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509:/G8�>D×2Ù$#D-7/6579:Ò %76�%EÓ�50/ ÕD%£/ )�Ü:-�>DÓ
57/ Ó*%DÛ�;<Ñ=-�>@× ÙD#$-0/2509:Ò 9=>D8�Ö�%*%E)�/2Ò¶Ü:× %*Ò¶%E)$57%E+µ/ )�>
50-7%*%J>@Ñ.57#DÒ£>�5�>480#@Ú©5UHJ>@-7%c× /2Ö:-�>@-7Ø 3 Ó*>D×2× %E+%B&CEDGF�à2ãRðRâ 3 579=>�5�ÓE>@)�Ó�9:%aÓ�?!509:%J%EÒ�Ü:50/ ):%E878�#@Ú
Ü:-0#$Ü,#f8I/250/ #D),>@×^57-0%E%³>DÑ.50#$Ò¶>@57>�Ò�#.+.Ñ=×2#�>D878I#.Ó�/G>�57/2Õ&/25UØ 3 Ó�#DÒ¶Ò³Ñ.57>@50/ Õf/25UØ 3 >@),+C/G+.%*)f50/25UØDÛ
h�ý���� / 8JÓ�Ñ=-0-7%*)f50× Ø¶Ñ=80%E+£Úå#$-�>�):%*1&5IÞ�ÙD%*)=%*-�>�50/ #D)À80Ñ.ÝÀÓ�/ %*)f5�Ó�#$Ò�Ü=×2%*50%*)=%E878dÓ�9:%aÓ�?D%E-cÚå#$-
AC>@Ñ=+:% 3 >@)=+B9=>$8d>D×2-7%E>$+.Ø�Úå#DÑ:)=+�>�8IÑ:Ö:50× %±Ö=Ñ:Ù³/ )B509:%!Ö:Ñ:/ ×25IÞ�/2)îAC>@Ñ,+.%±80Ü�%EÓ�/2ß,ÓE>�50/ #D),8
509=>@54Ó*>@)�):#D5(Ö,%�Õ$%*-7/6ß=%a+ÀÑ=80/ ):Ù¶509:%�Ó*Ñ:-0-7%*)f5(Ó�9:%aÓ�?D%*-aÛ
ÐJ9:/ 8�Ü=>@Ü�%*-�/G8À#D-7Ù$>D):/ ï*%E+ç>$8£Úå#D× × #�H(8*ÛdíV) 509:%·):%�1&5î8I%aÓ
50/ #D) 3 HM%¼+.%*ß=):%¼Ü=-0#$Ü,#DÞ

8I/250/ #D)=>D×�57-0%E%B>@Ñ:50#DÒ£>@57>:ÛH@·%�8I9=#�H 9=#�H 579:/G8�Úå-�>@Ò¶%EHd#$-0?·/ 8³Ó�× #$80%E+�Ñ:),+.%*-I8d#&#$×2%a>@)
#DÜ�%*-�>�50/ #D),8 3 >D)=+£>@×G8I#!/ )&ÕD%E8I50/ Ù$>@50%M509=%(-0%aÓ�#$ÙD):/250/ #D)¶Ü�#�Hd%E-»-0%E× >@50/ ÕD%M50#	%aÔfÑ=>�57/2#$)=>@×&57-0%E%
>@Ñ.57#DÒ£>�5�>:ÛDíV)��.%EÓ
57/2#$)5# 3 Hd%4Ó*#D)=80/G+.%*-»579:%4Ò¶%EÒ�Ö�%*-�8I9:/ Ü�+.%aÓ�/G8I/ #D)£Ü=-0#$Ö:×2%EÒ 3 >@),+£>@)=>@Þ

é



×2Ø&ï*%4509:%±Ó�#$Ò�Ü=×2%*1&/25UØ�-0%a8IÑ:×2578cH�/6579À579:%<Ó*#DÒ¶Ü=>@-7/G8I#$)³57#�%aÔ$Ñ,>�50/ #D),>@×.57-0%E%<>@Ñ:50#DÒ£>@57>:Û$íV)
�&%EÓ�50/ #D)=8J�	>D)=+£ð 3 HM%�%�1.Ü:×G>@/ )¶#DÑ:-d>@Ü:Ü:-7#$>$Ó�9	57#�509:%4%*Ò¶Ü.50/ ):%a808»Ü=-0#$Ö:×2%EÒ / )À+.%�5�>@/ ×`Û$íV)�&%EÓ�50/ #D)£á 3 HM%(809:#�H 9=#�H #$Ñ:-�>@Ü:Ü=-0#f>DÓ�9¶Ó*>@)¶Ö�%(/ Ò�Ü=-0#�Õ$%E+³Ñ=8I/ ):Ù�/G+.%E>$8�Úå-7#DÒ Ò¶>$Ó�9:/ ):%
×2%a>@-7):/2)=Ù=ÛK
�/2),>@× ×2Ø 3 /2)%�&%aÓ
50/ #D)�ä 3 Hd%	Ó*#D)=Ó*×2Ñ=+:%<579:%�Ü=>DÜ,%E-�ÖfØ�>D+:+:-0%a8080/2)=Ù�579:%	Ó�Ñ:-7-7%*)f5
8I#DÚ©5UHM>D-0%!+.%*Õ$%*× #DÜ:Ò¶%E)$5�Ü:-7#��U%aÓ
5aÛ

L M·ÊKNPOIÏ�Q ÏIÈSR�Ê=ÏTNPU
@·%4>$8080Ñ:Ò¶%J509=%4-7%E>D+:%*-»/G8»Ú�>@Ò¶/ ×2/G>@-cH�/6579£%EÔfÑ=>�57/2#$)=>@×=×2#$ÙD/GÓ!à á@â,>@)=+�57-0%E%(>@Ñ.57#DÒ£>�5�>¶àXäRâZÛ
@·%·Ñ=8I%¼Ö=>D80/ ÓC):#@5�>�50/ #D),8À#@Ú	-7%*H�-7/250/ ):ÙµÚå-0#$Ò à �@â�Û = )V�	WA����-"+0'�1&���?-YXK�	'��,Z /G8B>�Ü,>@/ -
E = (F,E)

/2)¶H�9:/GÓ�9
F
/G8»><ß=):/250%(80%�5�#@Ú,ÚåÑ:)=Ó�50/ #D)À80ØfÒ³Ö,#$× 8 3 %E>$Ó�9³H�/2509£>@)¶>D8780#&Ó*/ >@50%a+���,+.-"Z 3 >@),+ E /G8�>�80%�5(#DÚ�%aÔ$Ñ,>�50/ #D),8J#�ÕD%*-M579:%!ÚåÑ:)=Ó�50/ #D)Ã8IØ&Ò³Ö,#$× 8J/ ) F ÛíV) 579:%ÃÜ=>DÜ,%E-ÀHd%C>D-0%îÒ£>@/ ):× Ø¸/ )f50%*-7%E8I50%a+ /2) >D8780#&Ó*/ >@50/ ÕD%î>@)=+&[R#D-ÀÓ*#DÒ¶Ò�Ñ:57>�57/2Õ$%

509:%E#D-7Ø\�
A∪C
Þ`579:%*#$-0/ %E8�Úå#D-4809:#D-05	� 3 509,>�54/G8(%aÔ$Ñ,>�50/ #D),>@×�509=%*#D-7/ %E8�H�9:#f8I%�%aÔfÑ=>�57/2#$)=8�/ )

E
>@-7%d>$8080#.Ó�/G>�57/2Õ&/25UØ!>D)=+][�#D-�Ó*#DÒ¶Ò�Ñ:57>�57/2Õ&/25UØ	>�1./ #DÒ£8^Úå#$-�80#DÒ¶%M#@Ú:579:%MÖ:/2),>@-7Ø!ÚåÑ:)=Ó
57/2#$)
8IØ&Ò�Ö�#D×G8EÛ&^±/ ÕD%*)C>�Ö:/ )=>@-7Ø�ÚåÑ=)=Ó
57/2#$)¼8IØ&Ò³Ö,#$×

f ∈ F 3 f(f(x, y), z) = f(x, f(y, z))
/G8

>@)B>$8080#.Ó�/G>�57/2Õ&/25UØ_� � �d>�1./ #DÒ 3 >@)=+ f(x, y) = f(y, x)
/G8J>³Ó*#DÒ¶Ò�Ñ:57>�57/2Õ&/25UØ`� h �J>�1./ #DÒîÛ@·%<Ñ=8I%

FA
57#³+.%E):#@57%�509=%<80ØfÒ³Ö,#$× 8c/2)

F
H�/2509B>@)À>D8780#&Ó*/ >@50/ Õ&/65UØ�>�1./2#$Ò / )

E 3 >@)=+ FC50#�Ö�%(579:%<80Ø&Ò�Ö�#D×G8cH�/2509B>�Ó�#$Ò¶Ò�Ñ.5�>�50/ Õ&/65UØ¶>�1./ #DÒîÛa�./2)=Ó*%<Ó*#DÒ¶Ò�Ñ.5�>�57/2Õ&/25UØ�>D×2#$):%4+.#&%E8
):#@5(%a8080%*)f50/G>@× × Ø�>�6�%EÓ�5�509:%�%*1&Ü=-0%a8080/2Õ$%<Ü�#�HM%*-�#@Ú�509=%�× >D):ÙDÑ=>DÙD%a8<àXéDð 3 ÐJ9:%*#$-0%EÒb#�â 3 HM%
>D878IÑ:Ò¶%4509=>@5M%a>DÓ�9�Ó*#DÒ¶Ò�Ñ.5�>�57/2Õ$%48IØ&Ò³Ö,#$×,/G8J>D878I#.Ó�/G>�57/2Õ$% 3 /`Û %DÛ FC ⊆ FA

Û�
=Ñ:-I579:%*-7Ò¶#D-7%
Hd%JH�-7/657% �dh 50#�+.%E):#@57%M509:%�80%�5 E Ó�#D),8I/G8U57/2)=Ù<#DÚdc	'�-YX � ��1fe h >�1./ #DÒ£8�Úå-0#$Ò FA∩FC

Û
= $&�('($�'*),+.-/+0'�1&���g-"���	�_����-3'�45��-3'�1h� ½ ��� � A / 8³>Ã50Ñ=Ü:×2% (E , Q, φ,∆) 3 Ó*#D)=80/G8U57/2):Ù#@ÚJ509:%�%EÔfÑ=>�57/2#$)=>@×�509:%E#D-7Ø E = (F,E) 3 >�ß=)=/657%B80%�5 Q #@Ú(8I57>@50%E8�+./ 80�U#D/ )f5	Úå-7#DÒ 579:%8IØ&Ò�Ö�#D×G8±/2)

F
��/`Û %DÛ

F ∩ Q = ∅
� 3 >BÜ:-7#DÜ�#$80/657/2#$)=>@×�Úå#D-7Ò�Ñ:×G> φ #�ÕD%*- Q 3 >@)=+·>Àß,):/657%8I%*5

∆
#@Ú�50-�>@)=80/250/ #D)�-0Ñ:× %E8JH�9=#$80%!809=>DÜ,%a8�>@-7%</ )î#D):%!#@Ú�509=%!Úå#D× ×2#�H�/ ):Ù³Úå#D-7Ò¶8�:

i�j?kGl&mKn�o�pKq i�r%s&tKs]uKs]t�kvq
f(α1, . . . , αn)→ β f(α1, . . . , αn)→ f(β1, . . . , βn)

Úå#D-�80#DÒ¶%
f ∈ F H�/6579xwGy0z {/| (f) = n

>D)=+
α1, . . . , αn, β, β1, . . . , βn ∈ Q

Û^í�Ú(> ½ ���
#D):× ØÀ9=>$8J-0%EÙDÑ:×G>@-J-7Ñ:×2%a8 3 HM%�80>RØÀ509:% ½ ��� /G8}�����G�������
~.#D509:%E-0H�/G8I% 3 /65(/G8�45'�1&'�-�'�1&�*Û= Ò¶#�ÕD%d-0%E× >@50/ #D)	#DÚ A = (E , Q, φ,∆)

/G8�>(-7%*H�-7/657%d-7%*×G>�57/2#$)	#�ÕD%E-^509=%M80%�5 T (F ∪Q)#@Ú^57%*-7Ò¶8MH�/2509B-0%a8IÜ�%EÓ�5d57# →∆
Ò¶#.+.Ñ:× #

=E 3
/ZÛ %$Û

s→A t
/6Ú�509:%E-0%±/ 8J>�50-�>@)=80/250/ #D)À-7Ñ:× %

l → α ∈ ∆ >@)=+�>³Ó*#D)f50%*1&5 C ∈ C(F ∪Q)
8IÑ,Ó�9�579=>�5

s =E C[l]
>D)=+

t =E C[α]
Û=ÐJ9:%

-0%A�=%�1./ ÕD%�ÞZ50-�>@),8I/250/ ÕD%±Ó�× #$80Ñ:-0%±#@Ú →A / 8�+.%E):#@57%E+�Ö&Ø →∗A Û= 57%*-7Ò
t
/ 8��v�(�	�3$&-3�	e	Ö&Ø A /2Ú t ∈ T (F )

>@)=+	509:%JÓ�#$Ò�Ü=×2%*50%J8I%*5�#DÚ,8U5�>�57%E8�-0%a>DÓ�9=>DÖ:× %
Úå-0#$Ò

t 3 reachA(t) = {α ∈ Q | t →∗A α } 3 /G8±>�Ò¶#&+:%*×�#@Ú φ Û�8M#&#D× %E>@)CÚå#D-7Ò�Ñ:×G>D8<>@-7%%*Õ�>@× Ñ=>�57%E+BÑ=80/2):Ù�579:%*/ -48I57>@),+:>@-�+À/ )f50%*-7Ü:-7%�5�>�50/ #D),8A:
P |= α

/6Ú
α ∈ P, P |= φ1 ∨ φ2

/2Ú
P |= φ1

#$-
P |= φ2, P |= ¬ φ

/2Ú�):#@5
(P 6|= φ )= 84>D)C%�1:>DÒ�Ü=×2% 3 HM%�Ó�#$)=8I/G+.%E-�509:% ½ ��� A H�/6579Ã509:%³Ü:-7#DÜ�#$80/657/2#$)=>@×wÚå#$-0Ò³Ñ:×G> φ =

α ∧ ¬β >D)=+�509:%!57-7>D)=8I/250/ #D)�-7Ñ:×2%a8w → α � → β � (α) → α � (β)→ β � (α) → γ � (β)→ γ.
ÐJ9:%*)�w£/ 8!>$Ó*Ó�%EÜ.50%a+ÃÖ&Ø A 3 Ö,%aÓ*>DÑ=8I% reachA(

w
) = {α } >D)=+ {α } |= α∧¬β ÛP�./2Ò¶/2Þ× >D-0× Ø 3 � ( w ) /G8(>DÓEÓ�%*Ü:50%E+î>$8 reachA( � ( w )) = {α, γ } >@)=+ {α, γ } |= α∧¬β Û�'(#�HM%*Õ$%*- 3

#



� >@)=+ � ( � ) >D-0%�)=#@54>DÓEÓ�%EÜ.50%a+ 3 Ö�%EÓ*>DÑ=80% reachA( � ) = {β } >@)=+ {β } 6|= α∧¬β 3 >D)=+
reachA( � ( � )) = {β, γ } >@)=+ {β, γ } 6|= α∧¬β Û�íV)f50Ñ:/250/ ÕD%E×2Ø 3 509=%BÚå#$-0Ò³Ñ:×G> α∧¬βÒ�%a>@)=8c509,>�5 A >DÓ*Ó*%*Ü.5�8�57%*-7Ò£8»509=>@5M-7%*H�-7/250%�57#	509=%<8I57>�57% α >@),+À+.#	):#D5d-7%*H�-7/657%(57# β Û��-0#$Ü,#f8I/250/ #D),>@×.57-0%E%4>@Ñ.57#DÒ£>�5�>�>@-7%(Ó�× #$80%E+¶Ñ:),+.%*-g8d#&#$×2%a>@)¶#DÜ�%*-�>�57/2#$)=8A:DÙD/ ÕD%*) A =
(E , Q1, φ1, ∆1)

>D)=+ B = (E , Q2, φ2, ∆2) 3 509:%E) Ö&Ø�>D878IÑ=Ò�/ ):Ù Q1 ∩ Q2 = ∅ 3 509:%/2)f50%E-780%EÓ�50/ #D) L(A)∩L(B)
/ 8M>DÓEÓ�%EÜ.50%a+ÀÖ&Ø¶509:% ½ ��� (E , Q1 ∪Q2, φ1 ∧ φ2, ∆1 ∪∆2)

Û
ÐJ9:%cÓ�#$Ò¶Ü:×2%EÒ¶%*)f5^#@Ú L(A)

/G8^>DÓEÓ�%*Ü:50%E+±Ö&Ø A′ = (E , Q1,¬φ1, ∆1) 3 H�9:%*-7%�509:%�Úå#D-7Ò�Ñ:×G>
φ1
#DÚ A 9=>$8cÖ�%*%E)B-7%*Ü=× >$Ó�%E+ÀÖfØ ¬φ1

Û.ÐJ9:%*-7%�Úå#$-0%(HM%±9=>RÕD%4509:%<Úå#D× ×2#�H�/ ):Ù³Ü:-0#$Ü,%E-I5UØ�Úå#$-
Ü:-0#$Ü,#f8I/250/ #D),>@×�50-7%*%�>@Ñ:50#DÒ£>@57>:Û
���
�����;�&�_�fX����A���*)	)�'T��$f��'($�'*),+.-"+0'�1f���J-"���	�5����-3'�45��-3��+�)I�0�<�(�A-"+.�*�A��Z%�7��'*)A�	e���1&eG�A�
�?'�'����	��1x'	$K�A����-"+0'�1�)A� ut
íV)µ509:%�8I57>D)=+:>D-7+·50-7%*%B>@Ñ.57#DÒ£>�5�>�Úå-7>DÒ�%EHd#$-0? 3 579:%À/ )$57%*-�8I%aÓ
57/2#$)�#@ÚJ5UHd#î57-0%E%�>@Ñ:Þ

50#DÒ£>@57>!Ò£>RØ�9=>RÕ$%M509:%(Ü=-0#.+.Ñ=Ó�5c#@Úw8I57>�57%E8 3 H�9:/GÓ�9£/ 8 |Q1|×|Q2|
8I57>@50%(80ØfÒ³Ö,#$× 8 3 H�9:/ × %

509:%J/ )$57%*-�8I%aÓ
57/2#$)�#@Ú ½ ��� A >@)=+ B )=%*%E+=8 |Q1|+ |Q2|
8I57>@50%J8IØ&Ò³Ö,#$× 8EÛRíV)¶Ó*#DÒ¶Ü:× %*Ò¶%*)f50Þ

/2):Ù�509:% ½ ��� A 3 509:%�8I%*5±#DÚc8U5�>�50%a84/G8<Ñ:)=Ó�9=>D):ÙD%a+ 3 80#À579:%³)&Ñ:Ò³Ö,%E-<#DÚc8U5�>�57%³80ØfÒ³Ö,#$× 8/ 8 |Q1| 3
Ö:Ñ.5�Ó�#$)=8I50-7Ñ=Ó
57/2):Ùî579:%ÀÓ�#$Ò¶Ü:×2%EÒ¶%*)f5	#@Ú(>B50-7%*%À>DÑ.50#$Ò¶>@50#$)�Ò£>RØC-7%EÔfÑ:/ -7%¶>D)

%�1.Ü,#$):%*)f57/ >D×w)fÑ=Ò�Ö�%*-�#@Ú»8I57>�57%�8IØ&Ò�Ö�#D×G8J-7%*×G>�50/ ÕD%<50#¶579:%�#D-7/ ÙD/ )=>@×ZÛ
í�5�/G8£>@×G8I#�>@) %E>$8IØµ× %*Ò¶Ò£>¼57#�809:#�H 579=>�5¶579:%�Ó*× >$808�#DÚ<×G>@):Ù$Ñ=>@Ù$%E8�>$Ó*Ó*%*Ü.57%E+�Ö&Ø

Ü:-0#$Ü,#f8I/250/ #D),>@×�57-0%E%B>DÑ.50#$Ò¶>@57>ÃÑ=)=+.%*-¶>¼Ó*%*-057>D/2)�%aÔfÑ=>�57/2#$)=>@×c509:%E#D-7Ø�/G8�509:%�8IÒ£>@× × %E8I5
Ó�×G>D878³#DÚ±×G>@)=ÙDÑ=>DÙD%E8�Ó�#$)f57>@/ ):/ ):Ù�× >D):ÙDÑ=>DÙD%a8³>$Ó*Ó�%EÜ.50%a+¸Ö&Ø¸8I57>D)=+:>D-7+¸%EÔfÑ=>�57/2#$)=>@×M57-0%E%
>@Ñ.57#DÒ£>�5�>£H�/6579C579:%�87>@Ò¶%³%EÔfÑ=>�57/2#$)=>@×�509:%E#D-7ØÃ>@)=+CÓ*×2#f8I%a+ÃH�/2509¼-7%E80Ü�%EÓ
5<50#�8d#&#$×2%a>@)
#DÜ�%*-�>�50/ #D),8d#�Õ$%*-M509=%�× >D):ÙDÑ=>DÙD%a8*Û
���
�����\���_�fX����A���*)	)�'T�?-"���	�<����1
�������v�7)��v�	�(�3$&-3�	e�cAZ��EDGF �J+.-YX_��1%�	W7����-/+0'�1&���&-YXK�A¡
'��,Z E �	'��,���,)"$�'�1fe*)�$f���	�7+�)A�7�¢Z�-�'�-.X��}�?'�'����	��1x�A��'*),������'T�}-/�(�(�9����1
�������v�7)£�G�	�	�3$&-3�(e�cAZ�(WA����-"+0'�1f���H-/���	�£����-3'�45��-3��)�XK���,+.1a��-.X��£�	WA����-"+0'�1&���P-YXK�	'��,Z E � ut
;<):%£Ó*>@)�#DÖ,8I%E-0Õ$%�579=>�5 3 ÙD/ ÕD%E)�>B50%E-0Ò t ∈ T (F )

>@),+�>�Ü:-7#DÜ�#$80/250/ #D)=>D×�57-0%E%À>@Ñ.Þ
50#DÒ£>@50#D) A 3 H�9:%E) t→∗A α

/ 8�+.%EÓ*/ +:>DÖ:× %»Úå#D-�>@)&Ø<8I57>@50%
α
#@Ú A 3 reachA(t)

/ 8�%76�%EÓ�50/ ÕD%*× Ø
Ó�#DÒ¶Ü:Ñ:57>@Ö=×2%$Û:ÐJ9:/ 8(×2%a>D+:8M57#³579:%�#DÖ,8I%E-0Õ�>�57/2#$)�:
���
�����¥¤P�_�fX���45�745c	�7�	)�X�+ $¦$&�('GcA���74§�7'����	WA����-"+0'�1&���9-"���	������-3'�45��-3�¨��1&ev�7����1
�(WA����-"+0'�1f���&-.X��	'��,Z E +�)<ev�	�7+0ev�GcA����+ �<��1&eI'�1]��Z�+ �?-.X��S45�745c	�7�	)�X�+ $5$&��'vc7���A4©�7'��2$&��'	$K'�¡)	+.-"+0'�1f���H-/���	�£����-3'�45��-3�5�J+.-YX E +�)�eG�	�A+0eG�GcA����� ut
ª «©N�ÎwÏIÌSRd¬±ÏTOIÏUÉ�­¯®�NHUfÍ<OVÉKU
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A
H�9:/GÓ�9¼Ó*>D)¼>D80? 3 +.Ñ:-7/ ):Ù�/2578!Ó�#$Ò¶Ü:Ñ.57>@50/ #D) 3 80#DÒ¶%

Ò�%EÒ�Ö�%*-�8I9=/2ÜµÔfÑ:%E8I50/ #D)=8�>DÖ,#$Ñ.5
B 3 H�9=%*-7%�%a>DÓ�9�Ô$Ñ=%*-7ØÃÚå#D- B /G8�>@)=80Hd%E-0%a+C/ )�>�Ñ:)=/6550/ Ò�%$Û»ÐJ9:%�-7%*×G>�57/2#$)

A 6Pm B
/G8³Ü,#$×2Ø&):#$Ò�/G>@×2ÞZ50/ Ò�%\4���1�Z�¡3-3'�¡T'�1&�B-0%a+.Ñ=Ó*/2Ö:/ × /65UØ 3 >D)=+

/65Ã/G8�+:%�ß=):%a+ >$8BÚå#D× ×2#�H(8�:
A 6Pm B

/6Ú³509:%E-0%µ%�1./G8U5�8î>¸Ü�#D× Ø&):#DÒ¶/G>@×2Þ`57/2Ò¶%·ÚåÑ:)=Ó
57/2#$)
f : Σ∗ → Γ ∗

8IÑ=Ó�9B509,>�5�Úå#D-�%a>DÓ�9
x ∈ Σ∗ 3 x ∈ A /6Ú»>@),+�#$):×2ØB/6Ú f(x) ∈ B Û

¾�¿*ÀPÀ]Á_À&Á��Â�
������¼H�(ñ^%*5 A = (E , Q, φ,∆)
H�/6579 E = (F,E)

Ûg@·%�+.%�ß=)=%C509=%
-0%EÙDÑ:×G>@- �ch Þ`57-0%E%�>DÑ.50#$Ò£>�50#$) BA

>D878I#.Ó�/G>�57%E+ç57# A ÛE8MØ >$8080Ñ:Ò¶/2)=Ù 〈 , 〉 /G8î>�Úå-7%E809Ö:/2),>@-7Ø�8IØ&Ò³Ö,#$× 3 HM%!×2%*5 BA = (E ′, P, Ã�Ä"Å.Å , ∆A)
H�9:%E-0%

E ′ = (F ∪Q ∪ { 〈 , 〉 }, E)

P = { Ã α, Æ α | α ∈ Q } ∪ { Ã*Ä"Å.Å }
∆A = {α→ Æ α | α ∈ Q }
∪ { 〈 Ã α, Æ α〉 → Ã�Ä/Å.Å | α ∈ Q }
∪ { f( Ã α, Ã β)→ Ã γ | f(α, β)→ γ ∈ ∆ }.8dØ	Ó*#D)=8I50-7Ñ=Ó�50/ #D) 3 /25�/G8»Ó�× %E>D-�579=>�5�Úå#$-�%a>DÓ�9 t ∈ T (F )
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~w#D509:%E-0H�/G8I% 3 α / 8 0
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(F,Q, α1 ∨ · · · ∨ αn, ∆,E)
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α1, . . . , αn ∈ Q
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íV) Ó�#$)f50-�>D8I5�50#�579:%�>DÖ,#�Õ$% 3 /2) 509=% � Ó*>$8I%x�åH�/2509=#DÑ.5ÀÓ�#$Ò¶Ò�Ñ.5�>�50/ Õ&/65UØ�>@1&/ #DÒ£8	� 3 509=%
%*Ò¶Ü.50/ ):%a808�Ü=-0#$Ö:×2%EÒ /G8JÑ:)=+.%aÓ�/G+:>@Ö:× %G:
Û9Ü �
À]¿��a�Ý�]�%�fXK�S$&��'vc7���74Þ'ß�£�(X��(�	à�+.1a���HXK�A-.X��7� L(A) = ∅

�7'����������������<�EDGFh�J+.-YX
��),+.1a�G���I�*)	)A'��A+0��-"+.��+.-"Z���áv+0'�4â+�)}��1&eG�	�A+0eG�vc7�����

á



ãg��'�'ß�7�»^±/2Õ$%*) >¼-0%EÙDÑ:×G>@-³%EÔfÑ=>@50/ #D)=>D×�50-7%*%î>@Ñ:50#DÒ£>@50#D) B H�/2509ç>¼80/2):Ù$×2%�>D878I#.Ó*/ >@50/ ÕD%8IØ&Ò�Ö�#D× 3 /25ÀHM>$8�809:#�H�) /2)�àXéDðRâJ57#�Ö,%îÑ:)=+:%EÓ�/G+:>DÖ:×2%ÃH�9=%�509=%*- L(B) = T (F )
ÛcÐJ9:/G8

Ü:-0#$Ö:× %*Ò / 8�%EÔfÑ:/ ÕR>D×2%E)f5�50# Ó�9:%EÓ�?&/ ):Ù
(L(B))c = ∅

ÛÂ8MØçñ^%*Ò¶Ò£> é 3 579:%¼×G>@):Ù$Ñ=>@Ù$%
(L(B))c /G8�-0%aÓ�#$ÙD):/ ïE>DÖ:×2%±Ö&Ø�> ½ ��� H�/2509Ã>¶8I/ ):Ù$×2%�>D8780#&Ó*/ >@50/ ÕD%±8IØ&Ò�Ö�#D×ZÛ ut

ä4%a8IÜ:/250%B509=%�×G>DÓ�?µ#DÚ<+.%EÓ*/ +=>@Ö:/ ×2/25UØ 3 HM%B)=%*ÕD%E-I579:%*× %E878�>@-7%�/ )$57%*-7%E8I50%a+�/ ) +.%EÕD%*× #DÜ:Þ
/2):Ùµ80%*Ò¶/6ÞV+.%aÓ�/G8I/ #D)¸>D×2Ù$#D-7/6579:Ò£8	579=>�5¶HM#D-7?�HM%*× ×M/2) Ü:-�>DÓ
57/ Ó*%DÛ�ÐJ9:/G8³/G8�Ò¶#@50/ Õ�>�57%E+�Ö&Ø
509:%�8I50Ñ,+.Ø�>DÖ,#$Ñ.5(579:%�80Ñ.ÝÀÓ�/ %*)f5<Ó�#$Ò¶Ü:×2%*50%E):%E878(Ó�9:%aÓ�?f/ ):Ù¶#@Ú»#$-7+.%E-IÞV80#D-050%E+�%EÔfÑ=>@50/ #D)=>D×
8IÜ�%EÓ*/6ß,ÓE>�57/2#$)=8 3 H�9:%E-0%³Hd%³9=>RÕD%�Úå#DÑ:)=+¼%EÔfÑ=>@50/ #D)=>D×^50-7%*%�>@Ñ.57#DÒ£>�5�>£57%EÓ�9:):/GÔfÑ:%E8450#�Ö�%
Ô$Ñ=/657%ÃÑ=8I%*ÚåÑ:×	à ã�#@âZÛ»íV) >@Ü=Ü:×2/GÓ*>@50/ #D)=8 3 509&Ñ=8£Ú�>@-£HM%�9,>RÕD%îÒ£>@/ ):×2Ø¸Ö,%E%*)ç/2)f57%*-7%E8I50%E+ / )
-0%EÙDÑ:×G>@- ½ ��� 3 80#£Hd%�H�/2× ×^-7%E8I50-7/ Ó�5(#DÑ:-4>@5I57%*)f50/ #D)�50#�-0%EÙDÑ:×G>@- ½ ��� Úå#D-�579:%	-7%*Ò£>@/ )=+.%E-
#@Ú�509:/G8�8I%aÓ
57/2#$)^Û
;<Ñ:-	>@× ÙD#$-0/2509:Ò�Úå#$-	Ó�9:%EÓ�?&/ ):Ùî%*Ò¶Ü.57/2):%a808�Ó�#DÒ¶Ü:Ñ:50%E8±579:%À80%�5	#@Ú�8I57>�57%E8!-7%E>$Ó�9=>@Ö:× %

Úå-0#$ÒÄ57%*-7Ò¶8EÛ,ÐJ9=%�/G+.%E>£#DÚ�509:/G84>D×2Ù$#D-7/6579:Ò /G8480/ Ò�/ ×G>@-�57#À509=%	Ñ=80%�#@Ú�80Ñ:Ö=80%�5<Ó*#D)=8I50-7Ñ=Ó�Þ
50/ #D)�50#ÀÓ*#DÒ¶Ü:× %*Ò¶%*)f5(-7%*ÙDÑ=× >D-J50-7%*%	>@Ñ:50#DÒ£>@57>�/2)µàPäaâ 3 Ö:Ñ.5<H�/6579Ã%�1&50%E)=8I/ #D),8M50#£9=>D)=+.× %
>D878I#.Ó�/G>�57/2Õ$%d>D)=+�Ó*#DÒ¶Ò�Ñ.5�>�57/2Õ$%M80Ø&Ò�Ö�#D×G8*Û�ÐJ9:#$Ñ:ÙD9³9=>RÕ&/2):Ù±):#±ÙDÑ=>D-7>D)f50%*%c50#<50%E-0Ò¶/ )=>�57%
Úå#D-J>@× ×�ÓE>D80%E8 3 509=%±>D×2Ù$#D-7/6579:Ò ß,)=+:8J>@)�>$Ó*Ó*%*Ü.57/2):Ù�50%E-0Ò /2Ú�>	×G>@):Ù$Ñ=>@Ù$%4>DÓEÓ�%EÜ.50%a+£Ö&Ø¶>D)
/2):Ü=Ñ.5 ½ ��� /G84):#$).Þ�%*Ò¶Ü.5UØ 3 >@)=+C/65±Ü:-0#�Õ$%E8J579:%�%EÒ¶Ü.50/ ):%E878(/2Ú�579:%³>$Ó*Ó�%EÜ.50/ ):ÙÀ×G>@)=ÙDÑ=>DÙD%
/ 8�%EÒ¶Ü.5UØ�>@),+�579:% ½ ��� 87>�57/ 8Iß=%E8�Ó*%*-057>D/2)�-0%EÙDÑ:×G>@-7/25UØ¶Ó*#D)=+:/657/2#$)=8*Û
ñ^%�5 ≡A

Ö,%±579:%�%EÔfÑ:/ Õ�>@× %*)=Ó*%<-7%*×G>�57/2#$)�#�ÕD%E-�57%*-7Ò¶8JH�9=%*-7%
s ≡A t

/�6�Û
reachA(s) =

reachA(t)
Û2
:#D-�57-0%E%�>DÑ.50#$Ò¶>@57> 3 579:%ÃÓ�#D-7-7%EÓ
57):%E878	#DÚ<80Ñ:Ö=80%�5£Ó�#D),8U57-0Ñ=Ó�50/ #D)¸5UØfÜ=/ ÓE>@× ×2Ø

-0%E×2/ %E84#D)Ã579:%	Ú�>$Ó
54579=>�5 ≡A
/G8<>�Ó�#D)=ÙD-7Ñ:%*)=Ó*%�H�/6579¼-7%E80Ü,%aÓ
5(57#BÓ*#D)f50%*1f5�8*Û,/`Û %DÛ

s ≡A t/2Ò¶Ü:× /2%a8
C[s] ≡A C[t]

Úå#D-<>@× ×�Ó�#$)$57%�1&578
C
Û='(#�HM%*Õ$%*- 3 509:/G8JÚ�>DÓ�5IeG'��7)91&'�-J9:#$× +�/ )î509:%

Ó*>D80%�H�9=%*)�579:%B-7#&#@5�#@Ú
s
#D-

t
/ 8¶>D) = 80Ø&Ò�Ö�#D×

f
>@)=+�509:%îÓ�#$)f50%�1&5

C
9=>D8

s
#D-

t/2Ò¶Ò¶%E+./G>�57%*× Ø¼H�/2509:/ )�>B50%*-7Ò ×G>@Ö�%*× %E+·Ö&Ø
f
Û�ä<Ñ:%¶50#î579:/G8�Ó�#DÒ¶Ü:× /GÓ*>�57/2#$) 3 #DÑ=-	8IÑ:Ö,8I%*5

Ó�#D),8U57-0Ñ=Ó�50/ #D)¶>@× ÙD#$-0/2509:Ò Úå#D- � >D)=+ �dh 80Ø&Ò�Ö�#D×G8�Ò¶>D/2)f5�>@/ )=8»>D+:+:/657/2#$)=>@×:/ ).Úå#$-0Ò£>�57/2#$)^Û@·%�ß=-78I5±+:%�ß=):%�509:%³/2):Úå#D-7Ò¶>@50/ #D)C#$Ñ:-<80Ñ:Ö=80%�5!Ó�#$)=8U57-0Ñ,Ó
50/ #D)C>D×2Ù$#D-7/6579:Ò Úå#D-(579:% �
>@)=+ �ch Ó*>D80%!H�/2× ×w%*Õ$%*)f50Ñ,>@× ×2Ø�Ó*#DÒ¶Ü:Ñ.57%DÛ
å��aædçHè0é�è0À&çÏ�]��êE+.�*�A1©����D�F A = (E , Q, ψ,∆)

'����A��-YXK��-.X��	'��,Z E = (F,E) ë ���7-
det(A) ⊆ P(Q)× F c	��-.X��})A�A-

det(A) = { (reachA(t), root(t)) | t ∈ TF }
�

;<):%M809:#$Ñ:× +�-0%EÒ£>@-7?<579=>�5
det(A)

/G8�ß=):/250% 3 9:#�Hd%EÕD%E-�/25�/G8�):#@5�>D×2HJ>RØ.8�Ó�#$Ò¶Ü:Ñ.57>DÖ:× %DÛ
;<Ö=8I%E-0Õ$%M509=>@5 L(A) 6= ∅

/�6�ÛD509:%E-0%(/G8�>�Ü,>@/ -
(P, f) ∈ det(A)

8IÑ,Ó�9³579=>�5
P |= ψ

Û$ÐJ9:%
Ñ:)=+.%aÓ�/G+:>@Ö:/ × /65UØC#DÚ�509=%£%*Ò¶Ü.50/ ):%a808±Ü:-7#DÖ:× %*Ò #@Ú L(A)

509&Ñ=8!/ Ò¶Ü:× /2%a8±509:%¶Ò¶%*Ò³Ö,%E-7809:/ Ü
Ô$Ñ=%E8I50/ #D)

(P, f) ∈ det(A)
/G8J):#D54+.%EÓ*/ +:>DÖ:× %±%E/6579:%*-aÛ


:#D-±579:%£-0%EÒ£>@/ )=+.%*-!#DÚc509=/ 8	80%EÓ�50/ #D) 3 × %�5 A Ö,%À> ½ ��� H�/2509�>D) A∪C
Þ`579:%*#$-0Ø$Û�íV)

509:/G8	Ó*>$8I% 3 Hd%£Ó*>D)·#$Ö.57>D/2) det(A)
Ö&Ø¼>D)·/250%E-7>@50/ ÕD%¶Ó�#DÒ¶Ü:Ñ:57>�57/2#$)�8I57>D-I57/2)=ÙBÚå-7#DÒ 509:%

%*Ò¶Ü.5UØ	80%�5
dA(0) , ∅ Û�@�%c579:%*)�%�1.Ü=>D)=+ dA(0)

50#
dA(1), dA(2), . . .

/ )	579:%M/2).Úå%E-0%E)=Ó�%
-0Ñ:× %E8}�`+.%�ß,):%E+î×G>�57%*-,�cÑ=)$57/2×�Ó�#DÒ¶Ü:× %�57/2#$)^Û.òc>$Ó�9î80%�5

dA(i)
/G8(>¶80Ñ:Ö=80%�5(#@Ú

det(A)
Û,ÐJ9:%

Ò¶>DÜ:Ü:/ ):Ù
dA
/G8(80/2Ò¶Ü:× /2ß=%E+B50#

d
/2Ú A /G8J#DÖ&Õ&/2#$Ñ=8M/2)�579:%	Ó�#$)$57%�1&5EÛ8d%*Úå#D-7%£+.%E87Ó�-7/2Ö=/2):Ùî579:%�/ ).Úå%E-0%E)=Ó�%£-7Ñ:× %E8 3 HM%£Ò�Ñ=8I5�ÙD/ ÕD%À>ÃÚå%*H Ò¶#D-7%À+.%�ß=)=/657/2#$)=8*Û@·%�ß=-78I5�%*1f57%*)=+

reachA
50#·>@× ×2#�H 80%�578�#@Ú48I57>@50%E8

Pi ⊆ Q
>D8�Ó*#D)=8I57>D)f578	>DÜ:Ü,%a>@-7/2)=Ù

/2)�50%E-0Ò£8EÛ���-7%EÓ*/ 80%*× Ø 3 579:%£-0%a>DÓ�9=>DÖ:× %�8I57>@50%E8 reachA(f(P1, . . . , Pn))
Úå#D-	>�-3�7�,4ì�J+.-.X

)7�A-/)��*)��	'�1�),-���1�-/)4/ 8M579:%!Ñ:):/ #D)B#@Ú�579:%!-0%a>DÓ�9=>DÖ:× %<8I57>�57%E8dÚå#D-J%a>DÓ�9À57%*-7Ò /2) T (F ∪Q)Úå#D-7Ò�%a+�Ö&Ø�Ó�9:#&#$80/2):Ù¶>@)�%*× %*Ò¶%E)$5(/ )�%E>DÓ�9î8I57>�57% 3 /ZÛ %DÛ

reachA(f(P1, . . . , Pn)) = {β ∈ Q | (∃αi ∈Pi : 1≤ i≤n) f(α1, . . . , αn)→∗A β} .

ä




:#D-M%E>$Ó�9À>D878I#.Ó*/ >@50/ ÕD%(80ØfÒ³Ö,#$×
f ∈ FA

3 >D)=+À80%�5 d(i) 3 HM%<+.%*ß=):%!>�Ó�#$)f50%�1&50Þ`Úå-7%*%(Ù$-7>DÒ�ÞÒ¶>D-
Gf,d(i)

Û�íV)$57Ñ:/250/ ÕD%*× Ø 3 509:%�-0Ñ:× %E8!/ )µ509=%ÀÙD-�>@Ò¶Ò£>@-�>@-7%£#DÖ:57>@/ ):%a+¼Úå-7#DÒ 509:% ½ ��� 3
>@)=+C80/ Ò�Ñ:×G>�57%�509:% ½ ��� #�ÕD%*-ÂíE��-/-3�A1&�	eB50%E-0Ò£8<#@Ú»509=%	Úå#D-7Ò f(P1, . . . , Pn)

Û�òc>DÓ�9·8I%*5
Pi ⊂ Q

/G8J-7%E>DÓ�9,>@Ö:× %<Ö&Ø�>�57%*-7Ò H�9:#f8I%!-7#f#D5(8IØ&Ò�Ö�#D×w/G8J):#D5
f
Û

å��aædçHè0é�è0À&ç×����êE+.�*�A1;�������G�������<��DGF A = (E , Q, φ,∆)
�J+.-.X

f ∈ FA
��1&e�)7�A-

d(i) ë����eG�/î21f��-YXK�E��>�5I57%*):%a+ÀÙ$-7>DÒ�Ò£>D-�Úå#D-
f ë Gf,d(i)( ï�ï ) = (Σf,d(i), Q, ï�ï , R) ë �HX��7���

È Σf,d(i) = {P | ∃(P, g) ∈ d(i) : g 6= f } ë
È R = { γ := αβ | f(α, β)→ γ ∈ ∆ } ∪ { γ := P | P ∈ Σf,d(i) ∧ γ ∈ P }

�
íV)�509=%BÜ=>DÜ,%E- 3 HM%�H�-7/657% L(G(α))

57#·+.%E):#@57%�579:%î× >D):ÙDÑ,>@ÙD%�ÙD%*)=%*-�>�50%a+µÚå-7#DÒ
α/6Ú

G
/ 8��`>îÒ£>@Ü:Ü:/ ):Ùî57#a�!>îÙD-�>@Ò¶Ò£>@-!H�/2509�>�):#$).Þ`57%*-7Ò¶/2)=>D×c80ØfÒ³Ö,#$×

α
Û�ÐJ9:%�ã����,+�à�X

+.4����v�Àà éDá�â�#@Ú^579:%<×G>@)=ÙDÑ=>DÙD% L(G(α))
/G8J+.%*):#D50%a+ÀÖ&Ø S(G(α))

Û]ð4>DÒ¶%*× Ø 3 S(G(α)) =
{#(w) | w ∈ L(G(α)) } 3 H�9:%E-0% # : Σ∗ → N|Σ|

Ò¶>DÜ=8£%a>DÓ�9 8U57-0/ ):Ù�/ )
Σ∗
57#

509:%¶ÕD%aÓ
57#D-�Ó�#$Ñ:)f50/ ):Ù�509:%¶)&Ñ:Ò�Ö�%*-�#DÚd#.Ó*Ó*Ñ:-7-0%E)=Ó�%a84#DÚd%E>$Ó�9¼57%*-7Ò¶/2)=>D×»8IØ&Ò�Ö�#D×ZÛ�
:#$-�>
8IÑ:Ö,8I%*5

P (⊆ Q)
#DÚ�)=#D).ÞZ50%E-0Ò¶/ )=>@×G8 3 ×2%*5 L(G(P ))

%EÔfÑ=>@×:509:%48I50-7/ ):Ù$8�>DÜ:Ü�%E>@-7/ ):Ù�/2)¶579:%
× >D):ÙDÑ=>DÙD%a8 L(G(α))

ÙD%*)=%*-�>�50%a+�Ö&ØÀ)=#D).ÞZ50%E-0Ò¶/ )=>@×G8
α ∈ P >D)=+�):#@5(/ )�509:%�×G>@)=ÙDÑ=>DÙD%E8

L(G(β))
Ù$%*):%E-7>@50%E+	ÖfØ!579:%J):#D):Þ`57%*-7Ò�/ )=>D× 8

β ∈ (Q−P )
Û�@·%�+.%*ß=):% S(G(P ))

+.%E):#@57%
509:%	Ó*#D-7-0%a8IÜ�#D)=+:/2):Ù¶Ó�#$)=8I50-7Ñ=Ó
57/2#$)ÀÚå-7#DÒ 579:%}�»>@-7/2?&9�/2Ò£>@Ù$%E8 3 /`Û %DÛ 3
L(G(P )) =

\

α∈P
L(G(α)) −

[

β∈(Q−P )

L(G(β)) S(G(P )) =
\

α∈P
S(G(α)) −

[

β∈(Q−P )

S(G(β))

= 8JÓ�#$)$57%�1&5IÞZÚå-7%*%(Ù$-7>DÒ�Ò£>D-78d>@-7%4):#D5JÓ*×2#f8I%a+£Ñ:)=+.%E-J/2)f50%E-780%EÓ�50/ #D)�>D)=+ÀÓ*#DÒ¶Ü:× %*Ò¶%*).Þ
57>�57/2#$) 3 L(G(P ))

/ 8M):#D5M)=%EÓ�%a8087>@-7/ ×2Ø¶Ó�#$)$57%�1&5IÞZÚå-7%*% 3 >@)=+BÓ�9:%EÓ�?&/ ):Ù	%EÒ�Ü:50/ ):%E878M/ 8MÑ:)=+:%�Þ
Ó�/G+:>@Ö:× %DÛD;<)�509:%M#@579:%*-�9=>D)=+ 3 S(G(P ))

/ 8�>±8I%EÒ¶/6Þ�×2/ ):%a>@-�8I%*5MàXé@á@â 3 Ö�%EÓ*>DÑ=80%d80%*Ò¶/6Þ�× /2):%a>@-
8I%*578»>@-7%�Ó�× #$80%E+�Ñ:)=+.%E-28d#&#$×2%a>@)�#$Ü,%E-7>@50/ #D)=8 3 >@)=+�Ò¶#D-7%*#�Õ$%*- 3 9=>RÕ$%M>!+.%a+./G+:>@Ö:× %�%*Ò¶Ü.57/6Þ
):%E878JÜ:-7#DÖ:× %*ÒîÛ
íV)¼#DÑ=-±>D×2Ù$#D-7/6579:Ò 3 HM%�8I57>D-I5!H�/2509 d(0) = ∅ 3 >D)=+Ã579:%*)µÓ�#$Ò�Ü=Ñ.50% d(i + 1)

Úå-7#DÒ
d(i)
Ñ=80/2):Ù�509:%</2):Úå%*-7%*)=Ó*%<-7Ñ:× %E8�Ö�%*× #�H�Û&òc>DÓ�9B8U57%*Ü�>$+:+:8M>	Ü=>D/2-M/2)

det(A)
):#@5M/2)

d(i)
Û

(1) f 6∈ FA ∪ FC :
(P1, f1), . . . , (Pn, fn) ∈ d(i)

d(i+ 1) = d(i) ] { ( reachA(f(P1, . . . , Pn)), f ) }

(2) f ∈ FA − FC :
P ⊆ Q Σ2+

f,d(i) ∩ L(Gf,d(i)(P )) 6= ∅
d(i+ 1) = d(i) ] { (P, f ) }

(3) f ∈ FA ∩ FC :
P ⊆ Q N>1 ∩ S(Gf,d(i)(P )) 6= ∅

d(i+ 1) = d(i) ] { (P, f ) }
íV)Ã509:%�ß=-�8U5±-0Ñ:× % 3 Hd%³):#D):Þ�+.%*50%E-0Ò¶/ ):/ 8I50/GÓ*>D×2× ØîÓ�9:#&#$80%�%*× %*Ò¶%*)f578 (P1, f1), . . . , (Pn, fn)Úå-0#$Ò

d(i)
Û�ÐJ9:%a8I%¶%*× %*Ò¶%E)$5�8!):%*%a+�):#@5�Ö�%À+./ 8I50/ )=Ó�5EÛ^íV)�509=%À8I%aÓ�#D),+·>D)=+C579:/ -7+�-7Ñ:×2%a8 3

Hd%�H�-0/250%
Σ2+
f,d(i)

Úå#$-±509:%¶8U57-0/ ):Ùf84#�Õ$%*-
Σf,d(i)

Ó�#$)f57>@/ ):/ ):ÙB>@5±× %E>$8U5±5UHM#�× %�5I57%*-�8 3 >D)=+

N>1 Úå#D-�Õ$%EÓ�50#D-�8M#�ÕD%E-M),>�50Ñ=-7>D×w)fÑ=Ò�Ö�%*-�8JH�9:#$80%�%*× %*Ò¶%*)f5�8�8IÑ:Ò Ñ:Ü�50#À>@5(×2%a>D8I5 2
ÛK@�%
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8IÑ:Ö,8U57/657Ñ.50/ #D)
α 7→ L(Mα) 3 579:%*) 509:%·Ü:-7#DÖ:× %*Ò #@Ú�Ó�9:%aÓ�?&/2):Ù�H�9=%�509=%*- L(Mα) =

L(G(α))
Úå#D-À>@× ×

α ∈ Q
-0%a+.Ñ=Ó*%E8�50#�+.%aÓ�/G+./ ):ÙµH�9:%�579:%*-

ψ
/G8¶509:%îÑ:)=/ ÔfÑ:%C80#D× Ñ.50/ #D)

80>@50/G8UÚåØ&/ ):Ù(ÐJ9:%*#$-0%EÒ #=Û�
:#$-^%E>$Ó�9!%EÔfÑ=>�57/2#$)
α = Pα

3 HM%cÓ*>D)!Ó*#D)=8I50-7Ñ=Ó�5^509:%d>@Ñ.57#DÒ£>�57#D)

ãaë



MPα

H�/2509 L(MPα) = Pαψ
+.Ñ:%c50#�579:%c%A6�%aÓ
50/ ÕD%dÓ�× #$80Ñ:-0%»#DÚ.-0%EÙDÑ:×G>@-^×G>@)=ÙDÑ=>DÙD%E8�Ñ=)=+.%*-

Ñ:):/ #D)C>@),+�Ó*#D)=ÓE>�57%*)=>@50/ #D)^Û=AC#D-7%*#�ÕD%E- 3 #$):%	Ó*>D)îÓ�9=%EÓ�?�H�9=%�509=%*- L(Mα) = L(MPα)Úå#D-�%E>$Ó�9
α ∈ Q Ñ=80/ ):Ù4579:%�8U5�>@)=+=>@-�+	>@Ü:Ü=-0#f>DÓ�9:%a8wÚå#D-�57%E8I50/ ):Ù4579:%J%EÔfÑ:/ Õ�>@× %*)=Ó*%d#DÚ:ß=):/250%>@Ñ.57#DÒ£>�5�>:ÛK�&#£Ó�× %E>D-0× ØÀHM%!ÓE>@)îÓ�9:%EÓ�?£H�9=%�509=%*-

ψ
/G8�>�80#D× Ñ.57/2#$)^ÛK8MÑ.5�/65(/G8�>@×G8I#�57-0/ Õ&/ >D×

50#CÓ�9:%aÓ�?CH�9:%�579:%*-
ε 6∈ L(Mα)

Úå#D-�%a>DÓ�9
α ∈ Q Û�ÐJ9&Ñ=8�/25�/ 8�+.%EÓ*/ +:>DÖ:× %£H�9:%�579:%*- ψ80>@50/G8Uß=%a8J509=%³Ó�#$)=+./250/ #D)=84/2)CÐJ9=%*#D-7%*Òâ#:Û=í�Ú�/65!+.#&%E8�579:%*)

ψ(α)
Ò³Ñ=8U5<%EÔfÑ=>@× L(G(α))Úå#D-�%E>$Ó�9

α ∈ Q Û ut
ÐJ9:%�?D%EØ<Ü=-0#$Ö:×2%EÒ +:/ 87Ó�Ñ=8780%E+!/ )�509:%M8I%aÓ
57/2#$)�/ 8�+.%�57%*-7Ò�/ ):/ ):Ù(H�9:%*509:%E-�579:%c×G>@)=ÙDÑ=>DÙD%

L(G(α))
/G8�-7%*Ù$Ñ:× >D-»Úå#D-d%E>$Ó�9£):#D).ÞZ50%E-0Ò¶/ )=>@×

α ∈ Q Û&;<):%<Hd#$Ñ:×G+¶%�1.Ü,%aÓ
5d509:/G8cÜ=-0#$Ö:×2%EÒ50#±Ö,%JÑ:)=+:%EÓ�/G+:>DÖ:×2%$ÛG�&Ñ:-7Ü:-7/ 80/2)=ÙD× Ø 3 +.%E80Ü:/250%J8I%a>@-�Ó�9:/2)=Ù<80%*ÕD%E-7>D×@57%�1&578 3 Hd%JÓ�#$Ñ:×G+	):#D5�ß,)=+
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/ 8»-7%*Ù$Ñ:×G>@-�Úå#D-»%E>$Ó�9³)=#D).ÞZ50%E-0Ò¶/ )=>@×
α 3 ÐJ9:%*#$-0%EÒþ�À809:#�H(8J509,>�54HM%	Ó*>D)C>@× HM>RØ.8�809:#�H 579=>�5<ÖfØBÙD%E):%*-�>�57/2):ÙÀ>D)î%EÔfÑ:/ ÕR>D×2%E)f5
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�4)=+.%aÓ�/G+:>@Ö:/ × /65UØ�-0%a8IÑ=×65�8
Úå#D-!Ó�#D)f57%�1&5IÞZÚå-0%E%�×G>@):Ù$Ñ=>@Ù$%E8<8IÑ=Ó�9·>D8�^±-0%E/2Ö=>$Ó�9�� 8(579:%*#$-0%EÒ�à ãEá 3 �.%EÓ@Ûwê=ÛXäRâ�+.#�):#@5�>@Ü:Þ
Ü:×2Øî80/2)=Ó*%!509:%EØ�Ó*#D)=Ó*%*-7)�80/ ):ÙD× %�Ó�#$)f50%�1&50Þ`Úå-7%*%!×G>@):Ù$Ñ=>@Ù$%E8�>@),+�579:/G8(Ü:-7#DÜ�%*-05UØ�Ó�#$)=Ó�%E-0),8
%*ÕD%E-0Ø�):#$).Þ`57%*-7Ò¶/2)=>D×�/ )·>�ÙD-�>@Ò¶Ò£>@-aÛ=ÐJ9:%E#D-7%*Ò ��� 8<-0%a8IÑ=×65±/65�8I%E×6Úc-7%*× / %E+Ã9:%a>RÕ&/2× ØîÑ:Ü,#$)
509:%±>D878IÑ:Ò¶Ü.57/2#$)¶509=>@5d%EÕD%*-7Ø�):#D).ÞZ50%E-0Ò¶/ )=>@×=ÙD%*)=%*-�>�50%a8c>�-7%*Ù$Ñ:×G>@-�×G>@):Ù$Ñ=>@Ù$%DÛDÐJ9=%<87>@Ò¶%
>@Ü:Ü:-7#$>$Ó�9Ã+.#&%E8<):#@5±Hd#$-0?B50#�Ó�#D),8U57-0Ñ=Ó�5±>¶ß,):/657%�>DÑ.50#$Ò£>�57>�Ó�#D-7-7%E80Ü,#$)=+./ ):Ù¶50#î>À80/2).Þ
ÙD× %�):#$).Þ`57%*-7Ò¶/2)=>D×�/ )

G
+.Ñ=%	50#�509:%�Ñ:)=+:%EÓ�/G+:>DÖ:/2× /25UØ�#DÚ»509:%³%EÔfÑ:/ Õ�>@× %*)=Ó*%�Ü:-7#DÖ:× %*ÒÅÚå#D-

Ó�#D)f57%�1&5IÞZÚå-0%E%<Ù$-7>DÒ¶Ò¶>D-78J>D)=+�-7%*Ù$Ñ:×G>@-J× >D):ÙDÑ,>@ÙD%a8*Û

� � È?Õ�OIÍ<ÏIÈ��/U��©OßÕ�Ë�Ê,ÏVÉ��?Q
ÐJ9:#DÑ:Ù$9�50%EÓ�9=):/ ÓE>@× ×2Øµ80#DÑ:)=+ 3 /2ÚJ#$):%ÀHM%*-7%¶50#C/ Ò¶Ü:× %*Ò¶%*)f5�579:%�80%*Ò¶/2Þ�>D×2Ù$#D-7/6579:Ò Ñ=80/2)=Ù
509:%¶)=>��`Õ$%³>@Ü=Ü:-0#f>DÓ�9C#$Ñ.50× / ):%E+·>@Ö�#�ÕD% 3 579:%³%*ÝÀÓ�/ %*)=Ó*ØCHd#$Ñ:×G+C× /2?$%*× ØÃÖ,%¶× %E8784579=>@)�+.%�Þ
8I/ -0%a+wÛ&ò�)&Ñ:Ò¶%*-�>�57/2):Ù�ß=)=/657%!>DÑ.50#$Ò£>�57>³/ )B#$-7+.%E-J#@Ú�/ )=Ó*-0%a>D80/2):Ù�8I/ ï*%±5�>@?D%a8M%�1.Ü,#$):%*)f57/ >D×
50/ Ò�%<-0%E× >@50/ ÕD%J57#	509=%<80/2ïE%(#@Úw579:%<>DÑ.50#$Ò¶>@50#$)^Û@òc>$Ó�9£Ú�>@Ò¶/ ×2Ø�#@Úwß=)=/657%<>@Ñ:50#DÒ£>@57>�HM#DÑ:×G+
):%*%a+À57#³Ö�%�Ó�9:%EÓ�?$%E+¶Úå#$-M%aÔfÑ:/2Õ�>D×2%E)=Ó�% 3 >D)=+£579:/G8�>@×G8I#�57>@?$%E8M%�1.Ü�#D):%E)f50/G>@×�50/ Ò¶%DÛ��():Úå#D-0Þ
50Ñ:)=>@50%E×2Ø 3 Hd%	+:#D)�� 5<80%*%�>¶HM>RØÀ50#£/ Ò�Ü=-0#�Õ$%<579:%�%�1.Ü�#D):%E)f50/G>@×w57/2Ò¶%	-7%EÔfÑ:/ -0%a+À57#ÀÓ�9:%EÓ�?
%EÔfÑ:/ ÕR>D×2%E)=Ó�% 3 Ö:Ñ.5�Ö&Ø¼>DÜ:Ü:× Ø&/2):Ù�57%EÓ�9:):/GÔfÑ:%E8±Úå-7#DÒ ×2%a>@-7):/ ):Ù�579:%*#$-0Ø 3 Hd%£+.%aÓ�-7%E>$8I%�509=%
)fÑ=Ò�Ö�%*-(#DÚ�%aÔ$Ñ=/2Õ�>@× %*),Ó�%	ÔfÑ:%*-7/ %E8�HM%�Ò£>@?D%�80#¶509=>@5(/6Ú�579:%�>@× ÙD#$-0/2509=Ò %*Õ$%*)f50Ñ=>D×2× ØB80Ñ=Ó�Þ
Ó�%*%a+:8 3 HM%4H�/ × ×�9,>RÕD%4#$):× Ø�-7%EÔfÑ:/ -7%E+À>�Ü,#$×2Ø&):#$Ò�/G>@×�)&Ñ:Ò�Ö�%*-J#DÚ�Ô$Ñ=%*-7/2%a8c-7%*×G>�57/2Õ$%(50#³509=%
8I/ ï*%!#@Ú�509=%	>DÓ*Ó*%*Ü.57/2)=Ù³Ú�>DÒ¶/2× ØÀ#@Ú»>@Ñ:50#DÒ£>@57>³%*ÕD%E)f50Ñ=>D×2× Ø£Úå#DÑ=)=+wÛ

= Hd%E×2×2Þ�?f)=#�H�)�>@× ÙD#D-7/2509:Ò /2)�Ò£>$Ó�9:/2)=%À×2%a>@-7):/ ):ÙÃ/ 8 = ):Ù$×2Ñ=/2)�� 8�>@× ÙD#D-7/2509:Ò à2ã*âdÚå#$-
×2%a>@-7):/2)=Ù¼-7%*ÙDÑ=× >D-�×G>@):Ù$Ñ=>@Ù$%E8	H�/2509 #D-�>DÓ*×2%a8*ÛÇ
:#$-¶>D)¸>@-7Ö:/250-�>@-7Ø·×G>@)=ÙDÑ=>DÙD%

L 3 579:/G8£>@×2ÞÙD#D-7/2509:Ò >�5050%EÒ�Ü:578±50#îÓ�#$)=8I50-7Ñ=Ó
5�>£ß=)=/657%¶>DÑ.50#$Ò£>�50#$) M 80Ñ=Ó�9C579=>�5 L(M) = L
Ö&Ø

>D80?f/ ):Ù�Ô$Ñ=%E8I50/ #D)=8�50#·5UHd#�#D-�>DÓ*×2%a8A:�>½45�A4�c	�A�	)TX�+ $ #D-�>DÓ�× %À579=>�5£>@),8IHM%*-�8�H�9=%�509=%*-¶>
8U57-0/ ):Ù

u ∈ Σ∗ /G8�/2) L ~^>@)©�(WA��+.�������A1&�	��#D-�>DÓ�× %³509=>@5�>@)=80Hd%E-78±H�9:%*509:%E- L(M) = L>@)=+�/6Ú�)=#@5 3 Ü:-7#�Õ&/ +:%E8M>��	'���1]-��A���(áa��4S$f���!8I50-7/2):Ù u ∈ Σ∗ / )À579:%�8IØ&Ò¶Ò¶%�57-0/GÓ4+./�6�%*-7%*)=Ó*%#@Ú
L
>@)=+ L(M) 3 /`Û %DÛ u ∈ L⊕L(M)

H�/6579
L⊕L(M) = (L−L(M))∪ (L(M)−L)

Û
= ):Ù$×2Ñ:/ )�� 8<>D×2Ù$#D-7/6579:Ò�H�/2× ×�50%*-7Ò¶/2),>�50%³#D):× Øî/6Ú

L
/G84-7%*Ù$Ñ:× >D-EÛ�'(#�HM%*Õ$%*- 3 ÙD/ ÕD%E)Ã509:%¶>@Ü:Þ

Ü:-0#$Ü:-7/ >@50%M#D-�>DÓ�× %E8 3 #D):%�Ó*>D)�>@5I57%*Ò¶Ü.5»50#�>DÜ:Ü:× Ø	/65�H�/2509¶>@)&Ø	×G>@)=ÙDÑ=>DÙD% 3 %*Õ$%*)�× >D):ÙDÑ,>@ÙD%a8
):#@5�?&):#�H�)�50#�Ö�%�-0%EÙDÑ:×G>@-aÛ�ä4Ñ:%J57#�8IÜ=>$Ó�%J× /2Ò¶/257>�57/2#$)¶#@Ú=579:%�Ü=>DÜ,%E- 3 HM%�-0#$Ñ:ÙD9=×2Ø	80?D%*57Ó�9
Ö,%E×2#�Hç9:#�H = )=ÙD× Ñ:/2)�� 8d>@× ÙD#D-7/2509:Ò Hd#$-0?.8EÛDè�%E>$+.%*-�8�>D-0%(-7%EÓ*#DÒ¶Ò¶%*)=+:%E+³50#�Ó�#D),8IÑ:×254à ãEê@â
Úå#D-JÚåÑ:-0509:%E-4+.%*57>@/ ×G8*Û

ã$ã




�/ -�8U5(HM%�-0%aÓ*>D×2×�579:%�+.%*ß=):/250/ #D)Ã#@Ú����A��'�eG��� )��,+¢�*X
-S�	'�1a�G�,���A1&�	�v::ÙD/ ÕD%E)î>¶×G>@)=ÙDÑ=>DÙD%
L ⊆ Σ∗ 3 579:%!%EÔfÑ:/ Õ�>@× %*)=Ó*%<-7%*×G>�57/2#$) ∼L

#�ÕD%E-
Σ∗
/G8d509:%!-7%*×G>�50/ #D)B8IÑ=Ó�9�509=>@5JÚå#D-

u, v ∈
Σ∗ 3 u ∼L v

/6Ú�>@)=+¶#$):×2Ø�/2ÚwÚå#D-J>@× ×
w ∈ Σ∗ 3 uw ∈ L ⇐⇒ vw ∈ L ÛDí�5M/ 8d?&):#�H�)¶509,>�5>4×G>@):Ù$Ñ=>@Ù$%

L
/ 8�-7%*ÙDÑ=× >D-�/2Ú�>D)=+	#$):×2Ø!/2Ú=579:%J)fÑ=Ò�Ö�%*-�#@Ú=%aÔfÑ:/2Õ�>D×2%E)=Ó�%JÓ�×G>D878I%a8 |Σ∗/∼L|

/ 8
ß=):/250%DÛ = ):ÙD× Ñ:/ )�� 8�>D×2Ù$#D-7/6579:Ò�Ò£>@/ )$5�>@/ )=8�><+:>@57>±8U57-0Ñ,Ó
50Ñ=-0%c509=>@5»8I50#$-0%a8w5UHM#±Ó*#D)=8I50-7Ñ=Ó�578�:
�Uã���>4ß=):/250%�80%�5

S ⊆ Σ∗ #@Ú,8I50-7/ ):Ù$8 3 %E>DÓ�9�Ö,%E×2#$):ÙD/ ):Ù<50#!><+./G8I50/ )=Ó
5»%EÔfÑ:/ Õ�>@× %*)=Ó*%MÓ*× >$808�/ )
Σ∗/∼L 3

>D)=+��ZéG�^>(ß=):/250%J8I%*5
D ⊆ Σ∗ #DÚ=+./ 8I50/ ):Ù$Ñ:/ 809:/ ):Ù<8I50-7/ ):Ù$8�H�9:/ Ó�9�/2)�Ó�#D)��UÑ:)=Ó
57/2#$)H�/6579�579:%!Ò�%EÒ�Ö�%*-�8I9=/2ÜB#D-�>DÓ�× % 3 >@× × #�H(8�579:%±>D×2Ù$#D-7/6579:Ò 50#¶Ó�×G>D8780/6ÚåØ£>@)�>@-7Ö:/250-�>@-7Ø¶8I50-7/ ):Ù

/2)f50#¶#$):%�#@Ú�509:%�?&):#�H�)�%EÔfÑ:/ Õ�>@× %*)=Ó*%!Ó*× >$8080%E8EÛ
íV):/657/ >D×2× Ø 3 S = { ε } >@)=+ D = ∅

Û��<8I/ ):Ù£579:%�Ò¶%*Ò³Ö,%E-7809:/ ÜÃ#D-�>DÓ*×2%�/ )¼Ó�#$)��UÑ:)=Ó�50/ #D)
H�/6579

S
>D)=+

D 3 579:%�>@× ÙD#$-0/2509:Ò�Ó�#$)=8I50-7Ñ=Ó
5�8�>±+.%�57%*-7Ò¶/2):/G8I50/GÓ�ß=)=/657%J>DÑ.50#$Ò£>�50#$) M 80Ñ=Ó�9509=>@5 L(M) = L
H�9:%*)

S = Σ∗/∼L
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/2)
Σ∗/∼L
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S
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L
/ 8d-7%*ÙDÑ=× >D- 3 %*ÕD%E)f50Ñ=>D×2× Ø�509:%�>@× ÙD#$-0/2509=Ò H�/ ×2×�× %E>D-0)�>D×2×
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Σ∗/∼L

Û:í�Ú
L
/ 8�)=#@5(-7%*ÙDÑ=× >D- 3 Σ∗/∼L

Ò³Ñ=8I5(Ö,%�/ ).ß=):/250%
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{Mα }α∈Q

8IÑ=Ó�9�579=>�5 L(Mα) = Lα
Úå#$-�>@× ×

α ∈ Q Û^íV)µ509=/ 8�Õ$%*-�8I/ #D) 3 509:%E-0%£Ò³Ñ=8U5Ö,%�>ÀÒ�%EÒ�Ö�%*-�8I9=/2Üî#D-�>DÓ*×2%±Úå#$-4%E>$Ó�9î× >D):ÙDÑ=>DÙD%
Lα
3 >D)=+î>@)Ã%EÔfÑ:/ Õ�>@× %*)=Ó*%�#D-�>DÓ*×2%!H�9:/GÓ�9

ÙD/ ÕD%*)Ã>�Ú�>DÒ�/ × Ø {Mα }α∈Q 3
-7%�50Ñ=-0)=8�50-7Ñ:%	/2Ú

Lq = L(Mα)
Úå#$-<>D×2×

α ∈ Q 3 #D-(>£Ü=>D/2-
(α, u)

H�9:%E-0%
α ∈ Q 3 >@),+ u /G8d>³Ó�#$Ñ:)f50%*-7%�1:>DÒ�Ü=×2%(/ ) Lα⊕L(Mα)

Û&ÐJ9:%±ÙD%E):%*-�>@× /2ïE%E+
>@× ÙD#D-7/2509:Ò H�/ ×2×^50%*-7Ò¶/2),>�50%�H�9=%*)

Lα
/G8J-0%EÙDÑ:×G>@-MÚå#D-�%a>DÓ�9

α ∈ Q ÛíV)À509=%±Ó*#D)f50%*1f5M#@Ú^579:/G8dÜ,>@Ü�%*- 3 HM%4Ñ,8I% = ):Ù$×2Ñ=/2)�� 8J>@× ÙD#$-0/2509:Ò / )BÓ*#D)��UÑ:),Ó
50/ #D)BH�/6579
509:%��,>�5050%*)=%E+îÙD-�>@Ò¶Ò£>@-

Gf,d(i)
H�/6579Ã50%E-0Ò¶/ )=>@×G8

Σf,d(i)
>D)=+Ã):#$).ÞZ50%*-7Ò¶/2),>@×G8

Q
Û,ÐJ9=%

>@× ÙD#D-7/2509:Ò >�5050%EÒ�Ü:578M50#¶Ó�#$)=8I50-7Ñ=Ó
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Ò�/ ):%JH�9:%*509:%E-

Σ2+∩L(Gf,d(i)(P )) = ∅
Úå#D-�%E>$Ó�9�Ü=>D/2-

(P, f) 6∈ d(i)
Ñ=80/ ):Ù±8I57>D)=+:>D-7+

50%EÓ�9=):/ ÔfÑ:%a8dÚå#D-Mß=):/250%�>@Ñ:50#DÒ£>@57>:Ûfí�Ú�HM%!+./ 87Ó�#�Õ$%*-d509=>@5
Σ2+ ∩ L(Gf,d(i)(P )) 6= ∅ 3 Hd%8I%*5

d(i+ 1) = d(i) ] { (P, f) } >@),+�-7%*Ü�%E>@5M579:%�Ü:-7#.Ó�%E878MÚå#D- d(i+ 1)
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G
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Σ
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u ∈ Σ∗ >@)=+Ã-7%�57Ñ:-7)=8S{,y����/6Ú

u ∈ L(G(α))
ÛP^±/2Õ$%*)C579:%³Ú�>@Ò¶/2× Ø {Mα }α∈Q 3

#$Ñ:-±%EÔfÑ:/ ÕR>D×2%E)=Ó�%�#D-�>DÓ*×2%	Úå#D-7Ò¶84509=%
Ò¶>DÜ:Ü:/ ):Ù

θ : α 7→ L(Mα)
>@)=+�Ó�9:%EÓ�?.8M/2Ú�/25(/ 8M579:%	80#D× Ñ.50/ #D)�50#�509:%�%aÔfÑ=>�57/2#$)=8MÙD%*)=%*-0Þ

>�50%a+îÖ&Ø
G
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θ
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Û9Ü �
À]¿��a� ����êE+.�*�A1%���7��4£+.��Z5'ß�»�	'�1�-3�(áG-"¡��	���	�g������4£45���	) {G(α) }α∈Q

+.1!�PXK'�4�)�à�Z
1&'��,45���K�7'��,4ì�J+.-YX�1f'�1�¡3-3�A�,4£+.1f��� )

Q
��1&e%-��A�,4£+.1f��� )

Σ ë ��1fe%�}�7��4I+.��Z {Mα }α∈Q'ß�2î�1�+.-3������-3'�45��-3��'��*�A�
Σ ë -YXK�I��� �a'��,+.-YX
4#"%$��&"�'�()� Æ �Gz *�+.1,+�+¢�v��ö

È ���A-/���,1�)Â{,y��-��+ � L(G(α)) = L(Mα)
�7'��£���.�

α ∈ Q . ��1fe�'�-.X��7�,�J+�)A� ë
È ���A-/���,1�)}��$K��+.�

(β,w)
),���	X�-YXK��-

w ∈ L(G(β)) ⊕L(Mβ)
�
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G( C
C ) = (Σ,Q, C
C , P ) D b±�7[aL�WUQ7Á@WVgå\ SUQ�Q�l*SIbEj�j	b*S
{Mα}α∈Q D b<\GbEj�NP_XY�[*\�º&L$NPWUQ(b*�$WU[Ej	b*WIb<[�ORQ0S ΣE m�u�BGm�u FHGI=76 [*S (α, u) \G[*SMTV[Ej�Q α ∈ Q bELf� u ∈ Σ∗J 6KF

θ e.QJWUifQJTV�$efT�WUNXWU�$WUNP[aL α 7→ L(Mα) LMON G Q
b*�0i α ∈ Q P N? M
ε ∈ L(Mα)

FH576&Q SUQ7WU�DSUL (α, ε) L
? M L(Mα) 6= Pαθ

FH576&Q
�0i$[�[aTVQ u ∈ L(Mα)⊕ Pαθ? M
u ∈ L(Mα)⊕ L(G(α))

FH5767Q SUQ7WU�$SUL (α, u)6 J R 6
MON G Q
b*�0i α := βγ ∈ P bELf� u = st P N? M

s ∈ L(Mβ)⊕L(G(β))
FH5767Q SUQ0WU�$SUL (β, s) L? M

t ∈ L(Mγ)⊕ L(G(γ))
FH5767Q SUQ0WU�$SUL (γ, t)N PSLN PSLSUQ0WU�$SUL FKGI=76

T�UOV �-W&� h�ifQ��I¡@N6L$l!_6bEL$la�&b*laQ�Q
°��$N6OEbE_PQ�L$��Q
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L(G(α)) = L(Mα)
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L(Mα) 6= L(G(α))
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f(c, x) = x
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f(x, c) = x
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Ûa8MØ

ñ^%*Ò¶Ò£>£ð 3 u Ò³Ñ=8I5J9,>RÕD%�>³Úå#D-7ÒÄ80>@50/G8UÚåØ&/ ):Ù`�`év�
ÛíV)î509:%³/2)=+:Ñ=Ó
57/2Õ$%�Ó*>$8I% 3 509=%*-7%	/ 8<>ÀÓ�#$)f50%�1&5 C >D)=+î-7Ñ:×2% f(α1, . . . , αn) → α ∈ ∆8IÑ=Ó�9�579=>�5
f(t1, . . . , tn) =E C[f(α1, . . . , αn)]

>D)=+
C[α] →∗A u

Û:í�Ú�579:%�Ó�#$)f50%�1&5
C
/ 8

509:%�%*Ò¶Ü.5UØCÓ*#D)f50%*1f5
2 3 579:%*) C[α] = α

Û��&/ )=Ó�%�):#�-0Ñ=×2%�/2)
∆
#D-±%EÔfÑ=>@50/ #D)C/ )

E
Ó*>@)

>@Ü:Ü:× Ø�50#
α 3 /25³Úå#$×2× #�H(8�579=>�5 u = α

Ûc;4509:%E-0H�/G8I% 3 C /G8�):#@5³509:%B%*Ò¶Ü.5UØ�Ó*#D)f50%*1f5aÛ�í�5Úå#D× ×2#�H(8cÖfØ£ñ�%*Ò¶Ò£>�ð�509=>@5
root(C[l]) = f

Û&í�5M>D× 80#	Úå#$×2× #�H(8»579=>�5
C[α]
Ò�Ñ=8I5d9=>RÕ$%(579:%

Úå#D-7Ò
f(v1, . . . , vn)

H�/2509
ti =E vi

#D-
ti →A vi

Úå#D-4>D×2×
i ≤ n
Û=Ð�#$ÙD%*509:%E-d579:/G8(/ Ò�Ü=×2/ %E8

509=>@5�509:%<Ó�#D),+./657/2#$)=8»#DÚ�#$Ñ:-�× %*Ò¶Ò£>�>@-7%(80>@50/G8Uß,%E+³Úå#D-
C[α]
80#�ÖfØ³/2),+.Ñ=Ó
57/2#$)

u
9=>$8»#D):%

#@Ú�509:%�-7%EÔfÑ:/ -0%a+£Úå#$-0Ò£8EÛ ut
���
�����²Ï���êE+.���71©�`-3�A�,4

f(t1, . . . , tn) ∈ T (F )
�HX��7�(�

f ∈ F �9�	�(�(��),Z�4�c	'�� ë �Y����9���A-
Pi = reachA(ti)

�7'������.�
i ≤ n ë -.X��71

reachA(f(t1, . . . , tn)) = reachA(f(P1, . . . , Pn)).

ãaá



ãg��'�'ß�7�4í�Ú
q ∈ reachA(f(t1, . . . , tn)) 3 509:%E) f(t1, . . . , tn)→∗A q

Û = 8
f(t1, . . . , tn) 6=E

q 3 509:%E-0%MÒ�Ñ=8I5»Ö,%�>450%E-0Ò u ∈ T (F )
H�9:%*-7%

f(t1, . . . , tn)→∗A u→A q
Û�8MØ�ñ^%EÒ�Ò£>!á 3

u
Ò³Ñ=8U5�9=>RÕD%C509:%¼Úå#D-7Ò

f(u1, . . . , un)
H�9:%*-7%

ti →∗A ui
Úå#$-B>D×2×

i ≤ n
ÛE�./2)=Ó*%

uÒ�Ñ=8I5�>D× 80#¼Ò£>�5�Ó�9�509=%�× %�Ú©5IÞ�9=>D)=+¸80/ +:%�#@Ú4>¼-0Ñ=×2%�>�5�579:%�-0/ ÙD9f5�Ü�#$80/657/2#$) 3 509:%E)�509=%*-7%
Ò�Ñ=8I5BÖ�%�>�-0Ñ:× %¼#DÚ�509:%·Úå#D-7Ò

f(p1, . . . , pn) → q
H�9:%*-7%

u = f(p1, . . . , pn)
>D)=+

ti →∗A pi
Úå#$-�>@× ×

i ≤ n
ÛP8MÑ.5�579:/G8�/2Ò¶Ü:× / %E8!579=>�5

q ∈ reachA(f(P1, . . . , Pn))
Û�ÐJ9&Ñ=8

q ∈ reachA(f(t1, . . . , tn)
/2Ò¶Ü:× /2%a8

q ∈ reachA(f(P1, . . . , Pn)) 3 /ZÛ %DÛ

reachA(f(t1, . . . , tn)) ⊆ reachA(f(P1, . . . , Pn)).

;<)�579:%	#@579:%*-�9,>@)=+ 3 >D8 Pi = reachA(ti)
3 ti →∗A pi

Úå#D-(%a>DÓ�9
pi ∈ Pi

>@)=+
i ≤ n Ûí�Ú

f(p1, . . . , pn)→ q ∈ ∆ 3 509=%*) f(t1, . . . , tn)→∗A q
Û]�&#

reachA(f(P1, . . . , Pn)) ⊆ reachA(f(t1, . . . , tn)).

ut

Å ��� Å Ì-Ì�À�ÐGè/��é�è�Ñ]�ÊÇ�È��ÊÉ�À�Ë�Ì
@·%�):#�H 50Ñ:-7)î#DÑ:-�>@5I50%E)f50/ #D)�50#¶Ü:-7#�Õ&/2):Ù¶80%*ÕD%E-7>D×�×2%EÒ�Ò£>@57>¶+.%E>D×2/ ):Ù¶H�/2509Ã>D878I#.Ó*/ >@50/ ÕD%
8IØ&Ò�Ö�#D×G8EÛwíV)·579:%À80Ñ:Ö=80%EÓ
57/2#$) 3 × %�5 d(i)

Ö,%À>Ã80Ñ:Ö=80%�5	#DÚ P(Q) × F 3 >D)=+�×2%*5 f Ö�%À>@)>D878I#.Ó�/G>�57/2Õ$%d80Ø&Ò�Ö�#D×ZÛ�@·%Mß=-�8U5�+.%*ß=):%�Ó�#$)f50%�1&5�8�579=>�5c>D-0%JÓ�#$)=80/ +.%E-0%a+�45�Aáv+.45���=-7%*×G>�57/2Õ$%
50#£>¶ÙD/ ÕD%E)B80%�5(#@Ú�50%E-0Ò£8EÛ

å��aædçHè0é�è0À&ç¨¼P��êE+.�*�A1�-3�A�,4�)
t1, . . . , tn ∈ T (F ) ë ���	'�1]-��(áv- C �J+.-YX

n
¡/X�'����7)S+�)<�	���.���	e

�JÒ£>�1./2Ò£>D×
f
ÞVÓ�#D)f57%�1&5��7'��E-.X���-3�7�,4

C[t1, . . . , tn]
�HXK�A1

C ∈ T ({f,21, . . . ,22})
��1&e

root(ti) 6= f
�7'��£���.�

i ≤ n �

�/ -�8U5 3 579:%�Úå#D× ×2#�H�/ ):ÙÀ× %*Ò¶Ò£>�/G8!>@)C%a>D80ØÃÓ�#D),8I%aÔ$Ñ=%*)=Ó*%�#@Úc509:%³Ú�>DÓ�5<579=>�5±509:%�#D)=×2Ø

9=>D8�>@1&/ #DÒÄ/2) E /2)&Õ$#D×2Õ&/ ):Ù f /G8�>�80/ ):ÙD× %�>D878I#.Ó�/G>�57/2Õ&/25UØÀ>�1./ #DÒîÛ
���
�����ÊÒP��êE+.���71½-��A�,4�)

C[t1, . . . , tn], u ∈ T (F )
�J+.-YX

n ≥ 2
��1&e

C
�_45�Aáv+.45���

f
¡T�('�1�-3��áv- ë + � C[t1, . . . , tn] →∗A u ë -YXK�A1Ï�A+.-.X��7� u +�)\��),-���-��¥+.1

Q
'��

u
X��*)%-YXK�

�7'��,4
f(u1, u2)

�HXK�A���E�7'��£)A'�45�I+.1&eG�(á
i < n ë -.X��7�(�5�����5�	'�1]-��(áv-0) C1, C2

),���(X¥-YXK��-
C1[t1, . . . , ti]→∗A u1

��1&e
C2[ti+1, . . . , tn]→∗A u2

� ut
���
�����ÊÓP��òH�A-

t1, . . . , tn
c(��-3�A�,4�)�+.1 T (F )

),���(X -YXK��-
(root(tj), reachA(tj)) ∈

d(i)
��1&e

root(tj) 6= f
�7'������.�

j ≤ n ��+H'����	�G�	X�),-3��-3� α ∈ Q ë + � C[t1, . . . , tn]→∗A α�7'��£��4���áG+.45���
f
¡T�('�1�-3��áv-

C ë -YXK�A1 α :=Gf,d(i) reachA(t1) . . . reachA(tn)
�

ãg��'�'ß�7�?@·%îÜ:-7#�ÕD%�509:/G8¶Ö&Ø�/2)=+:Ñ=Ó
57/2#$) #$)
n
Û�íV)¸579:%îÖ=>D80%îÓ*>D80% 3 n = 1

>@)=+ 8I#·509:%
Ó�#D)f57%�1&5

C = 2
Û(ÐJ9fÑ,8

C[t1, . . . , tn] = t1
ÛS8dØ 509:%�+.%*ß=):/250/ #D) #@Ú

Gf,d(i)
3 8I/ )=Ó*%

(root(t1), reachA(t1)) ∈ d(i)
>D)=+

root(t1) 6= f 3 579:%*-7%£/ 8�>îÜ=-0#.+.Ñ=Ó�50/ #D)�-0Ñ=×2% α :=
reachA(t1)

/ )
Gf,d(i)

Û=ÐJ9&Ñ=8
α :=Gf,d(i) reachA(t1)

Û
íV)£509:%</2),+.Ñ=Ó
57/2Õ$%<ÓE>D80% 3 n ≥ 2

>@)=+À80#
C
/G8c)=#D)£%*Ò¶Ü.5UØ$Û
�.#�/2Ú

C[t1, . . . , tn]→∗A u 3509:%E-0%!Ò�Ñ,8U5(Ö�%	>³ß=)=>@×�-0%EH�-0/250%!8U57%*Ü

C[t1, . . . , tn]→∗A f(β, γ)→A α

ã�ä



H�9:%*-7%
f(β, γ) → α

/G8<>£-7Ñ:× %�/2) A Û&8MØîñ^%EÒ�Ò£>Àê 3 /25(Úå#D× × #�H(8�509,>�5(Úå#$-<80#DÒ¶% j < n 3509:%E-0%±>@-7%(Ó�#D)f57%�1&578
C1, C2

8IÑ=Ó�9¶579=>�5
C1[t1, . . . , tj ]→∗A β

>D)=+
C2[tj+1, . . . , tn]→∗A

γ
ÛK8MØ�/ )=+.Ñ,Ó
50/ #D)

β :=Gf,d(i) reachA(t1), . . . , reachA(tj),
>@)=+

γ :=Gf,d(i) reachA(tj+1), . . . , reachA(tn).
ÐJ9fÑ,8JÖfØ�509:%	+:%�ß=):/250/ #D)�#@Ú

Gf,d(i)
3 α :=Gf,d(i) reachA(t1) . . . reachA(tn)

Û ut
���
�����;��ÔP��òH�7-

t1, . . . , tn
c	�I-3�7�,4£)£+.1 T (F )

)	���	X¥-.X���-
(root(tj), reachA(tj)) ∈

d(i)
��1&e

root(tj) 6= f
�7'������.�

j ≤ n
�À+H'��;�	�G�	X ),-���-��

α ∈ Q ë + � α :=Gf,d(i)

reachA(t1), . . . , reachA(tn) ë -YXK�A1 C[t1, . . . , tn]→∗A α
�7'��I�(�v�(X%45�Aáv+.4����

f
¡T�	'�1]-��(áv-

C
�

ãg��'�'ß�7�?@·% Ü:-0#�Õ$%µ509:/G8CÖ&Ø /2),+.Ñ=Ó
57/2#$) #D)
n
Û<íV) 509=%¸Ö=>$8I%�ÓE>D80% 3 n = 1 3 >D)=+ 80#

C[t1, . . . , tn] = t1
ÛP
:-7#DÒ 509:%À+.%*ß=):/250/ #D)�#DÚ

Gf,d(i)
3 α ∈ reachA(t1)

Û�ÐJ9fÑ,8�Ö&ØC509=%
+.%�ß=)=/657/2#$)�#DÚ

reachA 3 t1 →∗A α
Û

íV) 579:%�/ )=+.Ñ=Ó�50/ ÕD%¸ÓE>D80% 3 n ≥ 2
>@)=+ 80#

C
/ 8C):#D)�%*Ò¶Ü.5UØ$Û»�&/ )=Ó*%

α :=Gf,d(i)

reachA(t1) . . . reachA(tn) 3 509:%E-0%îÒ³Ñ=8U5ÀÖ�%Ã>�Ü:-0#.+.Ñ,Ó
50/ #D) -7Ñ:×2% α := βγ
/ )
Gf,d(i)8IÑ=Ó�9B509,>�5�Úå#D-(80#DÒ¶%

j < n 3

β :=Gf,d(i) reachA(t1), . . . , reachA(tj),
>@)=+

γ :=Gf,d(i) reachA(tj+1), . . . , reachA(tn).
8dØ�/2)=+:Ñ=Ó
57/2#$)BÚå#$-(Ó�#$)$57%�1&578

C1, C2
3

C1[t1, . . . , tj ]→∗A β
>D)=+

C2[tj+1, . . . , tn]→∗A γ.�&/2),Ó�%
α := βγ

/ 8J/ )
Gf,d(i)

3 579:%*-7%�Ò�Ñ=8I5�Ö,%	>�-7Ñ:× % f(β, γ)→ α
/ ) A Û=ÐJ9&Ñ=8 3

C[t1, . . . , tn] =E f(C1[t1, . . . , tj ], C2[tj+1, . . . , tn])→∗A α.
ut

ÐJ9:%�Úå#D× × #�H�/2):Ù Ó*#D-7#D× × >D-0Ø /G8C/ Ò¶Ò¶%E+./G>�57%�Úå-0#$Ò 579:% +.%*ß=):/250/ #D)=8¼#@Ú
reachA

>D)=+
L(Gf,d(i)(P ))

Ñ=8I/ ):Ù£ñ^%EÒ¶Ò¶>@57>¶ì¶>@)=+·ãEë=Û
Õ À]¿�À�ËXË0��¿�È �]�}òP�A-

t1, . . . , tn
c	��-3�7�,4£)<+.1 T (F )

),���	X�-.X���-
(root(tj), reachA(tj)) ∈

d(i)
��1&e

root(tj) 6= f
�7'������.�

j ≤ n ��+P'����	�G�	X�)A�7- P ⊆ Q ë
reachA(C[t1, . . . , tn]) = P ⇐⇒ (reachA(t1), . . . , reachA(tn)) ∈ L(Gf,d(i)(P )).

ut

Å ��¤ Å Ì-Ì�À�ÐGè/��é�è�Ñ]�`�Kç�Ö Õ À]���!×Hé���é�èIÑ]��Ç�È��ÊÉÂÀ�ËXÌ
@·%�):#�H 50Ñ:-7)î#DÑ:-�>@5I50%E)f50/ #D)�50#¶Ü:-7#�Õ&/2):Ù¶80%*ÕD%E-7>D×�×2%EÒ�Ò£>@57>¶+.%E>D×2/ ):Ù¶H�/2509Ã>D878I#.Ó*/ >@50/ ÕD%
>@)=+îÓ�#$Ò¶Ò�Ñ.5�>�50/ ÕD%	80Ø&Ò�Ö�#D×G8*Û=íV)î509:%�80Ñ:Ö=80%EÓ�50/ #D) 3 ×2%*5 d(i)

Ö,%�>£80Ñ:Ö=80%�5<#@Ú P(Q)× F 3×2%*5
f
Ö�%(>@)£>D8780#&Ó*/ >@50/ ÕD%J>@)=+¶Ó*#DÒ¶Ò�Ñ.5�>�57/2Õ$%J80Ø&Ò�Ö�#D× 3 >@)=+�× %�5 C[t1, . . . , tn] ∈ T (F )

Ö,%
>¶50%E-0Ò�8IÑ,Ó�9î509=>@5

n ≥ 1 3 root(ti) 6= f
Úå#D-±>@× ×

i ≤ n 3 >D)=+ C ∈ T ({f,21, . . . ,2n})/ 8(>�Ó�#D)f57%�1&5(#D):× ØBÓ*#D)f57>D/2)=/2):Ù�579:% =?> 8IØ&Ò³Ö,#$×
f
H�/2509

n
9:#D× %E8EÛK@�%	Ö�%*ÙD/ )ÃH�/2509î5UHM#

+.%�ß=)=/657/2#$)=8�-7%*×G>�50%a+À57#¶-0%EÒ�#�Õ&/ ):Ù³509:%�%aÔ$Ñ,>�50/ #D),8MÚå-0#$ÒÄ>³50-7%*%�>@Ñ.57#DÒ£>�57#D)^Û

ãaê



å��aædçHè0é�è0À&ç¾����êE+.�*�A1½����D�F A = (E , Q, φ,∆)
�J+.-.X;��1½�*)	)A'��A+0��-"+.������1&e%�	'�4I4I��¡

-���-/+.���»),Z�4�c	'��
f ∈ FA ∩FC ë ���A- Af,A ev�71f'�-3��-YXK�?��D�F��7'��,4��	e��	�('�4 A cAZ£���A45'���+.1a�

-.X��9�	'�4I4£��-3��-"+.��+.-"ZI��áv+0'�4
f(x, y) = f(y, x)

�	��'�4 -YXK�9�	WA����-"+0'�1&���f-.X��('��,Z£�
)A�	eI+.1
A ë+0�.��� ë Af,A = (Ef,a, Q, φ,∆)

�HX��7�(� Ef,a = (F,E − { f(x, y) = f(y, x) }) � utå��aædçHè0é�è0À&çØÍ���êE+.�*�A1`�»��D�F A = (E , Q, φ,∆) ë ���A- A∅ eG�A1&'�-��<-YXK���EDGF¥�7'��,45�	e£cAZ
���745'���+.1a�����.�d�	W7����-/+0'�1K)2�	��'�4 E ë +0�.��� ë A∅ = (E∅, Q, φ,∆)

�HXK�A��� E∅ = (F,∅)
� ut@·%îß=-�8I5¶)=#@50%�579:%îÚå#D× ×2#�H�/ ):Ùµ#DÖ,8I%E-0Õ�>�57/2#$)�579=>�5À/G8£>@) #DÖ&Õ&/2#$Ñ=8£Ó�#$)=80%EÔfÑ:%*),Ó�%�#@Ú

ñ^%*Ò¶Ò£>£é³/2)µàXéDðRâ�80/ )=Ó�%�>D8780#&Ó*/ >@50/ Õ&/65UØÀ>D)=+îÓ�#DÒ¶Ò³Ñ.57>@50/ Õf/25UØÀ%aÔ$Ñ,>�50/ #D),8M>D-0%!× /2)=%E>@-aÛ
���
�����;�&�&�À+H'��9�	�G�	X_-3�7�,4

t ∈ T (F )
��1&e5)	-3��-3�

α ∈ Q ë + � t→∗A α ë -YXK�A1%-YXK�A���}+�)�5-3�7�,4
u ∈ T (F )

),���	X_-YXK��-
t =E u

��1fe
u→∗A∅ α

� ut@·%	)=%�1&5<):#D50%�579:%�Úå#$×2× #�H�/2)=Ù£×2%EÒ�Ò£>�H�9:/ Ó�9Ã/G84>D)Ã%E>$8IØ�Ó�#D),8I%aÔ$Ñ=%*)=Ó*%�#@Ú�509:%�Ú�>DÓ�5
509=>@5

f
/G8(>D878I#.Ó*/ >@50/ ÕD%<>D)=+îÓ�#$Ò�Ò³Ñ.57>@50/ ÕD%$Û

���
�����;�K���Ù�Y�
C[t1, . . . , tn] =E u ë -YXK�A1 u 4I�
),-fc	��'T�2-YXK�&�7'��,4 C ′[u1, . . . , un]

�J+.-.X
C ′

��4���áG+.45���2�	'�1]-��(áv-S�('�1�-3��+.1]+.1a�_-YXK��Ú´�©),Z�45c	'��
f
��1&e

n
XK'����7)���1fe

ui =E tπ(i)�7'��£�	�G�	X
i
�HX��7���

π : [1, n]→ [1, n]
+�)��»$��7�,4I��-3��-"+0'�1&� utð(#�H�Hd%�>@-7%�>@Ö=×2%�50#�Ü=-0#�Õ$%�509:%³Ò£>@/ )Ã50%aÓ�9:):/GÓ*>@×�-7%E80Ñ:×65±#@Ú»579:/ 8±80Ñ:Ö=80%EÓ
57/2#$)^Û�ÐJ9:/ 8

/ 8J579:% =?> Ó*#DÑ:)f57%*-7Ü=>@-05d57#Àñ^%EÒ�Ò£>¶ì¶>@)=+�ñ^%EÒ¶Ò¶>îãaë�/ )�509:%�Ü=-0%EÕf/ #DÑ,8M80Ñ:Ö=80%EÓ�50/ #D)^Û
���
�����;��¤P�À+H'����	�G�	X_),-3��-3�

α ∈ Q ë
C[t1, . . . , tn]→∗A α ⇐⇒ #(reachA(t1), . . . , reachA(tn)) ∈ S(Gf,d(i)(α)).

ãg��'�'ß�7�4í�Ú
C[t1, . . . , tn]→∗A α 3

579:%*)BÖ&Ø¶ñ�%*Ò¶Ò£>�ã$ã 3 509:%E-0%</ 8J>	50%*-7Ò u ∈ T (F )
8IÑ,Ó�9

509=>@5
C[t1, . . . , tn] =E u

>@)=+
u →∗A∅ α

ÛJ8MØ�ñ^%EÒ�Ò£>¸ãaé 3 u Ò�Ñ=8I5³9=>RÕ$%À579:%ÀÚå#$-0Ò
C ′[u1, . . . , un]

H�9:%E-0%
ui =E tπ(i)

Úå#D-�80#DÒ¶%�Ü�%*-7Ò�Ñ.5�>�57/2#$)
π : [1, n] → [1, n]

Û��&/ )=Ó�%
u→∗A∅ α 3

Ó�× %E>D-0× Ø
C ′[u1, ,̇un]→∗Af,A α

Û,ÐJ9fÑ,8JÖfØ�ñ^%EÒ�Ò£>¶ì 3

α :=Gf,P(Q)×F reachAf,A(u1) . . . reachAf,A(un).= 8
reachAf,A(ui) ⊆ reachA(tπ(i)

Úå#$-(>@× ×
i ≤ n 3

α :=Gf,d(i) reachA(tπ(1) . . . reachA(tπ(n)).
í�5�509:%E)BÚå#$×2× #�H(8M509,>�5

reachA(t1) . . . reachA(tn) ∈ S(Gf,d(i)(α))
Û

;<)¸579:%Ã#@579:%*-£9=>D)=+ 3 /2Ú #(reachA(t1), . . . , reachA(tn)) ∈ S(Gf,d(i)(α)) 3 509:%E)509:%E-0%!Ò�Ñ,8U5(Ö�%	>�Ü,%E-0Ò³Ñ.57>@50/ #D)
π : [1, n]→ [1, n]

80Ñ=Ó�9�509=>@5

α :=Gf,d(i) reachA(tπ(1), . . . , reachA(tπ(n)).
í�5^509:%E)!Úå#D× ×2#�H(8^ÖfØ±ñ^%EÒ�Ò£>�ãaëM509=>@5

C[tπ(1), . . . , tπ(n)]→∗Af,A α
Û = 8

C[t1, . . . tn] =E
C[tπ(1), . . . tπ(n)]

>@)=+ →∗Af,A⊆→∗A 3 C[t1, . . . , tn]→∗A α
Û ut

ÐJ9:%�Úå#D× × #�H�/2):Ù Ó*#D-7#D× × >D-0Ø /G8C/ Ò¶Ò¶%E+./G>�57%�Úå-0#$Ò 579:% +.%*ß=):/250/ #D)=8¼#@Ú
reachA

>D)=+
S(Gf,d(i)(P ))

Ñ,8I/ ):Ù£ñ^%EÒ�Ò£>�ã�#=Û
Õ À]¿�À�ËXË0��¿�È©����+P'����(�v�(X`)A�7-

P ⊆ Q ë
reachA(C[t1, . . . , tn]) = P ⇐⇒ #(reachA(t1), . . . , reachA(tn)) ∈ S(Gf,d(i)(P )).

ut

ãaì



Å ��¼ ¾�×HéAé�è/ç�Û�Ü7é Û À�Û]�aé Ü �a¿
ð(#�Hç509,>�5JHd%<9=>RÕD%(Ü=-0#�Õ$%*)£Ò¶#$8I5d#DÚw509:%±Ü:-7%*× /2Ò¶/ )=>@-7Ø³-7%E80Ñ:×2578 3 HM%<>D-0%4-0%a>D+.Ø�50#³Ö,%EÙD/ )
>D+:+.-7%E8780/2):Ù³ÐJ9:%*#$-0%EÒ é.Û.ÐJ9:/G8d509:%E#D-7%*Ò / 8dÒ¶#$8I5M%a>D80/2× Ø£8I%E%*)�>D8c509:%!Ó�#$)=8I%aÔfÑ:%*)=Ó*%4#DÚ�>
Ó�#DÑ=Ü:×2%!-7%E80Ñ:×2578EÛK
�/ -�8U5 3 /65(9=%*× Ü=8M50#£Ò£>@?$%±509:%!Úå#$×2× #�H�/2)=Ù�Ú�>D/2-7×2Ø�#DÖ&Õ&/2#$Ñ=8M#DÖ=80%*-7Õ�>�50/ #D),8A:
���
�����;�
¼H��òH�7-

d(i) ⊆ det(A)
�;+H'����	�G�	X�$���+.�

(P, f) ∈ d(i) ë -.X��7����+�)��`-3�7�,4 t)	���	X_-YXK��-
root(t) = f

��1&e
reachA(t) = P

�
ãg��'�'ß�7�<8dØÀ509:%	>$8080Ñ:Ò¶Ü.50/ #D)B509,>�5

d(i) ⊆ det(A)
>D)=+B509:%	+:%�ß=):/250/ #D)�#@Ú

det(A)
Û ut

���
�����;������êE+.�*�A1½��1�),Z�45c('��
f ∈ F ë ��1fe`��)7�A- d(i) ⊆ det(A) ë + � u +�)���),-/�,+.1
�+.1

Σ∗f,d(i)

�J+.-YX ���A1a�G-.X
n ë -.X��71h-YXK�A�������(�x-��A�,4£) t1, . . . , tn ∈ T (F )

�HXK�A���
u =

reachA(t1), . . . , reachA(tn)
��1fe

root(ti) 6= f
�7'��£���.�

i ≤ n �
ãg��'�'ß�7�<ñ^%�5

u = P1 . . . Pn
Û&8MØB579:%�+.%*ß=):/250/ #D)C#DÚ

Σf,d(j)
3 509=%*-7%	Ò�Ñ=8I5<Ö�%�>ÀÚåÑ:)=Ó
57/2#$)

8IØ&Ò�Ö�#D×
gj 6= f

Úå#D-�%E>DÓ�9
j ≤ n

8IÑ=Ó�9�579=>�5
(Pj , gj) ∈ d(i)

Û = 8
d(i) ⊆ (A) 3 579:%*-7%Ò�Ñ=8I5	Ö,%¶57%*-7Ò£8

t1, . . . , tn ∈ T (F )
80Ñ=Ó�9·509=>@5

reachA(tj) = Pj
>D)=+

root(tj) = gjÚå#D-�%E>$Ó�9
j ≤ n Û ut

@·%¶):#�H >D-0%³-0%a>D+.Øî57#îÖ,%EÙD/ )¼Ü:-7#�Õ&/2):Ù�509:%¶?$%*Øî5UHM#B× %*Ò¶Ò£>�5�>B-7%EÔfÑ:/ -7%E+î57#î809:#�H
ÐJ9:%*#$-0%EÒ é.Û
���
�����;��ÍP�Ù�Y�

d(i) ⊆ det(A) ë ��1fe d(i + 1)
+�)�'vc7-3��+.1f�(e\c7Z%�	$G$&�¢Z�+.1a�x'�1f��'ß��-YXK�

�,�����,)5óßö	ô5÷\ó�ø7ô5-�'
d(i) ë -.X��71 d(i+ 1) ⊆ det(A)

�
ãg��'�'ß�7�?@·%�Ü:-7#�ÕD%�579:/ 8±Ö&ØCÓ�#$)=80/ +.%E-0/ ):Ù�80%*Ü,>@-�>�50%E×2Ø�%E>$Ó�9C#@Úc509:%�Ü,#f8080/ Ö:×2%³-0Ñ=×2%a8I�Iã���Ý
�0#v�d579=>�5(Ò£>RØ£Ö�%�Ñ=80%E+B50#�Úå#D-7Ò

d(i+ 1)
Û


�/ -�8U5�HM%!Ó*#D)=80/G+.%*-J579:%	Ó*>$8I%±H�9:%*-7%!-0Ñ=×2%��Iã��d/ 8(Ñ=8I%a+�H�/2509Ã>³Úå-7%*%	80ØfÒ³Ö,#$×
f ∈ F :

f 6∈ FA ∪ FC :
{ (P1, f1), . . . , (Pn, fn) } ∈ d(i)

d(i+ 1) = d(i) ] { ( reachA(f(P1, . . . , Pn)), f ) } .

8dØ�ñ�%*Ò¶Ò£>¶ãA� 3 Úå#D-�%E>$Ó�9�Ü=>D/2- (Pj , fj) ∈ d(i)
H�/6579

j ≤ n 3 509=%*-7%B/G8³>C50%E-0Ò tj ∈
T (F )

80Ñ=Ó�9 509,>�5
reachA(tj) = Pj

ÛÂ8MØ ñ^%*Ò¶Ò£>�ä 3 (reachA(f(P1, . . . , Pn)), f) =
(reachA(f(t1, . . . , tn)), f)

ÛRí�5�Úå#$×2× #�H(8�509=>@5
(reachA(f(t1, . . . , tn)), f) ∈ det(A) 3 >@)=+509&Ñ=8

d(i+ 1) ⊆ det(A)
Û

ð(#�H Hd%ÀÓ*#D)=80/ +:%*-�579:%�Ó*>$8I%£H�9=%*-7%£-0Ñ:× %¥�ZéG�!/G8	Ñ=80%E+�H�/2509¸>D)�>D878I#.Ó�/G>�57%À8IØ&Ò³Ö,#$×
f ∈ F :

f ∈ FA − FC :
P ⊆ Q Σ2+

f,d(i) ∩ L(Gf,d(i)(P )) 6= ∅
d(i+ 1) = d(i) ] { (P, f ) } .

= 8
Σ2+
f,d(i) ∩ L(Gf,d(i)(P )) 6= ∅ 3 579:%*-7%�Ò�Ñ=8I5�Ö�%Ã>¼8I50-7/2)=Ù u ∈ Σ∗f,d(i)

80Ñ=Ó�9¸509=>@5
|u| ≥ 2

>D)=+
u ∈ L(Gf,d(i)(P ))

Û�ñ�%�5
n = |u| Û]8MØîñ^%*Ò¶Ò£>!ãað 3 509=%*-7%�Ò�Ñ=8I54Ö�%�50%E-0Ò£8

t1, . . . , tn ∈ T (F )
80Ñ=Ó�9 509=>@5

u = reachA(t1), . . . , reachAA(tn)
>D)=+

root(ti) 6=
f
Úå#D-Ã>D×2×

i ≤ n
Û(ñ^%�5

C
Ö,%�>çÓ�#$)$57%�1&5�Úå#D-7Ò�%a+ Úå-7#DÒ

f
H�/2509

n
9:#$×2%a8*Û = 8

u ∈
L(Gf,d(i)(P )) 3 ÖfØ > #$-EÛ�ã 3 reachA(C[t1, . . . , tn]) = P

ÛJ�&/ )=Ó�%
n ≥ 2 3 C 6= 2

>@)=+

éDë



509&Ñ=8
root(C[t1, . . . , tn) = f

ÛMí�5Ã579:%*) Úå#D× × #�H(8�579=>�5
(P, f) ∈ det(A) 3 >@),+ 579fÑ,8

d(i+ 1) ⊆ det(A)
Û


�/ )=>D×2× Ø�Hd%�Ó*#D)=80/ +:%*-�509:%(ÓE>D80%dH�9=%*-7%d-7Ñ:× %��/#v��/G8�Ñ=8I%a+�H�/2509£>D) =?> 80Ø&Ò�Ö�#D×
f ∈ F :

f ∈ FA ∩ FC :
P ⊆ Q N>1 ∩ S(Gf,d(i)(P )) 6= ∅

d(i+ 1) = d(i) ] { (P, f ) } .

= 8
N>1 ∩ S(Gf,d(i)(P )) 6= ∅ 3 509:%E-0%³Ò�Ñ=8I5<Ö�%¶>À8U57-0/ ):Ù u ∈ Σf,d(i)

H�/6579¼× %*):ÙD509¼>@5
×2%a>D8I5

2
8IÑ,Ó�9À509,>�5

#(u) ∈ S(Gf,d(i)(P ))
Û:ñ�%�5

n
Ö�%4579:%!×2%E):Ù@579�#DÚ

u
Û
8MØÀñ�%*Ò¶Ò£>!ãað 3

509:%E-0%�Ò³Ñ=8I5�Ö�%»50%E-0Ò£8
t1, . . . , tn ∈ T (F )

80Ñ=Ó�9!509=>@5
u = reachA(t1), . . . , reachAA(tn)>@)=+

root(ti) 6= f
Úå#D-4>D×2×

i ≤ n
Û�ñ^%*5

C
Ö�%�>ÀÓ�#$)f50%�1&5(Úå#$-0Ò¶%a+�Úå-0#$Ò

f
H�/6579

n
9:#D× %E8EÛ

= 8
u ∈ S(Gf,d(i)(P )) 3 Ö&Ø > #$-EÛ*é 3 reachA(C[t1, . . . , tn]) = P

Û]�&/ )=Ó�%
n ≥ 2 3 C 6= 2>@)=+C509&Ñ=8

root(C[t1, . . . , tn) = f
Û,í�5±509=%*)CÚå#$×2× #�H(84509=>@5

(P, f) ∈ det(A) 3 >D)=+Ã579fÑ,8
d(i+ 1) ⊆ det(A)

Û ut
���
�����;��Ï��Ù�Y�

d(i) ⊆ P(Q)× F ��1fe51f'�1&�£'ß�}-YXK�9�,�����7)Ióßö	ô5÷\ó�ø7ô��(��1\c	�£�	$G$f��+0�	e
-�'

d(i) ë -.X��71��7'��£���.� t ∈ T (F ) ë (reachA(t), root(t)) ∈ d(i)
�

ãg��'�'ß�7�?@·%³Ü:-0#�Õ$%!509:/G8<ÖfØî):#&%*509:%E-0/G>@)Ã/ )=+.Ñ=Ó�50/ #D)C#$)î509:%�8IÑ=Ö.50%E-0Ò�-7%*×G>�50/ #D)�Û&�&Ü�%EÓ*/6ß:Þ
Ó*>@× × Ø 3 HM%!50-7ØÀ50#¶Ü:-7#�ÕD%<509,>�5 (reachA(t), root(t)) ∈ d(i)

>$8080Ñ:Ò¶/2)=Ù³579=>�5(/2Ú
s ∈ T (F )/ 8(>¶80Ñ:Ö.57%*-7ÒÄ#@Ú

t 3 509=%*) (reachA(s), root(s)) ∈ d(i)
Û�8MØ£509=%�-0%a8U57-0/GÓ
57/2#$)=8JÜ:×G>DÓ�%a+�#$)

509:%�>�1./2#$Ò£8	#@Ú E 3 root(t)
Ò�Ñ=8I5³Ö�%�%E/6579:%*-�>ÃÚå-7%*%�80Ø&Ò�Ö�#D× 3 >@) >D878I#.Ó�/G>�57/2Õ$%£8IØ&Ò�Ö�#D× 3

#D-³>D)¸>D8780#&Ó*/ >@50/ ÕD%*Þ�Ó*#DÒ¶Ò�Ñ.5�>�57/2Õ$%¶80Ø&Ò�Ö�#D×ZÛH@�%îÓ�#D),8I/G+.%*-³%E>$Ó�9�#@Ú�579:%E80%�Ü�#$878I/ Ö:/ ×2/250/ %E8
8I%EÜ=>@-�>�57%*× ØDÛ
í�Ú

root(t) ∈ F /G8JÚå-0%E% 3 Hd%�ÓE>@)Ã>D8780Ñ:Ò¶%�509=>@5 t / 84#@Ú�509:%	Úå#D-7Ò f(t1, . . . , tn)
Ûw;<Ö:Þ

8I%E-0Õ$%	509,>�5!/6Ú
f
/ 8!>�Ó�#$)=8U5�>@)f5 3 509=%*) n = 0

Û�8MØÃ/2),+.Ñ=Ó
57/2#$)
(reachA(tj), root(tj)) ∈

d(i)
Úå#$-¼>@× ×

j ≤ n
Û<ÐJ9:/G8ÃHM#DÑ:×G+�8IÑ:Ù$ÙD%a8U5Ã579=>�5¼HM%�Ó�#$Ñ:×G+ >DÜ:Ü:× Ø -7Ñ:× %¦�Uã*��Ñ=8I/ ):Ù

(reachA(tj), root(tj)
/2) Ü:×G>DÓ*%Ã#@Ú!509=%¼Ü=>D/2-

(Pj , fj)
>DÜ:Ü,%a>@-7/2)=Ù�>�5À579:%Ã50#$Ü #@Ú!509=%

-0Ñ:× %�/2Ú
(reachA(f(P1, . . . , Pn)), f) 6∈ d(i)

Û�'(#�HM%*Õ$%*- 3 Ö&ØÃ>D878IÑ=Ò�Ü:50/ #D)Ã579:%³-7Ñ:× %³ÓE>@).Þ
):#@5�Ö�%(>@Ü:Ü=×2/ %E+ 3 >@)=+³Ö&Ø�ñ^%EÒ�Ò£>�ä 3 reachA(f(P1, . . . , Pn)) = reachA(f(t1, . . . , tn))

Û
= 8

t = f(t1, . . . , tn) 3 Hd%!9=>RÕ$%<579=>�5 (reachA(t), root(t)) ∈ d(i)
Û

í�Ú
root(t)

/G8�>$8080#.Ó�/G>�50/ ÕD%�>D)=+�):#@5cÓ*#DÒ¶Ò�Ñ.5�>�57/2Õ$% 3 509=%*)£HM%(Ó*>@)£>$8080Ñ:Ò¶%M509=>@5 t /G8»#DÚ509:%MÚå#D-7Ò
C[t1, . . . , tn]

H�9:%*-7%
C ∈ T ({f,21, . . . ,2n})

/G8�>4Ò£>�1./ Ò£>@×
f
Þ�Ó*#D)f50%*1f5�#D):× Ø

Ó�#D)f5�>@/ ):/2)=Ùî509:%�>$8080#.Ó�/G>�57/2Õ$%¶80Ø&Ò�Ö�#D×
root(t)

H�/6579
n
9:#D× %E8 3 >D)=+ root(ti) 6= root(t)Úå#D-¶>@× ×

i ≤ n
Û�ñ�%�5

f = root(t) 3 >@)=+¸×2%*5 P = reachA(C[t1, . . . , tn])
ÛJ8dØ�#$Ñ:-�/2).Þ

+.Ñ=Ó
57/2#$)¸9&Ø&Ü,#D509:%a8I/G8 3 (reachA(ti), root(ti)) ∈ d(i)
Úå#D-�%E>DÓ�9

i ≤ n 3 >@)=+µ579:%*-7%�Úå#$-0%
reachA(ti) ∈ Σf,d(i)

�`8I/ )=Ó�%
root(ti) 6= f

��Ûa8MØ > #D-aÛ@ã 3 reachA(t1), . . . , reachA(tn) ∈
L(Gf,d(i)(P ))

Û&�&/ )=Ó*%
root(C[t1, . . . , tn]) = f 3 C 6= 2 3 >@)=+ n ≥ 2

Û:ÐJ9&Ñ=8 3

reachA(t1), . . . , reachA(tn) ∈ Σ2+
f,d(i) ∩ L(Gf,d(i)(P )).

ÐJ9:/ 8�HM#DÑ:×G+	/ Ò¶Ü:× Ø�509=>@5�-7Ñ:× %»�ZéG��Ó�#$Ñ:× +�Ö,%�>DÜ:Ü:× /2%a+�50#<Úå#D-7Ò
d(i+1) = d(i)]{ (P, f) }/6Ú

(P, f) 6∈ d(i)
Û]�./2)=Ó*%�Ö&Ø�>D878IÑ=Ò�Ü:50/ #D)B509:%�-7Ñ:× %!ÓE>@):)=#@5�Ö,%	>DÜ:Ü:× /2%a+ 3 (P, f) ∈ d(i)

Û

�/ )=>D×2× Ø 3 /6Ú root(t)

/G8�>$8080#.Ó�/G>�57/2Õ$%�>D)=+�Ó�#$Ò¶Ò�Ñ.5�>�50/ ÕD% 3 509=%*)	HM%cÓ*>D)�>D878IÑ:Ò¶%»579=>�5 t /G8#@Ú.509=%cÚå#$-0Ò
C[t1, . . . , tn]

H�9:%*-7%
C ∈ T ({f,21, . . . ,2n})

/G8�>(Ò£>�1./ Ò¶>D×fÓ*#D)f50%*1&5�#D):× Ø
Ó�#D)f5�>@/ ):/2)=Ù!509:% =?> 80Ø&Ò�Ö�#D×

root(t)
H�/6579

n
9:#D× %E8 3 >D)=+ root(ti) 6= root(t)

Úå#D-M>@× ×
i ≤

é:ã



n
ÛDñ^%*5

f = root(t) 3 >D)=+�× %�5 P = reachA(C[t1, . . . , tn])
ÛG8MØ	#$Ñ:-»/ )=+.Ñ=Ó�50/ #D)¶9&ØfÜ�#@579:%�Þ

8I/G8 3 (reachA(ti), root(ti)) ∈ d(i)
Úå#D-c%a>DÓ�9

i ≤ n 3 >D)=+�509=%*-7%�Úå#D-7% reachA(ti) ∈ Σf,d(i)��80/2)=Ó*%
root(ti) 6= f

��Û�8MØ > #D-aÛ*é 3 #(reachA(t1), . . . , reachA(tn)) ∈ S(Gf,d(i)(P ))
Û

�&/2),Ó�%
root(C[t1, . . . , tn]) = f 3 C 6= 2 3 >@),+ n ≥ 2

Û=ÐJ9&Ñ=8 3

#(reachA(t1), . . . , reachA(tn)) ∈ N>1 ∩ S(Gf,d(i)(P )).

ÐJ9:/ 8�HM#DÑ:×G+	/ Ò¶Ü:× Ø�509=>@5�-7Ñ:× %»�/#v��Ó�#$Ñ:× +�Ö,%�>DÜ:Ü:× /2%a+�50#<Úå#D-7Ò
d(i+1) = d(i)]{ (P, f) }/6Ú

(P, f) 6∈ d(i)
Û]�./2)=Ó*%�Ö&Ø�>D878IÑ=Ò�Ü:50/ #D)�):#¶-0Ñ:× %	Ó*>D)BÖ�%	>@Ü=Ü:×2/ %E+ 3 (P, f) ∈ d(i)

Û

�/ )=>D×2× ØÀHM%!ÓE>@)îÓ�#$)=Ó�× Ñ=+.%�H�/2509�509=%�Ü:-0#&#DÚ�#@Ú�ÐJ9:%*#$-0%EÒ é�:

Û9Ü �
À]¿��a�ñ���9òP�A- A = (E , Q, φ,∆)
c	�»�?�EDGF¨�J+.-YX E = (F,E)

�	'�1�-3��+.1]+.1a�I'�1]��Z��*),¡
)7'��A+0��-"+.��+.-"Z���1&e��('�4£4I��-3��-"+.��+.-"Z��Aáv+0'�4�)�ó

A∪C
¡3-YXK�	'��,Z	ôG�Çõg�*�A�,Z��	XK��+.1

d(0), d(1), . . .'GcA-���+.1&�	e cAZ½�($v$&��Z�+.1
� -.X��%�,�����7)xó3ö,ô�÷�ó3ø,ô���1]-/+.�?�	'�4?$&���7-"+0'�1¦)7��-/+�)Yîg�,)`-YXK�£�7'��.��'��J+.1a�
$&��'	$K�A�,-/+0�7)Aù
È -.X��9���71
��-YX

k
'T��-.X��£�	XK��+.1\+�) |det(A)| ë ��1&e

È d(k) = det(A)
�

ãg��'�'ß�7�»�&/2),Ó�% |P(Q)× F | /G8�ß=):/250%·>D)=+ç%E>$Ó�9 >@Ü:Ü=×2/GÓ*>@50/ #D) #@Ú�>�-0Ñ:× %½�Iã��zÝh�0#v�£50#> 8I%*5
d(i)
-7%E80Ñ:×65�8C/ ) > 80%�5

d(i + 1)
H�/2509 #$):%¸>$+:+./250/ #D)=>D×�%*× %*Ò¶%E)$5 3 >D)&Ø Ó�9=>D/2)

d(0) d(1) d(2) . . .
#DÖ.5�>@/ ):%E+¸Ö&Ø¸>@Ü:Ü=×2Ø&/ ):Ù¼579:%î-0Ñ=×2%a8³Ñ=)$57/2×(Ó*#DÒ¶Ü:× %�57/2#$)¸Ò�Ñ,8U5£Ö�%Bß=Þ

):/657%DÛcñ�%�5
d(0) d(1) . . . d(k)
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50%*-7Ò¶/2),>�50/ #D)�Û = 8

d(0) = ∅ 3 d(0) ⊆ det(A)
Û�8MØ¸ñ�%*Ò¶Ò£>¶ãEá 3 d(i) ⊆ det(A)

/ Ò�Þ
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d(i + 1) ⊆ det(A)
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50/ #D) #D)

i 3 d(i) ⊆ det(A)
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i ≤ k
Û=íV)ÃÜ=>D-I57/ Ó*Ñ:× >D- 3 d(k) ⊆ det(A)
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d(k) 3ñ^%*Ò¶Ò£>¶ãRäC/ Ò�Ü=×2/ %E8¶579=>�5

det(A) ⊆ d(k)
ÛcÐJ9&Ñ=8

d(k) = det(A)
ÛdAÃ#$-0%E#�ÕD%*- 3 80/ )=Ó�%

d(0) = ∅
>@),+B%a>DÓ�9î8U57%*Üî/ )î509:%	Ó�9=>D/2)

d(i)
50#

d(i+ 1)
>$+:+:8(>¶80/2):Ù$×2%�)=%*H %*× %*Ò¶%*)f5 3

k = |d(k)| = |det(A)| Û ut
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L(Mα) 6= L(G(α))

Úå#$-±80#DÒ¶%
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Pαθ
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u ∈ L(Mα)⊕ L(G(α)
�å#D-4Õf/GÓ�%�Õ$%*-�80>a� 3 579:%*)î579:%�Ö,#.+.Ø�-7%�50Ñ=-0)=8 (α, u)

Û
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ψ
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α 7→ L(G(α))
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ψ
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G 3 L(G(α)) = ψ(α) = Pαθ
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u ∈ Pαθ ⊕ Pαψ
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u ∈ Pαθ − Pαψ Ö 509:%�Ü:-7#&#@Ú�/2)�509=%#@509=%*-(Ó*>$8I%!H�9:%E)
u ∈ Pαψ − Pαθ
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G
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α
>@-7%

α := β1γ1, . . . , α := βnγn
3 509:%E)

Pα
/ 8c#@Ú�509:%4Úå#D-7Ò

Pα = β1γ1 | · · · | βnγn
Û
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u ∈ Pαθ
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u ∈ (βiγi)θ
Úå#D-
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ÛRñ^/ ?D%EH�/ 80% 3 >D8 u 6∈ Pαψ

>@),+
βiγiψ ⊆ Pαψ 3

/65�%E>D80/ ×2Ø<Úå#D× ×2#�H(8^509=>@5
u 6∈ (βiγi)ψ

Û
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u ∈ (βiγi)θ
3 HM%£Ó*>@)�Ü=>D-I57/657/2#$)·/25	/2)f57#C8U57-0/ ):Ù$8 s, t ∈ Σ∗ 80Ñ=Ó�9�509=>@5 u = st 3

s ∈ θ(βi)
3 >@),+ t ∈ θ(γi)
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u 6∈ (βiγi)ψ
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s 6∈ ψ(βi)
#D-
t 6∈ ψ(γi)
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s, t ∈ Σ∗ 8IÑ,Ó�9�579=>�5 u := st
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s ∈ L(Mβi)−L(G(βi))
#$-

t ∈ L(Mγi) − L(G(γi))
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