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L futroduction. The problem of the determination of the con-
vex polyhedra of grestest volume of o given number » of faces and
& given surface arca bing heen tresbed by Lhuilier{'), Steiner(*],
Lindelaf("), Kétter(*) Min koweki{") and Steinitz{").

Lindelsf has shown that s neceszary eondition is that the
foces of the polyhedron be langent to o sphere at the centroid
(center of gravity) of the [aces. The problem may then be considercd
a& the determination of the polyhedra of least valume circumeeribod
about a ephere, Steinitz hae shown that the Lindels! condition
is sufficient for a polyhedron of a civen type (that iz, for o eclase of
topologically tomorphic polyhedra) il all the vertices are trihedral.
Minkowski proved the existence of the sought polvhedra,

In epite of the elementary nature of the problem, and the valient
aftemple &t ife solulion by oxpert geometers, the definite results
obtained are very meager. The complete census of the * best”
polyhedra which these workers have determined ie s follows i—
(#) the regular telrahedron, ib) the richt trisngular priem, (e} the
cube, and {d) the right pentagonal prism. For n>7, they lelt the
problom practically untouched., Wyven for n="7, the proof p8 given
by Lindeldf is, in his own words, © only tentative ™,
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Beyond n =7, the work of Steiner, Lindeldf, and Sleinitsz
haz been the consideration of pyramids, priems, double pyramids,
truncated pyromids, double skew pyramids, and trunesied double
skew pyramids. Ag » increases, we should expeet that the " hest ™
polvhedra would approsch the sphere as a limit.  But prisms, pyra-
mide, and ftrunested pyramids, both single and double, do not even
approach the sphere az a limit (the limil of doubls truneated pyramids
13 a double truncated come}; thus the number of “ best” polyhedra
that may be found among them must, of necessity, be few, and then
ouly for small values of n. * Best” polyhedra are certainly not to
be found among them for n>24, and from evidence in thie paper,
very probably not for n =14

This paper presents a more gencral attack on the problem with
a view to finding a clus where to seck the “best” polvhodra es-
pecially as n becomes large. The problem is beset with great dif-
ficulties becanre the munber of poesible polvhedra increases rapidly
with n, and even the determination of the “ best™ of u zingle type
of polyhedron ean entail a formidable amount of work.

With Bteinitz, let us define the number K=F%V"* where ¥ is
the surface area and V7 is the volume of the polvhedron. Then the
“best” polvhedra are those which have the smallest value of A
For polyhedra circumseribed about o sphere of unit radins, K=9#
=27V, Bteinitz develops formulse for K for pyramids, priems,
double pyramids; and double skew pyramide. The values of K thus
obtained serve ae upper bounds.

The only lower bound which Steinitz mentions is the value of
K for the ephere. This puper develops closer lower bounda, For
pecial cases, closer upper bounds are obtained thus narrowing the
range in which & may be found.

2. 4 Luwer Bound,—The Civele Ideal. Consider a polyhedron
circumrscribed about the vnit sphere. Then consider o pyramid
which hax the center of the sphere ae apex and one of the faces of
the polyhedron as a base. This pyramid has unit altitube. Now
congtruct a cone with the eame solid angle at the apex. If the
cone ix made a right eirenlor cone, then it is quite evident that the
ared of the bage of the cone is made the least,

Now consider two pyramids the sum of whose apex sngles is
congtant. Then the swin of the areas of the bases is the leact when
the pyramide become equal right cireular cones. So then, il the
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polid angle about a point, {4s), ix divided into » egual parts and
each made the apex angle of a cone, a [etitions polyhedron of w
fuees maoy be mode of these s cones, and the value of K (=91,
thot ig, 9 times the sum of the areas of the bases) is less than for
any real polvhedron. I eall this value of K the Civele Tdeal because
the polvgon faces become eircles,

Let & be the height of the spherical segment which sublends a
polid angle of dor/n at the center of the sphere, and let @ be the
half plane angle at the center of the sphere. Then, #ince the area
of the convex part of the segment is 2wh,

A

2

—=2mh or h=—,

T n
an _pE

coafl=1—h, f.-:u.nulf'i'-_hHIIEJrl i .
1~
i H
Aren of cirele {bare of cone) —mrlan*f= w2k — i) ;E . Using K{C')
(1 —=f® "

for the volue of K obtained from the Cirele Tdeal

()= !1"': e Dar(2h -—-ﬂ.i'f:] __:Hﬂ'r."'.lr{n :1} _
) (1 —h) (1 —2)
3.  The Number of Edges per Foce('). Lot wy, me, ..., my be
the number of edgos of the polygon faces of a4 convex polyhedron.
Let M be their sum and m their mean value. Symbolically,

M

>nu=M, m=""
fml T
Let ¢ be the total number of edges, and » the total number of
vertices, of the polyhedron. Then, since at least three edges meet

1 & verlex,
W wum
gt

p=— and B
3 2

From Euler's law for polvhedra

nv=e-|2,

M_M
=42,
Ty T
-]?.-—EEE_-E,

§ G

(') See also Geaustein, W, 0, On the Average Number of Sides of Paly-
gons of a Nety, Ann, Mnath, Princeton, N J, 2nd series, vol. 82 (1951), pp. 140-
158.
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m=0— 19,
T

4. The Pyramid Funetion. Let us find the area P of o regnlar
m-gon tangent at ite midpoint to & sphere of unit radive and which
gubtende the solid angle ¢ at the center of the sphere, Project the
m-gon upon the sphere from the center of the sphere. Divide the
plane and epherical s-gong each into Z2m triangles by lines [rom the
midpoint to the wertives and by perpendiculars from the midpoint
to the gides, Then, in a rpherical right triangle ro formed, let o
be tha angle =/m, ¢ be the hvpotenuse, £ bhe the other acute angle,
and & be the eide opposite to 8, Then

Spherical excess of spherieal right triangle

=A+B—;+._1+B—T—'u;i=m-m of epherical triangle.

il 2 Sm
HEut coB b= o0 E, from which tan®h=sin"A sec’H—1,
' sin A :
Aren of plane triu.njzle-;%3 tan 4 tan”b:% tan Aisin"4 sec’s —1) =£,
: i T
from which P =mtan A(sind sec’B—-1). '
But ¢ =2mlwfm + B—a2) =27 — Zmlw /2= B},
'IT ¢ —
or B:E—_-....__
2 il
Lt G:m——-£1 then A= E—E, gue B —osc® .
2 2 m (1)

We can now write £ as a function of m and ¢

Plaa, ¢y —=m tan 7 (h{T1*£1:H1EE— I), where t"}":-.r."--uE .
e 1 ! 2

Although this function wae derived for integral values of m, hence-
forth we will consider P{m, @) ag s continuous function of m and b,

It can be shown that the surfoce defined by Plm, ¢} ie every-
where concave upward. From thie fact follows the

Lemma, 1 P, wiy, and ¢, are the bage ares, the number of
edges in the base, and the solid angle at the apex respectively of a
pvramid of unit height; and P, %, and ¢y are the corresponding
quantities of another pyramid of unit height, then if we set m=

%{ml + i) and by :% (ehy + o), then the following relation holds
L'P{mu, fﬁr.]:' EPl:mr; ﬂf"q;' | I}{mﬂ} 'ibu] =P+
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Note that the lemmn is not restricted to regular pyramids.  The
foregoing set of inequalitics shows that the transition from non-
regulor to regular bases, nnd then to n pair of equal regular avoroge
polygous, reduces the sum of the arens of the bases,

3 A Closer Lower Bownd,—The Hezogon Idea!. Binee, for
any real polyhedron, the average polyvgon hag fower odges than a
hexamon, (eee See. 8), a closer hound than the Cirele Ideal ean be
oblained by using regular hexagons instead of cireles. Using the
pyramid funeclion, subsiiluting 6 for m, and 4;-;—,'”, for &, wives

P{m, gp)=6tan " [Eillglﬂﬁuj min—2)_ Ij
t ¥ 5371

—917 g [i ﬁ.—u:”‘r'—tﬂ' -2) —1 J
K:! G
But F=nf, and K=9F Using K(H) for the valuo of K thus
olnained from the Hexngon T:lmLL

NI =90~ 18V 3 n [—1 : urm“w . 1] )
1 e i

G A S Closer Lower Bowid,—The dverage Palugon Ideal.
Howaver, eince the greatest valne that m can possibly attain is
B—12/n, we can, by use of that value, obtsin & still closer lower
bound. The polygons may now be fictitions ones bounded by a
fractional nnmber of edges. Again, using the pyramid fumzﬁan,
substitnbing 6—12/n for sm, and dofn for &, and using K(4) for
the value of A thus obtained from the Average Polygon Tdeal,

K{Ad)=9nP=51(n—2)tan B{4sin’E —1),
T
Bln—2)

We prove the foregoing indicited theorem by successive applie-
ation of the lemma to a real polyhedron obtaining the Average
Polygon Ideal as a limit. We con now stale the

Theorem. The value of K{=F1"%) for any real polvhedron
of n faces 13 never less than the value of K{4) obtained from the
Average Polvgon Idenl,

7o Dolyhedre which solisfy the Average Polygon Tdeal. In
general, m is froctional. However, when n=4, 6, or 12, it becomes
al integer. These values correspond to three real polvhedra. Henee
we have the

whure E
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Corollary, The rogular tetrahelron, the cube, and the regular
dodecabedron have the greatest volume for a given surface among
all the polvhedra posscasing 4, 6, or 12 faces respectively.

Ilence, to the Lst of known 'best” polyhedra may be added
the regular dedecahedron. We now have eolutions for «—4, 5, 6,
7, and 12,

1t 15 not at all obvious that the regular polvhedra are * best ™
polybedra. Ih is not diffienlt to show by elementary ‘methods that
the regular tetrahedron iz “hest”. But the cube has been szhown
io be “best™ only by wvery claborate and diificult analysis. The
regrilar oetahedron and the regular icosahedron are wof © best ™.
Their ecomparison with “ better ¥ polyvhedra ix made in Table 2,
Sinece each is bounded by only frisngles, the foregoing discussion
indicates that they are probably * very poor” polyhedra. The Theorem
of the Average Polygon Ideal verifies the previonsly proved results
that the regular teirshedron and enbe are ® best”, and it adds the
regulir dodecabedron.  That the additional results are few iz not
surprising,  Ruather, it iz gratifying that any conerete results could

be obtiined by euch simple means.

8. Conjecturcs based on the Average Folygon” Ideal. A neces-
sary and eufficient eondition for the equality to hold in the relation
m=6-12/n i that all the vertices of the polyhedron be trihedral ;
and in thiz cose the polvhedron posseszes the maximum possible
nutmber of edge:. If w13 not an integer, no roal polyhedron exists
which hag s odees for ench polygon. This sugeests that the * best”
polvhedrs, when m is froctional, may be found among thoze which
spproximate the Avernze Polygon Idesl by possessing, af most, only
b-gong and (b4 U-gong, and for which sm=86—12[s. All the known
“ best " polyhedra are of this class. Let usg designals the polyhedra
of this clase ag medial polyledra.

9. The Medinl Polyhedra.  We may tabulate the types of poly-
gons which compoee the medisl polvhedra as in the following page.

It iz caey to shown that ne medial polyhedra exist for n=11
and for n=13. L=xcept for these, there ip exactly onc for ench n
up o »n=15. For =16 there are at least two. The number of
medial polyhedra increazes quite rapidly after 5=18, and there{®)
are over S0 for =24

==

('} Kirkman, T. P, Liverponl, Proe, Lif, Philos, Soe, val, XX VIL (1882),
p. 5.
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B 4 4
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= 13
13 12 1
4 ig
s 12 5
=12 % —12

We may now present for consideration the following eonjectured
Proposition, [or a given number of faces and a oiven surface

ares, the polyhedron enclosing the groatest volume i3 a medial

polyhedron {except for 11 faces or 13 faces).

The number Y(n) of the trihedral polyhedra of n faces is oiven
by Brackner(?) as follows ;— w(4)=1, {(5)=1, P(@)=2, W71 =35,
W 8) =14, (D) =50, {10} =283, y{12) =76186, {(14) ~5677 x 108, Al (15)
~2896 < 10°  I¥ non-trihedral polvhedra are appended, the numbers

are much lorger. In esch of these the proposition chooses only onel

Tiven if the foregoing proposition is true, it doez not isolate the
" best ™ polyhedron when 5 is greater than 15, There =til] remains
the problem of the dotermination of the “ hest ™ of the multitnde of
medial polyhedrs which then appear. Towever, the proposition
greatly restricts the number fo be investigated.

10. The Nets for the Medial FPolyhedra. Figure 1 gives the
nets or Schlegel disgrams for all the medisl polyhedra from n=4
to =15, and also several nets for several larger values of n. The
Romon numeral iz uvged 1o designate the medial polyhedra. Where

{.’ ‘J. ._'H.l.'-ﬁa;l;:u -:3-:'-, Il.l Uber die Anzah! 1.L'ri:|.t] der :Lllga;u;a_j:]uu -'lrrjl:'.‘.|ﬂ"3f_‘.]'l.t‘.-. Bologna,
Prog. Intern. Math, Congress (1928), vol, 4, pp. 6-11.
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Neta for Beveral Medial Polyhedra.

20-13,5,8). 3,31

20-16,66,1

32-15,55.5551

42—1.5.5.&ﬂﬂiﬁ.5,5.1

Fig 1,

MIZHAEL GOLDEERG, MARCH. 33,
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Table 2.
The Tsoperimetric Problem for Polvhedra.

! o Calenlated Angles -
n et Lrzeription Hymhnld {Inclinations K| By Py
to Axis) ik
4| IV | Regnlar Teten. ' 1,3 = 9741287412 0
& -5.' o H,F.ﬁ" - o o A
& k' Frism 1,41 — 280,50 200,11 | 20,45
o i 1,22 — ¥ # #
61 VI Cuabe 1,4,1 — 4160 2160 0
¥ # ¥ 2824 - & # ¥
a ¥ a 1,8 — E # ¥
TLovi Prism 1,5,1 s 19617/ 192,29 £.85
# & E L&, &2 — A o A
g8 VIII 282,93 55° —077, 157 —28° [ 180.28 177.45 2.78
9| IX 53, 8,8 - 457 40 18110 187.47| 1,53
& ¥ . 1, (41,2, 3 & o »
Trone. Doahla :
X Skow Pyr. | %1 23— 50 161.39 158.90 1.3
2| X1t |, o ReR |y 551 20° =B’ 14087 14167 0
¥ ¥ # 81,33 # # ”
# # p 2,2,04),2,% & o | w
: T'r ¥, ] . . |
14 X1y lmne Lllj;'ll’,Pﬂ_ 1, B, 6,1 |2 148.89) 148,57 0,53
15| XV | %,8,5,83 Lddh 24
¥ v ROCHEACIE: S #
16 "XvI-1 411,81 _ 159,26/ 138.83 044
| o Loy B5E A I
16 XVI-g 5,2,(%,8,22), | ! | 138.82
17 XVII 1,5,5,51 | 5% —d48' —d0'r 18774 187.01| 0.78
KX 1,9 -: (6),8,%,1 | 18247
N XX L E,hiﬁ i* . ! al® =1 13001 18887 (Oudd
.-:- ¥ | =* ";: ;‘.:‘:i'}-: E.E ! ¥ ¥
I 1,21, :
: I _;.-r :l':. it +:-:.’ |_:4'|,]];_ | W @ | o
@8 | XXII 41,8, 8] 150,82
M ONXIV £{3, . 129,14
52 | XX XII Tﬂlm'. Ienss. | 12[1, 53] @ 19486 12477 0.09
A K fered I
42 | XLII fﬁmﬁ. 121, 521 — 121,002 121,50, 0.12
*-‘c.' - Bpliere - | —_ 113.10] 113,10, O
8 | Reg. Octa. — — L8706 17745 961
5 muﬁhgke 1,6,1 — 187,06 177 45 .61
8 P oW 4,4 A5° =15 =52 | 18155 177.450 4.10
1] Rep, Ieoaa. — -— 1a6.46) 132.87] 3.58

Table of Polyhedra which satisfv the Lindel$f Necessary Condition.

I
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more than one is given for the sume value of n, the Arabic numeral
which followe distinguizhes them from each other,

11, Polyhedron Symbols. Instead of using the net, one may
describe the medial polyhedra (and also the skew double pyramide
and several more general types) by means of a fopologieal symbol.
The evmbol for XTV ir 1,6,6,1. Thiz stater that a foce center 15
located at each of the two puln::a of the sphere and the remaining
face centers lie in two rings of #ix centers each. All ol the faces
of a ring ars congruent.

Sometimes a polyhedron may be described by each ol several
symbols. Table 2 gives all of the symbole for each of the precented
medial polvhedra up to w=20. Beyond n=20, only one wymabol ik
given. Likewise, in Fig. 1, only. a sample symbol iz given.

The regular dodecahedron hag thres symbols, namely, 1,5, 5 5,
1; 2,38,33; and 2,2,(4),2,2. In each of the foregoing symbols,
with the exception of the lm-ei the centers sre uniformly distributed
arqund the rings: and the meridisns of the eonters in each ring lie
ridway between the meridiang of the centers of the adjacent ring=.
In the lost symbel, (4) indicates four congruent foces whose cenfers
are not uniformly distributed around the ring. Similarly, whenever
numbers are placed in parenthesis, il indicate: a departure from
nniform distribution, and sometimes even a departure from con-
gtuvnﬁﬁ The latter condition iz shown in the svmbol 1, {4), 2, (4, 2),

2 {41, 1 for XX-2 in which the eguatorial ring possesses [crur pent-
agons and two hexagons.

In XVI-1, the svmbol 4[1, 3] indieates four poinis of gymmetry,
st each point a polygon surrounded by a ring of three polyzons.
In XXXTI, the symbol 12[1, 53] indicates twelve points of symmetry,
at each point a pentagon surronnded by five hexagons, bul each of
the five hexagons is common to thres of the twelve patehes. The
authoe hopes to develop thiz symbolism and the related polyhedra
more fully in a later paper.

12 Calewlations. By choosing the proper inclinations of the
sieeossive rings or zones, one may determine the “best” medial
polyhedra of any particular type. The Lindeldf condition enthces
for this purposc. The center of gravity of each faco may be mede
to coincide with the point of contact of the face with the sphere by
the solution of an equation or, if the eguation i3 too cumbersome,
by successive approximotion, Table 2 gives some of the inclinations
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and the eorresponding values of AL The compariron with (A}
(from the Avernge Polygon Ideal for the samne nuinber of faces) Is
made and the excers noted. For large wvalues of n, the value £(A)
may eerve 08 o close epproximation of the value of K for " best”
lan:ﬂmdm.

For purposes of investigntion, it is fortunate lhat the medial
polyhedra up to » =15, and for many values of n grester thon 15,
possess sufficiont symmetry to enable calenlation. In VILL, and
likewise in XV, the formuls for & can be rednced to s funclion of
two angles of inclivation, while in IX, X, XIV, XVI, XVII, and
WX-4 one anele 18 sullicient.

It is conceivable thal, for some large value of g, there might
exiet o medial polvhedron which does not possese o eingle prir of
congruent faces. The spacis]l orientations of the laces would then
he all different and the arrangement would nol posgess symmetry.
It such a esec the number of varishles would be so great that it
would be hopeles: to attempt the prodigious task of solving for the
spacial orientation of every face and ealenlating the value of i with
sufficient aecuracy io compare ib with another medial polyhedron of
the game number of laces.

The medial polybedra in Table 2 for » greater than 15 are
chopen for their symmetry, and hence, for the ease of their calcula-
tion. ITowewver, the medinl polyhedrs up to n=15 are unigue. If
the proposition is true, then they are “ best”. It may be that they
are ** best” even ghould the proposition fail for large values of .

That the proposition doe: give wvalid elues is exemplified in the
came of the medial polyhedron VIIT. Tt has nol boen considered
previously in the literature ag o possibility for the * best 7 octehedron.
Qteinits offered the double skew pyramid(’). But VIII is appreei-
ably “ hetter ', and in view of the small number of likely oclahedra,
all of which have beon considersd, it iz probably the ™ best™ although
a rigoroue proof i not given here. The diffienlties associated with
a complete proof, which would involve the examination of every
octahedron, have been already dizeussed in thie paper.

(1) Steinite gives the neornect valne of 17340 for A

On the Summabllity of the Derived Fourier Series by
Riesz's Logarithmic Means,

by
Fu Traing Wava, Sondal.
1. Lot f(t) be summable and periodic with period 2, and let

Jit)~ %’“+E{ 1 COB ML + Dy B 1L},

Team ]
Differentioting the series termwise, we geb the seriea
Si(bucos nf —dy sinnt), (1.1)
ne=1

whicl: is called the derived Fourier series of JUt)
If ﬂ“"‘"ﬂ_-f_._{m_!'} ig summable in (0, §) and thers iz @ conatont
£
A suech that

f ‘ [f_‘fﬂ‘ +ﬁ£_—ﬁ‘_ﬂ — Al dt=olt) (1.2)
0 ¢

aa t—0, then the derived Fourier series (1.1} s summable (€, i)

(k>2) fo sum A, for t=az(").
This theorem is not true, when k=2. For Prof. Hahn(®) proved

that there is an even funetion ${t) such that
t
“[ ut)du = olt),

and the Fourier scries of ¢t} iz not summable I[f:?‘, 1) for t=0. Tho
Jerived Tourier sorice of td(t) is not summable (), 2) for =0, hiow-
ever the condition (1.2)

“aedlu) — (—uwlpl—1) o $ 1t} g ==
Ju‘. 2 e J.::ﬂ Jau=oft)

iz satisfied.
Lot =0, and
k
Bt = {lmgl; T Z‘ (’Ing%) n{{a“cnsm-—anﬁ[unz},
m TE=sw

('} F. T Wang, This Journasl, vol. 40 {1034), pp. 142159,
(2] . Hahn, Jahresh. der Deulech. Math, Vereinig, vol. 35 (1916)
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