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In a paper(') by the author i was found desireble to consider
a class of polyhedra, ealled medial polyhedra, which poesest only
tpihedral vertices, and only pentagonal and hexagonal faces, It is
ghown in that paper that if the faces are piore than eléven in
number, then there are oxactly twelve _p'rrntagana and the remaining
faces are hoxagons.

Baginning with the regular dodecahedron one can obtain new
medial polyhedra by regularly truncating verlices and chamfering
edgos, each new polyhedron posseszing  twolve regular pen*tng:_:una
whioes centers coineide with tho centers of the pentagons foriming
the original dedecahedron, while all the added faces are hexagons.
It is proposed, in this paper, to determine all such medial polyhedra,
eomposed of twelve congruent “ patches,” pentagonal in ehape, each
pateh eonsisting of a regular pentagon at the genter surrounded by
g regular distribution of hexeagons. _

Sinee three  patches meet in a vertex of o pateh, aymmelry
requires that the vertes of a patch must ba either tho vertex of a
polygon face, or the conter of a polygon. Also, the middle of the
side of a pateh will bo the vertex of a polygon, the center of &
polygon, or the middle of the edge of a polygon. Each pcntag.,mq&l
pateh may be divided inle ten equivalent (eongruent -or syminetric)

priangular patches, I suffices, then, to congidor the disposition of

-

the hoxagons in thiz triangular pateh to determine the polyhedra

potght,

arraceement of hexagong,  Then there ave as many of the sought
polyhedra ne thore are topologically different positions of the vf-rt_ﬁx
of a pentagonal pateh in tHis 80° sector, thut ie, different with
" roepect to the eontral pontagon.

Using o, b as tho inelined coordinates (807 beiveen axee) of the

¢ 1} The Iseperimmetric Frablam for Pelyhedrs, Tahokn Mathemsatieal Journal,
df (1954 226-230,

Topologically, the arrangement of the hexagons in a triangular
patch iz tho pame as in.a 807 sector of o regular honcycomb
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vertex of a pateh, the square of the distance from the center of tho
patch to the vertex is equal to a*+ab+4. The total number of
hexagong in this pateh ie thervefore 10{a®+ob+5°—1)/12. Adding
the twelve pentagonal faccee, the total number of faces bounding the
polygon is: n=10{a"+ab+ ¥ —1)+12=10(a"+ ab 4+ 5} + 2.

In Fig. 1 the circles indicate the possible positions of the vortex
of a patch; the mumber in the eircle indicates the nwnber of fages
in the polyhedron using that pateh. '

Note that duplieations for the walne of n oceur in the array
(Fig. 1). The first duplication appears for %=492 and it ariees from
the coordinates 7,0 or 5,8 Thik, however, is not a deplication in

Fig 1.

the polyhedra to'which they refer eince the polyhedra are topologi-
cally differert. The difforence can be seen readily in Tig. 2 and
Fig. 3 by noting the chaine {dotted lines) which proeeed from the |
pentagons and join opposite edges of the hexagone. In one case
the chains are terminated by pentagons while 1n the other they pase
between the pontagonz. - Thus we come vpon the remarkable faet
that frihedral polykedra which possess the same numbcr of fexagonal
faces in addition to 12 regularly and symmetrically disposed penfagons
can be topologically diffevent. _

Ropetitions in the array (Iig. 1) ocour when there exists a
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multiplicity of pairs of poeitive integers o, & which generate the game
B oin (1):

(1] o +abh+ ' =R.
It is always possible o find an 2 for which there are at least as
many solutions as any assigned number. We begin the demonetra-
tion of thiz fact by letting

(2) a=(3M =+ N}(M—N),
(8) | b=4lIN,

a,b= 7.0

where M and N are poeitive integers. Then,

(4] R=(3M"+ N)V=d"
We are thus able to obtain an infinite set of valuez of R, in which
egch Bois aszociated with at least two fmirs of solutions of [1},
namely a, b and ¢, 0. By combining two wvalues of £ we are able
to obtain an R which hae at least three pairs of solutions. For
cxample, combining
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(5) 5 4+5x848'=" (@, 5=5,3; ¢, 0=T7,0)

(&) B 48 T T =13 (e, b =8, 7; ¢, 0=18,0)

a,b=5.3

Fig, 5.

by multiplying (5) by 13° and (8) by 7°

gives: 65°+65x 30 4+ 39°=T"x 15°'=01"=58281

and 56+ 56 % 40 4+ 49° =13 x 7°=01"=8281.

It g0 happens that two other pairs RPII}EEI.I as  solutions so that
for' R=8281 we have the pairz: 91,0; 8511; 80,19; 65:29; 5649
which enablé the construction of five topologically different poly-
hedra. .

By combining values of R in the manner shown we are able to
obtain an & which has a multiplicity of solutions exceeding in
number -4ny aesigned number.

The phenomena of multiplicity deseribed in the foregoing apply
in the same way to other multi-syinmetric polyhedra based on the
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tetrahedron and the cube. The pentagon et the origin in :Fig. 1
and the pentagons in Fig. 2 and Fig. 3 are replaced by triangles

to form the tetrahedral system, or by quadrilaterals to _Eme th_ﬂ
cubie system. The number of faces in the tetrahedral system iz

D’ 4 ab 4+ 5)+2, while in the cubie system it is 4(a*+ab+8)+2,

tRecaved March 3, 19046),

On Certain Systems of Polynomials{ * ),
by

M. A. Basoco, Lineoln, Nebraska, US.A,

1. Introduction. Norlund(®) has introduced certain gystems
of polynomials, B™(z), E™(x), which generalize the classical Ber-

‘noulli and Buler polynomials. Just as sthese last are necossary

for the study of difference equations of the first order, the genoralized
polynomiale are needed in the theory of the equations of higher,
order.  Recently, Milne-Thomson(®} has studied these in coOnnec-
tion with generalizations of the Hermite polynomials. Tt is the
purpose of this paper to study these systems further, nsing eertain
unifying concepte due to Appoll(’), who has discussed a. class of
polynomials which includes, ae special instances, all of. the different
typee mentioned in the preceding. In the next section we sum-
marize briefly the prineipal properties of polynomials of the Appell
class, referring the reader for more details and comprehensive dis-
cuseion to A ppell’s memoir, .

2. Appell Polynomials, Let a sequence of constants [e,]

=0y &y ..y, ... bo given. Tho system of Appell polynomials
A(x) based on this sequence may bz defined symbolically by
(1) Az)=(z+a),

where & ie the umbra of the given sequence, it being understood
that after the binomial expansion ‘has” been performed, e* is to he
replaced by e. The characteristic property of the eystem is given
by the mixed difference-differential equation :

(2) D Alz)=vA, (=)

Usually the given sequence is defined by means of a generating
function, so that

{') Prosented in part to the Amerfean Mathematical Society, Nov, 50, 1984,
(%) Nirlund, Memoire sur les Polypomes de Bernonlli, Acta Mathematica,
(1992}, 131-196. See also his Ditferenzenrechnung, Chapter VI; (Jpringer, 19%4),
(#) Milne-Thomzaon, Two Classes of Generalizad Polynomials, Proe. London
Math. Soe. 35 (1953).
(1) Appall, Sor mne Classe de Polfnomes, Ann. 8ei. de L'Feole Normale
Buper. (29 9, (1880). .
(Bee also Pincherle, Le Operazioni Distributive, pp. 130-138, Eologna,
1901.) and Acta Mathematicn, 10, 153 to 182 and 48, p. 270

e o o s L L ———

L



	pap2-1b
	pap2-2b
	pap2-3b

