closure of a regular tree language L(A)UL(B)
is A-regular, i.e. there is a regular A-TA C/A such that L(C/A) = A(L(A)UL(B)).
This implies that £(A/A) C L(B/A) if and only if L(C/A) = L(B/A). Since the
former question is undecidable, so is the equivalence L(C/A) = L(B/A).

5 Concluding Remarks

In the paper we have shown decidability results and closure properties of A-
and AC-tree language. New results on the decidability (Theorems 1, 2 and 4)
and closure properties (Theorem 3) are the solutions to the questions remaining



open in our previous paper [20]. Using the following Parikh’s result (Theorem 2
in [21]; the same result also in [4]), we can show a partial solution to the question
of whether AC-regular tree languages are closed under intersection and comple-
ment.

Lemma 10. Permutation closures of context-free languages are closed under
boolean operations (union, intersection and complement). ]

Corollary 6. Every AC-regular tree languages over the signature F = {f} U Fp
and Fac = {f} is closed under boolean operations.

Proof. We show closedness under union and intersection below. Let A/AC, B/AC
be regular AC-TA over F. By Proposition 4 (2), there exists a context-free gram-
mar G; and G, such that leaf(£(A)) = £(G1) and leaf(L(B)) = L(G2). Due to
Lemma 2, we have leaf(L(A/AC)) = leaf(AC(L(.A))). Moreover, by assumption
of F, leaf(AC(L(A))) = perm(leaf(L(.A))). Thus leaf(L(A/AC)) = perm(L(G1)).
The same property holds for B/AC. By Lemma 10, there exists a context-
free grammar Gr such that perm(L£(Gr)) = perm(L(G1)) R perm(L(Gz)) for
each operation R € {U,N}. By Proposition 4 (1), we obtain a TA Cr such
that leaf(L(Cr)) = L(Gr), and thus, leaf(L(Cr/AC)) = perm(L(Gr)). Therefore
L(Cr/AC) = L(A/AC) R L(B/AC) over F = {f} U Fy with Fac = {f}. O

Due to the above corollary together with decidability of emptiness problem
for AC-TA (Corollary 2), the subset and universality problems are decidable in
this particular case.

On the other hand, from the recent study about multiset grammars [11],
we know that regular and non-regular AC-tree automata correspond to multi-
set context-free grammars and multiset monotone grammars, respectively. More
precisely, the relationships like in Corollary 5 hold for them. This implies the
expressive power of non-regular AC-tree automata strictly subsumes the regular
case, which is also the answer to an open question of our previous paper.

We summarize the decidability results and closure properties of C-, A- and
AC-tree languages in Fig. 3. New results are indicated by dotted squares. All
the results of C-tree languages are easily obtained, because C-TA are essentially
the same as regular TA (Lemma 3, [20]). In the figure, the check mark v' means
“positive” and the cross x is “negative”. The question mark ? means “open”. If
the same result holds in both regular and non-regular cases, it is represented by
a single mark in a large column. A positive result proved only in a special case,
e.g. of F = {f} U Fy with Fac = {f}, is denoted by the check mark with round
brackets.
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